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Tagungs'bericht 34/1984

Variationsrechnung
29.7. bis 4,8,1984

Die Tagung fand unter der Leitung der Herren J. Frehse (Bonn),
W. Jiager (Heidelberg) und F, Tomi (Heidelberg) statt.

. Sie hatte 41 Teilnehmer, von denen 26 Vortr#ge hielten. Wie
schon bei der letzten Tagung wurde der Umfang des Vortrags-
programmes so bemessen, daB8 ausreichend Gelegenheit fiir das
wissenschaftliche Gesprdch gegeben wurde.

Im Mittelpunkt standen Existenz- und Regularit#dtsaussagen fir
Variationsprobleme aus Differentialgeometrie und mathematischer
. Physik, insbesondere Minimalfldchen und Flachen vorgeschriebener

mittlerer Krimmung, harmonische Abbildungen, Kapillaritdt,
Elastizitét, Uberschallstrdmung., Weiterhin wurden auch Probleme
der Kontrolltheorie und Homogenisierung behandelt.

Besondere Beachtung fand H. Wente's negative Beantwortung
einer Vermutung von H. Hopf durch Konstruktion einer Immersion
. des Torus konstanter mittlerer Krilmmung im R3 .

Die zweidimensionalen Variationsprobleme, welche den Ursprung
der Variationsrechnungstagung bildeten und ihre bisherige
Geschichte wesentlich bestimmten, nahmen auch diesmal noch

. einen beachtlichen Raum ein, Die Tagungsleiter glauben jedoch,
vermehrte Bestrebungen nach einer thematischen Neuorientierung
feststellen zu kénnen, Unter diesem Gesichtspunkt verdienen
die beiden Problemsitzungen besondere Beachtung, in denen unter
anderem folgende Fragen vorgestellt wurden: Variationsprobleme
mit Parametern, degenerierte Probleme und Probleme mit singuldren
Ldsungen, Variationsprobleme hdherer Ordnung, Variationspro-
bleme mit nicht konvexen oder indefiniten Funktionalen.

Der Leitung des Instituts sowie dem Personal des Hauses gilt
der besondere Dank aller Teilnehmer fur die vorbildliche Betreuung.
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Vortragsausziige

G. Anzellotti: Non coercive functionals in elasticity

I consider the problem of minimizing functionals of the type

E(w) = [l Pge(w))? - [fudx - [Fuar~’

Q Q- on

where ( 1is an open set in R P R R , £ 20~ R ’
F : a0 -~ R are given, ¢(u) is the strain tensor of u , K
is a closed convex cone in the space V of the nxn symme-
tric matrices, PK : V- K is the projection on K with
respect to a given scalar product <, > on V ; whose asso-
ciated norm is || . || . A special feature of these functionals
is that they are not coercive in general when the forces are
zero, while they become coercive under suitable assumptions
on f,F. One application of the theory is to the static equi-
librium for elastic materials which do not resist to traction.
These materials are a first mathematical model for masonry or
concfete. Functions of bounded deformation, measure theory
and the direct method of Calculus of Variations.are the basic

tools used,

A. Bensoussan: Deterministic Ergodic Control

Consider

%¥ = g(y(<),v(<)) y(0) =y

T (v(+)) = 7 e y(y(x), (<))

o

¥ (¥) = Inf Jo(v()) .

Forschungsgemeinschaft
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The problem of ergodic control is to study the behaviour of
xa(y) as «a - O ., Several techniques are possible, namely
through the definition by control theoretic arguments or by
P.D.E. techniques through the Hamilton Jacobi equation

ax,(¥) = Inf [¢(y,v) + Dx -g(y,v)] .
v

The results that can be expected are of the following type.
There exists a sequence Py (scalar) and a function A(y)
such that

% (V) - %‘3‘- - Ay) —o0 pointwise

o« P as a — 0 ,

When control theory can be applied, p and A have a control
interpretation. There may happen that this interpretation is
not available,whence convergence can still be proven by

P.D.E. techniques,

K. Ecker: Area maximizing hypersurfaces in Minkowski space
having an isolated singularity

Radially symmetric solutions of the maximal surface equation

in Minkowski space

Du
di ] = D <1
v(W-\Du\z) \Dul
are given by r
wi(r) =t [ =& — , ot , K>o0.
o ~\“.2(n )ik

They have a light-cone-like isolated singularity at 0 , i.e.,
they are asymptotic to the upper (resp.lower) light cone at
this point.
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We prove that this type of isolated singularity is the only
one that ‘can occur for area maximizing hypersurfaces (which
include maximal hypersurfaces).

