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MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tagungsbericht 39/1984

Reelle algebraische Geometrie

2.9. bis 8.9.1984

This was the first conference on real algebraic geometry at
Oberwolfach. It was directed by E. Becker (Dortmund),

L. BroScker (Miinster) andM. Knebusch (Regensburg).

The following topics were treated:
- Developments in the "transcendental theory" over IR

- Semialgebraic topology over real closed fields.

Semialgebraic geometry
- Real places, real valuation rings and orderings on function fields.

- Orderings of higher level and sums of n-th powers.

During the talks and the following discussions various relafions
between the topics were elucidated. The large number of
participants - especially from foreign countries - showed the.
great increasing interest and the importance of a frequent and

intensive exchange of ideas in this branch of mathematics.

Vortragsausziige

Yosef YOMDIN (Beez-Shera, Bonn):

Quantitativ Geometry of semialgebraic sets and mappings and some

applications in real analysis

. -1
It is well known, that the Betti.numbers of any fiber p (&)

of a polynomial mapping p: R" - R are bounded by some constants,
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depending only on n and the degree of p . Now let f be a k
times differentiable function on a bounded domain in Rn ’ witp
all the derivatives of order k , bounded by a constant Mk _
We can think M as the measure of a deviation of f from a
polynomial of degree k-1 ; as far as the deviation in a Cj—norm
is concerned, j sk-1 , the Taylor formula gives the precise

expression for it.

The important general phenomenon is that also in much more .
delicate questions, concerning the topology and the geometry

of the mapping f , its deviation from the "polynomial behavior"

can be bounded in terms of Mk . ‘ » . i
We give some theorems, illustrating this phenomenon, in

particular, for the property of polynomials, mentioned in the

beginning.

Jacek BOCHNAK (Amsterdam):

On real algebraic mappings into s

Let McR? and NcRP be real algebraic sets. Let -
P(M) = {p:p = £|M for some £ € km[x1,...,xq]} :
be the ring of polynomial functions on M and let

R(M) = {®/y: w0 € P(M) , ¢ (0) = @}

be the ring of entire rational functions on M . Amap f: M - N '

is said to be polynomial (resp. entire rational) if there exist

w1,...,wp € P(M) (resp. R(M)) such that f(x) = (w1(x),...,wp(x))
for all x € M . We denote by P(M,N) (resp. R(M,N)) the set of
polynomial (fesp. entire rationa;) mappings M > N . Very little
seems to be known about the structure of P(M,N) or R(M,N),’
the classification of their elements, the relationship with

other classes of functions, etc. We got (jointly with W. Kuchan
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from Albuquerque, U.S.A.) some results in this direction,
mostly for N = s® = {x € ®B*"': n? x{ = 1) . It appears that
the behaviour of polynomiéls and ;;lire rational mappings are
often quite different.

A sample of results. Assume that M is a compact real algebraic
manifold, i.e. a nonsingular compact real algebraic set. Let
E(M,N) be the set of C”—mappings M - N , Equipped with the
Cw-topology.

Thebrem'1. For each m € N and each k = 1,2,4, the set
R(Sm,Sk) is dense in E(Sm,Sk) .

This theorem contrasts with a result of Wood (Invent. Math. 1969)
saying that P(Sm,Sk) contains only constant polynomial; if

2P

m = , k <m . It is not known whether Theorem 1 is valid for

k # 1,2,4 .
Theorem 2. Let M be a compact algebraic manifold. Then R(M,sz)

is dense in E(M,Sz) in each of the following cases:

(i) M is a connected nonorientable surface of odd genus.

(ii) M is a connected nonorientable surface with
alg -
I-I.l (M, Zz) = Hl(M' Zz) .
(iii) B2 (M, Z) = O .
Theorem 3. Let Qqreserdy be a sequence of k 2 2 positive
k
integers and let n = ¥ g, . Then the following conditions

i=1
are equivalent:
. 94 Ak n
(i) Each entire rational map. S X...XS -+ S

(ii) n is even and at least one a; is odd.

Theorem 4. Let M be a compact oriented algebraic manifold of
odd dimension m . Then for each even number p € Z there

exists f € R(M,S™) of topological degree p .
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Michel COSTE (Rennes):

Topological properties of- inclusions of real algebraic sets

Problem: Given K a complex, L < K a subcomplex, does there
exist real algebraic sets W < V and an homeomorphism

®: K 5 V such that ®(K) = W ? Here are some necessary conditions.

I) Sullivan's local Euler characteristic theorem may be formulated
as follows: if V is a real algebraic set, a € V , then
x (V) = x(v-a) + x(a) (mod 2) and it can be easily generalized to .
x(V) = x(V-F) + x(F) (mod 2) where F is any algebraic subset
of V . I have no actual application of this formula.
I1) cbdimension 1 case: Let ®: K >V be a semi—algébraic
triangulation of a real algebraic set of dimension d , ¢ a
d-1 simpiex of K . Let g(o) = #{t |1 d-simplex of K , 0 a
face of 1} . Then
A i) (well known) g(b) is even. -
ii) if o and o' are d-1 simplexes such that @(c) and
®(c') are contained in the same irreducible algebraic subset

W of V of codimension 1 ,
g(o) = g(o') (mod 4) .

