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Tag u n 9 s b e r ich t 39/1984

Reelle algebraische Geometrie

2.9. bis 8.9.1984

This was the first eonference on real algebraic geometry at

Oberwolfaeh. It was directed by E. Beeker (Dortmund),

L. Bröeker (Münster) and M. Knebusch (Regensburg) .

The following topies were treated:

- Developments in the "transeendental theory" over m

- Semialgebraic topology over real elosed fields.

- Semialgebraie geometry

Real places, real valuation rings and orderings on funetion fields.

- Orderings of higher level and sums 'of n-th powers.

During the talks and the following diseussions various relations

between the topies were elucidated. The large number of

partieipants - espeeially from foreign countries - showed the.

great increasing interest and the importance of a frequent and

intensive exchange of ideas in this braneh of mathernatics.

Vortragsauszüge

Yosef YOMDIN "(Beez-She"ra, Bonn):

Quantitativ Geornetry of semialgebraic s'ets and rnappings and sorne

applications in'real analysis

It is weIl known, that the Betti.numbers of any fiber p-1 (~)

of a polynomial mapping p: Rn ~ Rare bounded by some constants,
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depending only on n and the degree of p. Now let f be a k

times differentiable function on a bounded domain in Rn, with

all the derivatives of order k, bounded by a constant ~

We can think ~ as the measure of a deviation of f fram a

polynomial öf degree k-1 ; as far as the deviation in a Cj-norm

The impartant generpl phenomenon is that also in much more

is concerned, j ~ k-1

expression for it.

the Taylor formula gives the precise

•delicate questions, concerning the topology and the geometry

.cf the mapping f its deviation fram the "polynomial behavior"

can be bounded in terms of Mk .

We give same theorems, illustrating this phenomenon, in

particular, for the property of polynomials, mentioned in the

beginning.

Jacek BOCHNAK (Amsterdam):

On real algebraic mappings into Sn

Let M c IRq and N c IRP be real algebraic sets. Let

P (M) = {c.p: q> = f IM f or some f E JR [X1 ' ... , X ]}. q

be the" ring of polynomial functions on M and let

R (M) = {tS>/ lJJ: c.p, lJJ E P (M) , ilJ -1 (0) ~ }

be the ring cf entire rational functions on M . A map f: M ~ N

is said to be polynomial" (resp. entire rational) if there exist

c.p" ••• ,c.pp E P(M) (resp. R(M» such that fex) = (q>,(x), ... ,q>p(x»

for all x E M . We denote by P(M,N) (resp .. R(M,N» the set of

polynomial -(resp. entire rational) mappings M -+ N . Very little

seems to be known about the structure of P(M,N) or R(M,N),"

the classification of their elements, the relationship with

other classes of functions, etc. We got (jointly with W. Kuchan
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from Albuquerque, U.S.A.) some results in this direction,
n+l

mostly for N = Sn = {x E mn +1 : 'L x~ 1}. It appears that
i=l 1

the behaviour of polynomials and entire rational mappings are

often quite different.

A sample of results. Assume that M is a compact real algebraic

manifold, i.e. a nonsingular compact real algebraic set. Let

E(M,N) be the set of C~-rnappings M -+ N , Equipped with the

4It c~-topology.

Theorem 1. For each m E ~ and each k

R(SID,Sk) is dense in E(Sm,Sk)

1 , 2 , 4 , the set

This theorem contrasts with a result of Wood (Invent. Math. 1969)
~

contains only constant polynomials if

m 2P , k < m . It is not known whether Theorem 1 is valid for

k * 1,2,4 •

Theorem 2. Let .M be a compact algebraic manifold. Then R(M,S2)

is dense in E(M,S2) in each of the following cases:

(i) M is a connected nonorientable surface of odd genus.

(ii) M is a connected nonorientable surface with

H~lg (M, Zl2) = H1. (M, 2Z 2 )

(iii) H2 (M,'71) = 0

Theorem 3. Let Ql, •.. ,Qk be a sequence of k ~ 2 positive
k

integers and let n = ~ qi . Then the following conditions
i=l

are equivalent:

(i) Each entire rational maR
'Ql Qk

S x ••• xS -+ Sn is null homotopic.

(ii) n is even and at least one qi' is odd.

Theorem 4. Let M be a compact oriented algebraic manifold of

odd dimension m. Then for each even number p E ~ there

exists f E R(M,Sm) of topological degree p
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Michel COSTE (Rennes):

Topological properties of- inclusions of real algebraic sets

Problem: Given K a complex, LeK a subeomplex, does there

exist real algebraie sets W c V and an homeomorphism

~: K ~ V such that ~(K) = W ? Here are some necessary conditions_

I) Sullivan's Ioeal Euler characteristic theorem may be formulated

as follows: if V is areal algebraie set, a E V , then

XCV) - XCv-al + x(a) (mod 2) and it can be easily generalized to

xCV) - X(V-F) + X(F) (mod 2) where F is any algebraic subset

of V _ I have no actual application of this formula.