Furthermore we show that apart from the upper or lower light
cone the only entire area maximizing hypersurfaces having an
islolated singularity are (up fo Lorentz-transformations)
radially symmetric maximal surfaces, Applications to the

problem of exterior maximal surfaces will be also indicated. ‘

J. Eells: Harmonic maps with presence of supersymmetry

(in collaboration with J.H. Rawnsley)

Let V~M and W~ N be graded Riemannian manifolds
(sense of Kostant), and ¢ a map between them., We define
the Hilbert-Schmidt norm squared “dé“z of the differential
of ¢ , using the supertrace. With that as Lagrangian, say
that % 1s a graded harmonic map if it is an extremal.

Example: Let A be the exterior algebra AR , which is
Zz-graded by parity: A = Ao + Ay . Let SR - R be the spinor
bundle of R ; its fibres are Zz-graded unital algebras genera-

241=0 , Take .

V to be the sheaf of sections of A ® SR - R ,and N a

ted multiplicatively by an element e with e

Riemannian manifold with W - N the sheaf of smooth functions.
In that situation a map ¢ consists of a pair (o¢,%) , where
: R~ N is a path and § = (4,+e4,)/N2" is a section of

A ®SR @ m'1TN over R ; require ¢1¢2+¢2w1=01 . Then

Nael® = 1/, 19912 + 1/,¢0, 58 + 1/, <@op,00)0,,4,> s the
Lagrangian of supersymmetric bosonic chiral model [Witten
Phys.Rev.16(1977),2991-2994; Alvarez-Saurné and D.Z.

Freedman,Comm.Math.Phys. 80 (1981), 443-451],

Deutsche
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R. Finn: Continuous and discontinuous disappearance
of capillary surfaces

In a éylindrical tube closed at one end by a base ; we
seek a capillary surface covering ( and making a prescribed
contact'angle y with the c&linder walls, To each Q there
exists. v [nl , 0 ¢ vy ¢ /2, such that a surface exists if
To < v ¢ /2 and no surface exists if O <7<y, . We ask
what happens when 7y = v, and consider first the case

0 <y, < "/2 . It is shown that if T =30 is smooth then
there is no surface at vy, 3 however if T has one of more
corners it can happen that a surface will exist in both cases,

the qualitative behavior as 7y lvyo can be characterized.

It is shown by examples that varying kinds of behavior can

occur when y, = 0 .

M. Griiter: On embedded minimal disks in convex bodies

In a joint paper with J, Jost we prove the following result.
Suppose A c R3 is open, bounded, strictly convex of class

C“ . Then there exists an embedded minimal disk in A meeting
3A orthogonally. Related results have been established by
Simon-Smith, Sachs-Uhlenbebk, Struwe. We work in the frame-
work of geometric measure theory and ‘use the important.concept
of almost minimizing varifolds which had been developed by
Pitts to show the existence of compact minimal submanifolds

of codim 1 in arbitrary compéct Riemannian manifolds of dim < 7.

For the regularity we use ideas of Almgren-Simon,'Meeks-Simon-

Yau and Schoen-Simon., The regularity at the free boundary fol-

Forschungsgemeinschaft © @
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lows from a general regularity result for varifolds whose mean
curvature lies in Lp(p > n = dim of the varifold) which was
proved by the authors in a second paper and which generalizes
fundamental regularity results of Allard. The control of the
topological type of the &ﬂufion follows along the lines of
the same proof in Simon-Smith. Our result genefalizes to the
case where the ambient space is a Riemannian manifold of

class C° . ' .

References

Griiter, M. and Jost, J.: On embedded minimal disks in convei
bodies, Preprint.

Griter, M. and Jost, J.: Allard type regularity results for
varifolds with free boundaries,Preprint.