These facts may be proved by translating them in the lanquage of

real spectrum, and then using the classical relationship between ‘
orders and valuation rings in the field of rational functions

K(V) (for V irreducible): i) and ii) are then deduced from

the formula

g(a) = z 2.n (B,a)
BEB (supp a)

where a = (suppa, ga) € SpecR(P(V)) , supp a of height 1 ,
g(a) = #{p orders on K(V) , B generalisation of «} ,

B(supp a) = {B valuation rings in X(V) , B dominates P(V)supp u}

Deutsche
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n(B,a) = #{orders on B/mB which extend s, on the residue
field of P(V)supp a}' _

Here is an example of application of ii): K is the 2-dimensional
complex .

) ) [abc]U[abd]Utacd]Ufbcd]U[abe]U[abf]U[aef]U[bef]
- lag]ulbg) . L is the 1 dimensional
subcomplex [aclulbclulaglulby] . Both
K and L are homeomorphic to real

- algebraic sets, but there is no

homeomorphism ®: K > V on a real

algebraic set such that ©(L) is algebraic.

Edward BIERSTONE (Toronto):

Relations among analytic functions. I. Local invariants
(joint work with P.D. Milman)
We discuss the variation of local invariants (like the Hilbert-

Samuel function) associated with formal relations among real or

complex analytic functions. Zariski semicontinuity of these
- invariants, which we conjecture in general and have proved in
many cases (e.g., aigebraic), has striking applications to the
‘ geometry o'f semialgebraic and subanalyt_ic. sets, as well as to
‘ the main problems of differential analysis. The key idea.is the
1 ;elationship among several‘invariants:<the Hilbert-Samuel function,
an estimate of Chevalley-and a."diagram of initial exponents”
which we can use to stratify a subanalytic set w1th exp11c1t

special generators of its ideal sheaf along each stratum.

DF Deutsche
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Pierre MILMAN (Toronto):

Relations among analytic functions. II. Applications to c” geometry

(joint work with E. Bierstone)

The composition, division and extension conjectures for
differentiable‘functions are all consequences of our fundamental
assertion in analytic geometry: semicontinuity of local

invariants. Our explicit techniques provide a better under-

standing even in the classical coherent case: we give si mple .
new proofs of the semicontinuity of the Hilbert-Samuel

function, a uniform version of the Artin-Rees theorem and,

as a consequence of formal division by the special generators,
Malgrange's ¢” division theorem. In this talk we sketch the

. Cod :
proof of our main theorem on C functions.

Bruce REZNICK (Urbana):

Generalizations of the Arithmetic-Geometric Inequality

' The arithmetic-geometric inequality [(1) below] is one of the

Deutsche
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central inequalities in mathematics. One way of deriving it
is to solve for the coefficients of a polynomiél in n -variables

vanishing to order 2 at (1,...,1). This pfeliminary report

considerea certain special cases of vanishing to higher even .
order.

For y = (u1,...,tn) € R" and x 2z 0 let 55 = x?T-...-xﬁn .
Suppose 4, .4 = i;xigi + XAy >0, T X =1, then the

arithmetic geometric inequality is

(1 A1§E1+...+Ak52k 2 §Ek+1 for x 2 O with equality at

(1,eee,1) =1 .
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k+1 u,
z a.x_%

On the other hand, with the same notation, if H(x) = X
. 1

i
is asked to satisfy H(1) = §§£(1) = 0 then, up to a multiple,
j

2i_ Bk+1
H(x) =¥ };x © - x . I discussed some easier cases of the
following: Let Yoreeordy be given and suppose H(x) =X a;x .
r
satisfying 3 H T (1) = 0 for all £ r, =r < 2s-1, is

- r..

Bx1 see X
determined uniquely up to a multiple ‘'under what-conditions on
m,n,s and the points u, 1is H(x) 2 0 . for all x 20 . If
n =1 and m = 2s+1 no additional condition is required by

Descartes' Rule of Signs. If n =2 and 2s = 4 , we have the

following special cases, denoted schematically

. (-a,a) (a,a) | (-a,a) (a,a) | (~¢,0) (c,c)
R Y ool R X E3 . %* %
- (=b,e):(be) ) - | - (-b,b)  (b,b)
* * , : x . * *
BT (0,0) (-b,0) (b,0) 4| (-a,a) (a;a)
* l. oo f * A | B *
(—b,—C) (b.—C) ’ (0,—b) ’ ) *(090)
* * I * |
. . *(0,-a)
oy ) | e e £(0,-5)
| | v *#(0,-c)
Hnot 2 0 | Hz O | Hz2o0

Hans DELFS (Regensburg):

The proper base change theorém in semialgebraic geometry

We consider acartesian square

’

o
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x<—3— x xg ¥

£ ¢ l £

Y< Y'

g
of morphisms between abstract semialgebraic spaces. Suppose a

sheaf F is given on X .

Theorem 1. If f 1is proper and of finite type then the

canonical base change homomorphism
g*RIf, F » RIEL (g'*F) (q 2 0)

is an isomorphism.