J. Jost: Minimal surfaces of higher topological type

In this talk, we first outline a proof of the existence of

minimal surfaces of higher genus and/or connectivity, pro-

vided as so-called Douglas condition is satisfied i.e. the

infimum over the area of surfaces of the given topological

type is strictly less than the area of surfades of lower
topologic'al type. The proof uses in an essential way the glo- .
bal existence of conformal parameters on competing surfaces.

A global variational method providing these conformal re-

presentations is outlined as well.

" In the second part, we are concerned with the existence of

Deutsche
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embedded minimal surfaces of prescribed topological type.
Agaih, we can show existence under a Douglas type condition

where in this case, however, we have to assume that the boun-
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dary curve lies on a surface with nonnegaﬁive mean curvature.

Finally we look at a mixed boundary value problem and find an
embedded minimal disk with holes having given fixed boundary
curve lying again on a suitable barrier, as well as free
boundaries on some solid that the surface is not allowed to

-penetrate,

‘ J. Kampmann: Liouville-theorems for harmonic maps on Riemannian
manifolds with partially negative Ricci-curvature

Let M be a smooth, non compact, connected, complete Riemannian

manifold with Ricci-curvature bounded from below (globally)

and nonnegative outside a bounded set Q@ c M . Let N be a

smooth,simply connected, complete Riemannian manifold; define

the geodesic diastance rN(z): = distN(z,zo) with respect to

a fixed reference point Z, € N, and for a map u : M- N

define S(a): = sup{rN-u(x)\x € Ea(xo)} where §;(x°) is

- the closed geodesic ball of center X, and radius a in M .,

Then we have

Theorem 1:

If M is as above and the sectional curvature of N is non-
. positive, then every harmonic map u € CZ(M,N) satisfying

the growth condition 1limsup §15)= 0 1is a constant map.
aw Ya'

Theorem 2:

If M 1is as above and the sectional curvature of N is boun-
ded from above by a positive constant K , then every harmonic
map u € CZ(M,N) with image u(M) c Bp(z,) , R < E?%‘ , is a
constant map, provided the geodesic ball BR(zo) in N does

not meet the cut locus of its center Z, .

Deutsche - .
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B. Kawohl: Rearrangements of functions

We prove a conjecture of J. Rauch, Let 0 = a'x[o,0w] ¢ R® and

let u be the second eigenfunction to the Lapacian under Neu-

Deutsche
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mann boundary conditions, Then u attains its maximum and
minimum on the boundary, u 1is the fundamental mode of an
acoustic standing wave. The proof uses rearrangement techniques
and is based on a discussion of the equality sign in
| vu| Pax > Iqu*|pdx , P> 1, where u'  denotes a rearran-‘

Q
gement of u , For other rearrangements there were opposing

conjectures (by Lieb Polya and Szegd) on the question whether
equality of the integrals 1mp11es_ u = u* . It is shown that
they are both right, since this conclusion is false for one
dense subset of W;’p(n) and correct for another dense sub-
set. This has applications e.g. to the symmetry and multipli-

city of solutions of semilinear differential equations on annuli.

We then present starshaped rearrangements and combine a result

of Bandle and Marcus with new own results. As an application

‘one can prove Lipschitz continuity of free boundary problems,

e.g, the dam problem or the problem Min I \vu\ *x[u>0}

over {u € Hl 2(Rn)\uﬂ in 91}

M. Meier: Harnack's inequality and quasilinear diagonal systems

In this talk, we present a new approach to establish Liouville
theorems, Phragm;n-Lindelﬁf type theorems, and local as well
as global continuity estimates for bounded weak solutions

of quasilinear elliptic systems in diagonal form. By employing

o®
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the Harnack inequality for weak supersolutions of elliptic
equations, one obtains considerably simplified proofs of
various results that have previously been known. The method
also yields a number of generalizations concerning certain
critical cases. In particular, an extension of a Liouville
theorem for harmonic maps due to Hildebrandt-Jost-Widman
is proved., Moreover, we describe a procedure to derive a
' priori estimates for the Hélder norm of weak solutions which
can easily be adapted to the case of variational inequalities
for vector-valued functions and to parabolic systems in dia-