Among other things the proof uses the following important
result. A

Theorem 2. Let M be a semialgebraic space over a real closed
field R , F be a sheaf onv M and R c S be a real closed
field extension. Let M(S) and F(S) be the base extensions

of M and F. Then the canonical homomorphism
1, F) - v3M(s), F(s))

is an isomorphism.

Niels SCHWARTZ (Miinchen):

Real closed spaces

Real closed spaces are locally ringed spaces that generalize
the semi-algebraic spaces of Delfs & Knebusch much in the same
way as schemes generalize algebraic varieties (classical).

For real closed spaces a theory can be developed which is
reminiscent of the theory of schemes. This theory can then

be used to gain results (in particular, affineness results)

for semi-algebraic spaces.

Forschungsgemeinschaft
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Robert ROBSON (Regensburg):

Geometric Rings and Convergent Power Series

If X 1is a real algebraic set in Rn,, there, is a dictionary
relating semi-algebraic subsets of - X and the sheaf of s.a.
functions to the constructible subsets in SperA (A = cpofdinate
ring of X) and the sheaf of abstract semi-algebpaic functions.
In this talk we show how statements about the behavior.to
s.a. functions on real alg. sets can be transfered to yie}g
results about abstract s.a. functions on the real sgect%ﬁm;
of any ring. An example is an abstract Lojasiewicz inequality
which reads: _ -
Let X c SperA be constructible{ f,9 be two:abEtraetﬁ
s.a. functions on X such that f =0 =g = Q.Afhen_ Y
3n € N and an algebraic positive functiog‘“pu on SperA

such that |g|™ s p |f| on X.

We then define a class of rings, geometric rings, which allow

us to interpret statements about abstract s.a. functlons on

SperA as statements about sets and functions on, the R—rat'l

points of A defined by finitely many inequalities. More

generally, we define relative and local geometrie riﬁgs, An

example of the latter is the ring of germs of convergent .

power series over a complete valued real closed fleld Here

W

abstract s.a. functlons correspond to semi-analytic funcﬁfgn
germs. This gives a purely algebraic proof of the Loj. ieéquali—
ty fpr semi-analytic functipn germs. ThesevmethOAs clefify-

what needs to be considered when con51der1ng rlngs of ;A‘ i

continuous R-valued functions or a varlety in order to get

a reasonable "semi-algebraic" theory.

o
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Jesis RUIZ (Complutense, Madrid):

On orderings and completions

Let (A,m,k) be a local excellent domain, Ah its henselization
and A its completion. Let 'p1,...,pr be the zero-divisors of

Ah and v§1""’§r the ones of A ; we call the quotients

A? := Ah/pi henselian branches of A and the quotients
Ai 1= A/ﬁi formal branches. Let « be a total ordering'in A.

THM 1. The following conditions are equivalent: (1) m is
a~-convex; (2) « extends to some A? (resp ii). In that case

i 1is unique and a«a extends uniquely to A? .

This thm. raises the question of computing the number ef(a),
eventually += , of extensions of a to gi . Tolbe precisé
let us consider an ordering a in k and its real closure

K , and denote by § the space of all o generalizing oy
(Harrison topology). Then:

THM 2. The set of all o € @ such that e(a) = 1 is dense

in @ .

In order to go further in this question we need a new concept:
DEF. The ring A has Zariski-dense selection (= ZDS) if for
any o, and any f1”"'fm € A positive in some o € @ there
is a residually trivial local embedding o: A - k[[t]] such .
that o(f1) >0,...,o(fm) >0 .

Now we have:

THM 3. Let us assume A has 2DS: (1) If dim A = 2 , the set
of all o € @ with e(a) = 2 is dense. (2) If dimA 2 3 ,

the set of all a € @ with e(a) = +o 1is dense.

Of course an essential problem is to characterize the A's

with ZDS. We have:

o0&




THM 4. (1) If A dominates A' , the extension A > A' is
essentially finite and A' has 2DS, then A has ZDS.
(2) If A = Bp for a local excellent henselian domain B

and some non-maximal prime ideal p < B , then A has 2ZDS.

Using 4 we prove that localizations of finitely generated

algebras over a fieid, Nash local algebras over a field, or
‘ analytic local algebras over a complete non—discreté value.d

field have ZDS. So thm. 3 applies to all these rings. Also

we obtain more precise information for such an A . For

instance: (1) if dim A = 2, e(a) =1 or 2 for all o € Q ,

(2) if dim A = 3, e(a) = 1,2 ér +o. for o € Q . All these

results lead us té propose two questions:

(I) Does there exist a ' bound b = b(dim A) such that

e(a) £ b or ‘e(a) = +o for all a € 9 ?

(II) If the éet of all o € Q@ such that e(a) = e 1is non-

empty, -is it necessarily dense?

Norman L. ALLING (Rochester, N.Y.):

The £ - "topology" on an ng'— class

. In 'On Numbers and Games' J.H. Conway defined a field N,
that is a proper class and is a real-closed field. Given
subsets of numbers .L and R for which x’ € L and

xR € R = xL < xR , we will write L < R . Conway -then

constructs. a new number {L | R} =2 x € No . N.b., L <{x}< R .