gonal form,

{
Finally, a removable singularity theorem for harmonic maps

into manifolds with nonpositive sectional curvature is presen-
ted, extending the corresponding result by Carleson for Laplacés
equation. The proof rests upon a removable singularity result
and appropriate mean value inequalities for distribution solu-

tions of differential inequalities,

L. Modica: Nonlinear stochastic homogenization

A topological structure on a space of equicoercive integral
. functionals allows to obtain a new approach for studying non-
linear stochastic homogenization, that is the asymptotic be-

havior as ¢ - 0+ of the minima of

Fe(u,A) = If(w, %— , Du(x))dx , u = u, on 2A
A

where y is a Random parameter. A physical model of this
situation is for instance the behavior of a dielectric com-

posite material whose components are smaller and smaller and

randomly distributed.

Deutsche
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U. Mosco: Generalized Wiener Conditions

The classical Wiener condition for regularity of boundary points
of Dirichlet problem can be generalized to a class of variatio-

nal problems involving functionals of type:

E(u) = leulz dx + j wldy , o c R?
Q Q

where u 1S a non-negative Borel measure in R® such that ’

u(A) = 0 if cap(A) = 0.

One obtains estimates for any local minimizing function
u(u € H1(n)(\ L2(Q,u) s.t. E(u) < E(v) for every
v € H;(Q)f\ Lz(n,p) , of the type

V(r) <k V@R w (r,R® , O<r¢<gR ,

where V(r) g:fxo?z + J lDu\zix-xo\Z'ndx + ; u?\x—xolz'ndu

Br(x,) )
k = k{(n) , 8 = B8(n) > 0 being suitable constants depending only

on n and X, a given fixed point in Q .

w(r,R) 1is the Wiener modulus of u at x, , defined to be
the function

) .
w(r,R)=exp<~ j[capu(np(xo-),sz(xo))/cap(Bp(xo),sz(xQ))] So
r

Here cap is the usual Newtonian capacity (n > 3) and capu

is a capacity associated with the measure u

capu(Bp,sz) = 1nf{ J \Du\zdx + J u2du\u € H1(sz),1-ueﬂl(B2°)} .

B B
_ 7 2p P

Similar estimates can be given for elliptic and parabolic obstacle

DFG Deutsche
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problems and hold for general 2d order elliptic p.d.e. with
discontinuous coefficients. The above result has been ob-

tained jointly with G.Dal Maso.

J. Neéas: On _the transsonic flow problem

It is considered an irrotational, steady, adiabatic, non-
viscous, compressible fluid governed by the continuity equation
(1) - atv(p(lvul®)vu) = 0 ,

where p 1is the density

: 1

2a
(2) 6(s) = o5(1- =251 &) *T , 0 ¢ s ¢ F .
[o]

on

The equation (1) changes the type from the elliptic to the
hyperbolic when the speed |vu| crosses the speed of sound,
sound. The key point is the bfoof of the compactness to

the set of u satisfying entropy condition. Approximate
methods are based on the minimisation of thé alternating

functional,

N. Quien: Plateau's problem in Minkowski space

Extending the results of R, Bartnik and L. Simon for the
corresponding Dirichlet problem, we show that the boundary
T of a spacelike C>'% jimmersion f : B - M® of the unit
ball B c R™' in the Minkowski space M® also bounds a
03’a maximal hypersurface g : B - Me , that means a hyper-
surface which represents an extremum of the volume induced
by M? . We show examples of curves in M3 which bound
Several geometrically different maximal surfaces and pose

a sufficient condition on T which asserts uniqueness,

o®
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F. Sauvigny: Die zweite Variation von Minimalfl#ichen im RP

mit polygonalem Rand - Ein Eindeutigkeitssatz

Sei T ein Polygon im RP mit N + 3 (N > 1) Eckpunkten.
Die Menge der Minimalfldchen zu T ist dann enthalten in
der Menge der kritischen Punkte einer gewissen Funktion

in N Variablen

Diese Funktion wurde fiir p = 3 =zuerst von I. Marx und .
M, Shiffman betrachtet. Von E. Heinz wurde © als analytisch
erkannt; und fir die Schar der Quasiminimalfldchen wurden
parameterabhéngige singuldre Entwicklungen an den Ecken des
Polygons angegeben (p > 2) .