Let £ be an ordnal number for which & > 0 and for which
Xg - (i.e., wg) is regular. One can modify Conway's.construction

so that it is required also that |L| + |R|. < Xg - When one

DF Deutsche
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does this one defines a real-closed subfield No that is

an ng—set. [Ref. Alling, Trans. Aner. Math. Soc. '84 ?].

Uc §No is called £-open if there exists B < wg ’ (aa)a<B

and (ba)u<B points in ENO for which U = UOI<B (aa’ba) .

Then X-U is g~closed. One can define the relation £-"topo-

logy", &-connected subspaces, as well as f~-compact subspaces.

Then S 1is &-connected <« S is an interval. For intervals .
S of ENO conditions can be given on the upper and lower
characters of S such that S is g-compact. [Ref. Alling,

Math. Reports, Royal Soc. Canada, June, '84]

No has additional structure called its "birth-order" structure,
which has the following properties: 3 b: No - Ord, the class

of all ordinal numbers such that for all L, R c No , with

L <R, 3! x € No such that L < {x} < R, with b(x) minimal.

Further, V x € N, 3 such L and R with b(L) U b(R) <b(x) .

Using this structure Conway constructs e.g., a copy of IR in

No ;j amap X € No »> 0" € N; with very nice properties etc.
Vye€enN,, with |n| >0, 3! x € N, such that n and
m-x are in the same‘Archimedean class. Let V(y) = x ; then

this defines a valuation on NO . Using the birth-order
structure on No .one can show that every pseudo-convergent -

sequence in No (resp. ENO of length < “g) has a unique

pseudo-limit x with b(x) minimal. Let x = Lim“<kaa .
Let (an)05n<m be in No (respﬁ ENO) , and let =z € No
(resp. z € gNO) . Let Sm(z) = I anzn . 3 & > O such that

lo}

n
v |z| < ¢ implies that (8,(2)) is pseudo-convergent.

Sm<w

Deutsche
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n _ _. . .
For such z let nio az’ = leo§m<m Sm(z) exists.

It is hoped that some of these ideas will allow one to do.

analysis over surreal and surcomplex number fields.

Gilbert STENGLE (Lehigh}):

Real Differential Algebraic Stellensdtze

Fors(hunqsqememsdv aft

Some of the stellensdtze of real semlalgebralc algebra and
geometry have differential algebralc counterparts: These are
obtained using a differential version of the real spectrum
of a differential ring (A,D) containing the rationals, an
Artin-Schreier theory for such rings, and the model theory
of ordéred differential fields. The real. dlfferentlal
spectrum X of (A,D) ' is the (typically very small) subset
of the real spectrum (typically very big) of A consisting
of orderings the center of which is a differential ideal.

X is nonempty if and only if -j is not a sum of squares
in. A . Abstract stellensdtze are the following. Let T be
the semiring generated by the squares and a multiplicatively
closed set S in A .. Let I be a differenfial‘iheél. Then

i) (Nichtnegativstellensatz) : JERN
120 on {I=0}n{S>0} = 1(slzm+o1) = 0, (mod I). for some
s €S, 0, €L .
N - e l
ii) (Nullstellensatz) 1 =0 on {I=0}n{S >0} ==>512m=+o1~ﬁ oz(mod I)
. for some s € S, o5 € I .
iii) (Nichtnullsteilensatz or abstract differéntiaifﬂarmander-
Lojasiewicz relation) . R

1+#0 on {I=0}n{S >0} < 3N such that (s-+c ) z (D 1)
k=0

=g + o, (mod 1). Bl

o
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| Corresponding results about solutions of systems of
algebraic differential equations in some closed ordered
differential field we obtained using work of Michael Singer
which shows that the theory}of such systems admits

elimination of quantifiers.

Robert SILHOL (Angers): . .

Connected components and I-l1 of real algebraic surfaces

Let X(¢) be a smooth surface defined over R and X(IR)
it's real part. Using methods developed by Kharlamov and
Rokhlin plus a few other ingredients one can prove the
following theorems:

Th. 1: If H*(X(¢),Z) is torsion free then:

0,2 0,2

h' (X(IR)) sB,+B,-h if h =0 (mod. 8)
h' (X(R)) B +B,-h%" %=1 if n°'% =21 (mod. 8)
h'(X(R)) sB,+B,-h°"?-2 if h°2 =22 or h (mod. 8)
h'(X(R)) $B,+B,~h°"%-3 if n°'% =23 (mod. 8)

where h'(X(IR) )‘ = dimZZ/ZH' (X(IR) ,2/2) A, Bi = dim Hi(X(G),Q),
= dim¢ H’o,2 .

Th. 2: .

ho,z

fxm) s 12 if n'''en®2. = o (mod. 8)

Fx(R) s B‘+—32;h—of if n'r1on®r209 = 4 (mod. 8)

X (R) s w if h'''en®2.9 z 42 or 4 (mod. 8)

} FX(R) s 3_1«132;1_";2—_2 if n'1op® 2092 23 (mod. 8)
where ‘#X(]R) is the number of connected componénts of X(R) .

Deutsche
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For -small values of h°'2 (h°'2 < 5) one can find many-
eamples where the bounds given in th. 1 are reached. For
th. 2 examples are more difficult to construct but one can

also give quite a few examples where the bounds are reached.

Th. 2 leads to the following corollary:.

Corollary: If X 1is a surface of degree n in ]P3 then:

3 2
#X(IR) < 5n -:gn +25n

A

if n=0 (mod. 16) or n=1 (mod.

5n3-18n°+25n-6

#X(]R) < if n=+2 mod. 16

12
#  5n3-18n2+25n-12 ‘
X(IR) s T3 if n= %4 or 8 (mod. 16) .
or n=3 (mod. 4)
3 .q.2 , .
fx(m) < 20 =18n"+25n-18 ir n2+6 (mod. 16)

12

The bound given here is known to be: sharp for n = 4, is’

‘it still the case for n 2 5 ?

Friedrich ISCHEBECK (Miinster):

Rational equivalence and homology of cycles of small dimension

Let X be a smooth projective IR-variety and z an r-dimen-

sional cycle whose homologyclass in Hr(X(]R), Z(2)) is zero.

For r s 2 it is shown that then z is rationally equivalent

to a cycle z' with |z'] (R) = ¢ .

reg

Heinz-Werner SCHULTING (Dortmund):

Cycles under blov:vinqs up

Let A,(X) denote the Chow group of a smooth projective
R- variety X . A prime cycle z 1is called real if

zreg(m) =@ . Let B,(X) be the subgroup generated by the

Forschungsgemeinschaft
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classes of non-real cycles and A%E(X) the group A,(X)/B,(X) .
There is a canonical homomorphism A : AEE(X) - H,(X,Z,) . The
graded group T,(X) = Anz(x)/H*(X(BU ,Zz ) is studied under
birational transformations. For a blowing up X - X in a

d-2

Tk(x) = Tk(x) (] izo Tk-d+1+i(z) , where n = dim X .

Mario RAIMONDO (Genova):

regular center 2 of codimension d it is shown that
|
\
|
|

Complex Nash functions

Let U c qn be an open connected domain. We say that an
holomorphic function f on U 1is a Nash function

‘ (£ € N(U)) if it satisfies a polynomial relation. When U

| is semialgebraic, this.is equivalent to have semialgebraic

1 graph and it is also equivalent to have real part and

) imaginary part real Nash functions. Since, for a polycylinder

i U, M1(U,nn + O , we look for global properties. Let F = cn-U .
| If for every algebraic hypersurface Y , top.dim.(Y n F) < 2n-2 ,
j then N(U) = ¢[x1,...,xn] . In particular we obtain examples

of Stein subsets U $ ¢2 with N(U) = ¢[X,Y] . Finally, let

K © U be a semialgebraic, rationally cdnvex compact subset,

then the ring N(K) of germs of Nash functions defined in .

some neighbourhood of K is noetherian; and if U , U c ¢2 '

for every x ¢ U there exists a polynomial P with

a semialgebraic, relatively'compact, with the property that
| P(x) § P(U) , then N(U) also is noetherian.

\

\

\

\
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Lou van den DRIES (Stanford):

Tameness of semi-algebraic sets

Let K. be a.real closed extension of IR, : K » R U {1=}

the (place)map assigning to each a € K the unique real number

infinitely close to it (or- i«). (Note: T =r for.r € R.)

Then the following are true:

(1) If X < K? is s.a./K , then X n IRn is s.a./R .

(2) If x < k™. and. f: X » K is s.a./K , then the function
£R* o R - RU {¢w} , defined by fR(x) = f(x) ,

is s.a./R.

(Note that (2) = (1) by taking for £ the characteristic
function of X : "s.a." means "semi—algebralc" and for e

functions is not meant to iinpiy continuify.)

These results can be interpreted in ‘IR as follows: - .= "=~

m+n

Let S < W be s.a. (over R) . For each x € ®™, put’

=

x = {y € Rr" / (x,y) € S} . We call {Sx / x € lRm}:"'u’a."

s.a. collection of sets. Now statement (1) implies:

(1*) Each subset of R whlch is the um.on or 1ntersectlon

of a chaln of S_'s is seml-algebralc.- (Chaln-

X
‘collectlon of sets totally ordered by 1nc1us:.on )

3

More generally: If A c R"  has the prope;ty that

Vygieey €RY 3x€ IR’“_:

An{y1,...,yk} = sxn{y1,...,_yk} . .
then A 1is s.a.. (Let's call a.set A with this

property a limit set of _{S.x / x € wr" Voo
The "real" interpretation of (2) is as- follows::
Let g: R L R be s.a.. For each - x € _:IR.m , define ...
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9y RrR? - R by gx(y) = g(x,y) . This collection of functions
{gX / x € '} has the following property:

" L IR U{t=} is the pointwise limit

(2*) If a function ¢ : IR
- of a sequence of gx's , then ¢ 1is s.a..
(Moreover, each sequence of gx's has a pointwise
converging subsequence.)