In der vorliegenden Arbeit wird nun fir p > 2 die Verbindung
von der zweiten Variation des Fldchenintegrals einer sich in

T einspannenden Minimalfl#iche zur Hesseschen Matrix von ©
hergestellt. Wir kdnnen so ein Kriterium filir den positiv semi-
definiten und flir den positiv definiten Charakter der Hesse-

schen Matrix beweisen (zur Kontrolle relativer Minima von 8),.

Letzteres Kriterium soll in einer anschlieBenden Arbeit flr

einen Eindeutigkeitssatz fir Minimalfldchen genutzt werden:

Ein extremes Polygon im RP mit hinreichend kleiner Gesamt- .
kriimmung berandet genau eine Minimalfl&che.

K. Schtiffler: Double periodic minimal surfaces

We discuss an index theorem for minimal surfaces of genus 1,
We start with the Tromba model for the boundary curves of
the Plateau problem and develop a functiontheoretical method

(elliptic functions).

Forschungsgemeinschaft © @
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C.G. Simader: Remarks on Hedberg's Theorem

Hedberg's theorem reads as follows: Given

ue WP = wP(rRN)Y(n € N, 1 < p < =). Then, there exists a
sequence u, € W™ PhL® such that. “u-un“m'p - 6 and

\un(x)\ < lu(x)|,sgn un(x) = sgn u(x) a.e. The original
proof by Hedberg (1972 and 1978) as well as re-proofs by Webb
(1980) and Brezis-Browder (1982) demands a considerable amount
of non-trivial potential theory. In this lecture, a new proof
of this theorem is presented. In case p = 2 , the proof is
completely elementary, if p % 2 some IP -estimates for
elliptic differential equations with constant coefficients

are needed,

G. Strdohmer: About the Morse theory for certain variational
problems

We consider variational integrals of the form

I(u) = JF(x,u;vu)dx (o c R

b Q
with Dirichlet boundary conditions. Our hypotheses are roughly
the same as the ones Ladyzhenskaya-Ural'tseva use in their
book about elliptic differential equations (see pp. 318-336),
In addition we suppose that I has no degenerate critical points.
Then we obtain the'statement about the change of the homotopy
types of the level sets of I as its critical points are passed,
which is known as a part of Morse theory. The proof is based
on a-priori estimates for the solutions of the Euler-Lagrange
equations of certain variational problems with constraints

proved by the author,.
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M. Struwe: Optimal existence results for large surfaces

of prescribed constant mean curvature

A direct variational approach to the Plateau problem for sur-
faces of prescribed constarit mean curvature is presented which
permits the following improvement of recent results by Steffen
and the author, resp. Brezis and Coron:

Suppose there exists a surface of constant mean curvature which

is a "strict" local minimum for the associated energy functio- .
nal, then there exists a second solution to the Plateau prob-
lem which is geometrically distinct from the'first, indepen-

dently of any geometric conditions on the supporting curve.

U, Thiel: The index theorem for k-fold connected minimal

surfaces and applications

‘Using the global formulation of Plateau's problem due to

A.J, Tromba [2] we show the manifold structure of the set
M of ‘k-fold connected minimal surfaces bounded by given
curves. We show that the map n which sends a minimal -
surface to its boundary curve is Fredholm and calculate

its index depending on the number and order of branch points.

The index calculation gives the same number as R. BShme and
A.J, Tromba had in [1] in the disc case, this means, that
the number k of connectivity does not come into the index
formula.

In consequence of that Smale's infinite dimensional version
of Sard's theorem gives generic isolateness and stability
and, under some further condition in the case k = 2 ,

also a generic finiteness result.

Forschungsgemeinschaft © @
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For a certain class of extreme pairs of Jordan curves
(if k = 2) we can also derive the existence of an embedded

solution of Plateau's problem,

[1] Bdhme/Tromba: The index theorem for classical minimal
surfaces,Annals of Math, 113, 447-499 (1981)
[2] Tromba: On the number of simply connected minimal

surfaces spanning a burve, Mem, AMS 12, no 194 (1977).

P. Tolksdorf: An approach to soap films that touch themselves

Let T be a C”-Jordan arc in R3 , B be the unit disc in

R2

and set
M. = {v € H1’2(B,R3)\ v parametrizes I on 8B} .