More generally: If ¢: R" - R U{:e} is such that

for all Yqreeer¥y € ®" and neighbourhoods
Up 3 ¢(yq),-- Uy 3 6(y,) there is x € K" with

Uy 3 o, (yy)seeesUy 3 ¢ (y,) , then ¢ is s.a..

Open Problem. Is the collection of limit sets of

{Sx /x € R} a semi-algebraic collection?

The results above, for semi-algebraic sets /IR, do not
generalize to semi-algebraic sets over other real closed

fields.

Klaus REICHARD (Bochum):

" Diffeomorphisms of Quotientsingularities.

Let X be a smooth manifold, G a Liegroup acting

properly-discontinuous on X . X/G 1is the orbitspace with
the smooth structure given by the G-invariant smooth
functions. The singularities of X are called
quotientsingularities (QS).

Special case: X = n¥’, G < O(n) finite subgroup. Then the
quotient is given by G-invariant polynomials

n

(Q.l,.l.,Qr): R" » R"/6 « R, so R"/G is semi-algebraic.

Well known: All QS's are of this type.
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Theorem: Let G,G < O(n) be finite subgroups.

£: R* /G » R" /€ a smooth diffeomorphism. Then £ has a
1ifting, that means, there is a diffeomorphism F: IR - R,
making commutative this diagram:

1

" E g and with FGF ' = G .

LT
n, £ _n,x
R /G> IR /G
Proof (main ideas):
1) f analytic: existence of F is shown by complexification.
2) f smooth: f difeotop to an analytic diffeomorphism fo '
existence of F then with homotopie-lifting-theorem

of Bierstone. E ‘ - -

Uwe HELMKE (Regensburg) :

Moduli Spaces of Linear Dynamical Systems

Quite a few typical problems in linear system théory deal
with the intersections of certain algebraic or semialgebraic

subvarieties of the space Zn - of controllable systems
4

resp. of Rat .. of linear systems of degree n . These

n,m,p

spaces are defined as follows:

Let 'i'n o = {(a,B) € RY2 x®r™M™ / (a,B) controllable}
’
and R3t, .o := {(&,B,0) € RVP < m@V T <mP /. (aB) -

controllable.and C ‘observable} .

These are open subsets of affine space and GLA(IR) acts

freely on these spaces by similarity:

(a,B) -~ (sas”,sB) . S €GL (R),

resp. e

(a,B,C) - (sas”]

,$B,cs™") , S € GL_(RR) .
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The orbitspaces Zn,m 1= zn,m / GLn(iR) resp.

~

= € . . .
Ratn'm'p R n,m,p / GLn(nU are algebraic manifolds

Both spaces are homotopy equivalent up to a certain -degree

and Ratn m,p is known to be important in (2 dimensional)
r ’

Yang Mills Theory.

We report on the cohomology of zn ?
r

Thm 1: The mod 2 homology groups of Zn m are isomorph to the
14

mod 2 homology groups of the Grassmann manifold

1(IR) H Zz) .

Gn,n+m—1(m) ; H*(zn,m; Zy) = Hel(G

n,n+m=-

It is shown, that ‘H*(Zn m Zz) is totally algebraic with
’

a basis given by algebraic "Kronecker cycles".

Thm 2: The mod 2 cohomology ring H*(zn o zz) is isomorphic
’
to the invariant cohomology ring
* . n
H¥ (P, (R) x...xP__, (R) ; Z,) .
Using thié, one may describe a complete analogon to the
classical Schubert calculus for the Grassmannian; i.e. a
Pieri type formula, formula of Giambelli etc. for Zn m -
14
This part is joint work with C.I. Byrnes (Cambridge/Arizona).

Alain JACQUEMARD (Dijon):

Milnor fibrations for real-analytic functions.

Let f£: ®" o nf‘ an analytic function with O € ®’" as

isolated singularity. There exists £y s.t. for any ¢ < €5

there exists Y, s.t. y < Yo = the restriction of f to

f—1(S;-1) n BT is a locally trivial fibration on s?" .
Further it is possible to push this fibration on the sphere,

k-1

so S?_I—f-1(0) is fibered onto Sy . But this fibration

Forschungsgemeinschaft ‘ © @




is not explicitly known.

Now, consider the projection m: ]Rk - le-1, on the first
k-1 factors and the composite f = w o f :.f has also

0 € B' as isolated singularity and so fibers. If we denote
F and F the fibers of f and f we obtain: .

Thm: ¥ is homeomorphic to F x {o,11 .

Assume now that k = 2 and that f = (P,Q) has the--following

’ : properties

A) On a neighborhood V of O € R™ there exists e > O s.t.

|<v_ P, v _0>| . v

vx €V - {0} —F %X < 1-e :

A v, 2ll-]

: 50, )
B) The integral closures of (Bx )151§n a'nd__ (ABx _') are equal.

R 1€ism- -

Then we can explicit the fibration on the sphere:
(2,0 g1 L '

-1
Thm: —T -f (0)_ hnd S

is a ¢~ locally trivial
P+Q) - T SRR

fibration (¢ suff. small)-.

(Thls thm generalizes Milnor's one in the complex case)

We are now interested in computing the Euler-Characterlstlc

. of the fiber. We can consider the more general ‘case of ‘an
analytic function -f: r" - IR2 s.t~.'-Z‘P:= }‘;Q"~= Ig

e < £ 1(0) . Denote by

is-‘compact
(give by an equation ¢ = 0) and I

= {x/ |ox)|: s e}. We can prove

" Thm: v, - f_1 (0) is fibered onto S1 and the Euler-
. . R . E D . ST, o Bt
Characteristic of the fiber F_ is given by

x(F) = X(Zf) - deng(VR) .
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Let us give some explanations about this notion of degree
around the singular locus: orientdV (for ¢ small) and

consider on each connected component Wi of v

* = i\ : H (W.) H (sm'1)
ot T lvop/, 5 w1 > Sm-1
X *

~ ZZ o~ 77

We call degree of P degz (VP) = Z‘m;(1w ) . (The same |
. £ . :

Y @
number occurs if we take Q ).

David TROTMAN -(Orsay) :

Canonical stratifications of real algebraic varieties

Let S be a stratified set which is also subanalytic (in
particuiar it might be real algebraic). The theoreﬁ 5f

Hironaka and Hardt that a Whitney stratification of S

exists is a statement about the C' differentiable

structure of S . We make more precise the class of

subanalytic sets in the C' Diff category. Teissier (Arcata,
1974) defined a notion of E* -regularity on a stratification
for E an arbitrary equisingularity condition: This says

that for each stratum Y of the stratified set S , and

for each point y € Y , there is (an open dense set of .
planes'in TyS defining) a generié class of i-dimensional
submanifolds W containing Y such that (Snw,Y) is
E-regular. For complex analytic varieties (Wh) = (Wh)* where
(Wh) denotes Whitney regularity (Teissier , Navano Aznar,
Henry-Nale 1982). It is unknown for subanalytic sets or real
algebraic varieties when dim(SingS) > 1 ; when -dim (SingS) =<1

it is a result of Navano Aznar and myself. However, subanalytic
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sets admit (Wh)*  stratifications (Navano Aznar - Trotman;
Orro). As a uséful consequence there is the density of
Morse-Lazzeri functions on subanalytic sets since Orro
(Orsay thesis, 1984) showed the density of Morse-Lazzeri
functions on (Wh)*-stratified sets.

Finally we mention examples oﬁ‘real algebraic varieties

(of dimension 3 in :m4) -such that their canonic§1 Wﬁitney
s#ratification is not defined by a filtration by Zariski
closed subsets; the bad set for Whitney reqularity may be

———4 which is not even an Euler space.,

Charles N. DELZELL (Baton Rouge):

Analytic Right-Inverses to Quadratic Forms over Number Fields

Let F be a countable subfield of ¢ (e.g. a number field).

2 2
* =
Let Aqseeerap € F and f(x1,...,xm)_ﬂ a1x4+t..+amxm

= <@yreecrap> be a quadratic form over F . Write

C£(FY)  or DF(fi for {a1x$+...4amx§-/_x. € F} .

i
Thm vThere éxist m functions 'g1,..},glr“~ analytic in - ¢
minﬁs the negative real axis satisfying
a4 . . 2 - ~ 2 . . .

a1g1(z) f...+amgm(z) =‘; ’
and such that gi(z) €EF vz € f(Fm)_ not on the negative
real axis.

Here we may replace "the negative real axis" with any branch

1/2

cut for z The theorem says that £ has an analytic

‘right-inverse g = (gyreeergy) » o (£ 0 g)(z) =z , s.t.

-g(f(Fm)) < F" . Even for m > 1 the--gi cannot all be -’

‘rational--- (€ F(z)) ‘or even algebraic over F(z) , by

‘Hilbert's Irreducibility theorem.
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The theorem gives analytic versions of some arithmetiq
results about algebraic number fields F embedded in

¢ : (1) Let £ =<1,1,1,1> . Siegel proved (1921) that

f(F4) = {sums of squares in F} . For F = Q Heilbronn (1964)
had already constructed an analytic version of Lagrange's
Thm., thereby an;wering a question of Kreisel.

(2) Estes., Hurrelbrink, and Perlis (1984) showed {sums of
squares in F} = : DF(<1,q>) , i.e. every sum of squares

is a square plus g_;um of equal squares, x2+yz+...+y2 =x2+qy2 ’
with q € N . This answéred a qﬁeStion of P. Conner. The
theorem gives pairs of analytic functions . gq,hq s.t.

z = gq(z)2 + qhq(z)2 ' with gq(z), hq(z) € F Vz € Dp(<1,9>)

not on neg. real axis.

Ludwig BRUCKER (Miinster):

Spaces of orderings and'éemialgebraic sets

For a basic open semialgebraic set S « V(R) , V an affine
real algebraic variety over a real closed field R , we

define s(S) = min_{s | s of the form {£,>0,...,£,>0}}

where £, € R[V] . Define s(V) = max{s(S) | S ' basic open in V}
and s(n) = max{s(V) | dim V = n} .