With respect to v € H *2(B,R%) , we define
Ad(v) = {open sets 8 c B | ve og=v in 8 ,

for some conformal map o ¢ é - o(8) = B\8} .

We consider the problem

1/2 | |wvi? ax = min (v €M., 6 € Ad(v)) .
B\S6
Imposing additional constraints on v and 6 , one can solve

the problem, Thus, the solution of the considered problem is
reduced to a priori estimates, in particular for the length
of the free boundary v(2a8) . For points éway from T , these
estimates are given., The boundary estimates, however, are

sti1ll in preparation.
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F, Tomi: The Regularity of Minimal Surfaces with Free Boundary

Let S be a compact surface embedded in R3 and T a homo-
topically non trivial Jordan curve in the complement of S .,
We consider the problem of minimizing Dirichlet's integral

in the class of all mappings from the closed unit disc into
R3 whose boundary values lie on S and form a homotopically

non trivial loop in R3\r . It is proven that for analytic

S minimizing maps are immersed up to the boundary. The proof
uses methods for the corresponding situation arising in

Plateau's problem,

A.J. Tromba: Plateau's problem for minimal surfaces of
higher genus

Let T ©be a contour inside a solid 2p torus sz with asz
having non-negative inward mean curvature. Suppose there

exists a basis of u1(N2p) (free'on 2p generators) such that
that [r] € n1(N2p) is the commutator of this basis. Then

T bounds a minimal surface of genus p .

Moreover let .T' be a contour inside a solid torus T such that

9T has non-negative inward mean curvature, Suppose '

fr]l e 20,(T) , [T] $ 0. Then T bounds a Mdbius minimal

surface,

G. Vidossich: On the obstacle problem for nonlinear elliptic
equations

Let h1,h2 € H' be such that h; ¢ h, in 0 and by <0< h2
in 230 , L an elliptic operator with smooth coefficients and

Deutsche .
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f : 0 x R~ R satisfying the Caratheodory conditions.
Let K ={v € H |h,< v < h,} and let a be the Dirichlet

form associated to L . We are looking for u € K such
that

’ (¥)  alu,v-u) + <f(x,u),v-u> > 0 (v e K) .
under no monotonicity assumptions on f(x,.). There is only
one paper treating such a question without monotonicity on
f(x ,.) , namely a paper of Chang in Comm,Pure Appl.Math.
1980. However, Chang requires hy,h, € c® and f € cl.
We show that if f satisfies the Caratheodory conditions and

£(x,u)| < a(x).

with a € L2

and hyh, € H2 |, (hy(x) € u < hy(x)) , then
a solution u to (%) can be obtained as a limit of a

sequence (un) of solutions to
Lu + gn(x,u) =0,

where g, are bounded modifications of f . It follows that
under Chang's hypotheses we have better regularity -on the
solution u , Since the set of solution is not necessarily
convex under our hypotheses, the question of uniqueness and
multiplicity of solutions arises in a natural way. After
having indicated some results on these lines, the talk ends

with two open problems related to the eigenvalue problem -
a(u,v-u) > A <f(x,u),v-w> (v € 4)

related to a paper by Benci (JMAA, 1977), A being a suitable

closed convex subset of H' .
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H.C. Wente: A Counter Example in 3-space to a Conjecture
of H, Hopf ‘

We produce immersions of a two~-dimensional torus into Eu-
clidean 3-space such that the image surfaéé has constant
mean curvature, H = 1/2 , We show that there exists a coun-
tably infinite number of such surfaces all isometrically

distinct. An attempt will be made to describe the shape

of these surfaces,

M. Wiegner: Some Remarks on Degenerate Parabolic Systems

We consider degenerate parabolic systems of the form

i .
W _aiv (lwulP Pty =0 , 1¢1¢n
on a x(0,T) , ac rY

ul € 1_((0,),L,(0)N Lp((O,T),W;(Q)) is given, we show,

bounded. Suppose a weak solution

based on results of Di-Benedetto and Friedman (Journ.f.

R. und Angew. Math, 349, 83-128 (1984)), that Yu € C_ ;..
B ’

for some a, depending only on N and p .

Berichterstatter: N, Quien (Heidelberg)
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