.For an open sémialgebraic set S € V define

t(S) :=min{t | s = §qU...US, S; basic open}. Define
correspondingly t(V) and t(n) and also s(S) , s(V) , s(n)
for the representation of basic closed sets and t(S) , t(V) ,
t(n) for the representation as unions of basic closed sets.
It is shown, that the values s(n) , s(n) , t(n) , T(n) are
<o for n € N. Good bounds and exact values are obtained

for small n . The proofs use essentialiy the theory of the
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spaces of orderings. The methods were also applied for. the
question, to what extend semialgebraic sets can be separated

by polynomials.

Louis MAHE (Rennes):

Reduced Witt rings of surfaces

The result shown in this talk is that any strictly positive
. polynomial function over a real surface S divides a term
as 1 + ¥ xi . )
i=1 : o
As a consequence, using the mark of L. Brocker about the-
bounds for the number of inequalities involved in the
description of an open semi-algebraic set, we qre-able_;o

show that for any Z- valued function f on a. surface S,

212f is the. signature .of some-qﬁadratlc form'onnthaﬁ:¢$
surface. In other words, the reduced Witt ring G(RLSJ)‘;
contains - Z «1 + 212 (s . is the number of connected.
components). . - . . Y

Johann-Heinrich SCHINKE (Miinster):

The p-adic inequality of Lojasiewicz

. If (k,v) is a formally p-adic closed field of p-rank d ,

we have - as in the real case - sem1algebra1c sets in a
k—varlety V. If Vv is afflne, we construct these from
the coarse open subbasics S(f,g) := (x€V(k) Iv(f(x)) >vi(g(x))}
resp. the ‘fine open subba51cs P (£f) -{x€V(k) f(x) Ek*n} ,
where f,g9 E k[V] , n € N, Because of the ellmlnatlon of
quantlflers due to MacIntyre, the fine are the rlght ones.

V For such a bounded closed semlalaebrachset Mc k :éﬁé

following 1nequa11ty of Lo;asiewicz ‘is valld Let f,g be
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polynomials in k[X1,...,Xn] with g(m) = 0 = £(m) = O
for all m € M . Then there exist ¢ € k* and N € WN
such that for all m € M we have v(g(m)) s v(c-fN(m)) .
The proof was done a) in a neighborhood of O with the
Hensel-lemma and the fact, that Ik*/k*nl < o for all

n € N and b) outside of the neighborhood of O by-the
ultrafilter-theorem for p-adic s.a. sets and a suitable
convergence-property of so called proper ultrafilters.
We have similar conclusions as in the real case, for

example, the finitness-theorem of semialgebraic sets.

Eberhard BECKER (Dortmund) :

Higher signatures of function fields over R

Any character x: K* - u(2n) is called é signature of

level n if the keryx is addltlvely closed where K is

a field, u(2n) the group of 2n-th roots of unity. It is
talked about a geometric description of signatures in
function field over IR . Furthermore a geometric description
of the sums of 2n-th powers in such fields are given. The
relation between such sums and signathres is as follows:

2n

(z K?™)* = n ker x

X ranging over all signatures of level n . The following
results are mainly due to H.-W. Schiilting. Let F/IR be a
formally real function field, X a regular projectibe
model of F , x € X(IR) . and'Sgnx(F) = {x signature of
level n , center of A(x) = x} where A(x) is the
valuation ring attached to x . Further choose an ordering

Py with A(Po) = A(X) . Then consider the map

o0&
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®: Sgn(F) f (R-Div (X))* , x ﬁ.x(n)sgnpo(n)

where nz—Divx(X) is the real local divisor group, n a
real prime element of 0, -

Thm 1 ® is injective.

The intersection of all kern, n € Im(®) is computed for

‘ surfaces. c . .

For the next theorem we also assume dim(F/IR)

1
N
v
®
o

f € F, div(f) = b2 r.v., + T siWi , D:= % s.W,
ereal 3] Winot real

then:

2n 2

Thm 1' f € L F e f € £ F° , 2n |rj for all j's ,

2n | m(D,X) for all real infinitely near points of x .

Jean-Jacques RISLER (Paris):

Really real ideals

Let (X,x) be a real analytic germ, I = (91,...,gk) an

ideal in 0 f € OX x ° Then the Lojasiewicz exponent
’

X,x’
is 6(f,I) = Inf {a € R, / 3 c>o0, 3Uopen s.t.
TEx) [ s cesup (g (x),...,g (X)), x € u} . §(f,I) has the
. same definition but with x complex. It is shown that
6(f,I) can be computed by restriction to analytic curve germ,
and that e(f,I) is a rational number.
A really real ideal is an ideal such that 6(f,I) = 8(f,I).
s

Various conditions and conjectures are done about these

ideals.
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Stanislaw LOJASIEWICZ (Krakow):

On the semi- and sub-analytic geometry

A survey of some basic fact on the semi- and sub-analytic

sets (normal stratifications, rggular separation property,

proper images; elementary approach to subanalytic sets;

Gabrielov complement theorem, Tamm-Kurdyka theorem on the

set of smooth points, Pawlucki theorem on the set of '

semi-analytic points of a subanalytic set).

Berichterstatter: J.-H. Schinke
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