II) Codimension case: Let ~: K ~ V be a semi-algebraic

triangulation of areal algebraic set of dimension d, 0 a

d-1 simplex of K. Let g(o) = #{T I T d-simplex of K, 0 a

face of T} _ Then

i) (weIl known) g(o) is even.

ii) if 0 and o' are d-1 simplexes such that ~(o) and

~(a') are contained in the same irreducible algebraic subset

W of V of codimension 1 ,

g(o) = g(o') (mod 4)·.

These facts may be proved by translating them in the language of

real spectrum, and then using the classical relationship between

orders and valuation rings in the field of rational functions

K(V) (for V irreducible): i) and ii) are then deduced from

the formula

g(o) r 2-n (B,a)
BEB(supp a)

where 0 = (suppo, ~a) E SpeeR(P(V» , supp a of height 1 ,

g(o) = #{ß orders on K(V) , ß general~sation of a} ,

B(supp a) = {B valuation r~ngs in K(V) , B dominates P(V) }supp a
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We diseuss the variation of loeal invariants (like the Hilbert-

Edward BIERSTONE (Toronto):

algebraic set~, but there is no

homeomorphism 0: K ~ V on a re~l

.K and L are, homeomorphie to realg

b

Relations among analytie funetions. T. Local invariants

(joint work with P.D. Milman)

algebraie set such that ~(~) is algebraie.

manyeases (e.g., algebraic), has strik~ng applications to the

[abc]U[abd]U[acd]U[bcd]U[abe]U[abf]U[aef)U[bef]

.[ag]U [b9]-. L is the 1 dimensional

)5ub~oJllplex [ae] U[be] U[et:.g] U[by 1 . Both

invariants, Which we conjecture in general and have proved in

cornp~ex analytie functiens. Zariski semicontinuity of these

Samuel function) a5soeiat~d ~ith forma~ relations among.real er

complex

n(B,a) #{orders on B/~ which extend ~a on the residue

field of P(V) }.supp a

Here is an example of application of ii): K is the 2-dirnensional

geometry of semialgebraie and subanalytie sets, as ~ell.a5 to

the rnain problems of differential analysis. The key idea.).. s the

relationship ~ong several. invariants:.the Hilbert-Samuel' ~unction,

an estimate of Chevalley ': and a. ndiagram of initial exponent~"

whieh we can use to stratify ~ subanalytic set with explicit

special generators of its ideal sheaf along each stratum.
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Pierre M1LMAN {Toronto}:

Relations among analytic functions." 11. Applications to C~ geometry

(joint work with E. Bierstone)

The composition, division and extension conjectures for

differentiable functions are all consequences of our fundamental

assertion in analytic' geometry: semicontinuity of local

invariants. Our explicit techniques provide a better under-

standing even in the classical coherent case: we give si mple

new proofs of the semicontinuity of the Hilbert-Samuel

function, a uniform version of the Artin-Rees theorem and,

as a consequence of formal division by the'special generators,

Malgrange's C~ division theorem. In this talk we sketch the

proof of our main theorem on C~ functions.

Bruce REZNICK (Urbana):
. .

Generalizations of the Arithmetic-Geometric 1nequality

The 'ari thmetic-geometric' inequality [( 1) below) is one of the

central inequalities in mathematics. One way of deriving it

is to salve for the coefficients of a polynomial in' n 'variables

vanishing to order 2 at (1, ... ,1). This preliminary report

considered certain special cases of vanishing to higher even ~

order.
U

1
u

For (u 1 , •. . ,u ) E JRn and ~ 0 let u ny x x- x 1 •... ·x
kn n

Suppose ~k+1 = I: A.U. , A. > 0 , L A. = 1 , then' the
i=1 1-1 1 1

ari~hmetic geometrie inequality is

( 1 )
~1 ~k ~k+1

A1~ + .•• +Ak~ ~ x for ~ ~ 0 with equality at

(1, ••• ,1)- = 1 •

                                   
                                                                                                       ©



- 7 -

k+1
On the other hand, with the same notation, if H (~) = r:

i=1

U.
-1a.x

1-

isr ~ 25-1-L r .
1

for all

following: Let ~1' ..• '~rn

arH
satisfying r (1) = 0

. r 1 r. ..
dX

1
••• xn .

is asked to satisfy H(1) = ~(1) = 0 then, up to a multiple,aX j
'.x~i _ x~k+1 . I

H(~) = r: A
1

_ discussed same easier cases of the
u.

be given and suppose H(~) == r: a.x-1

1-

determined uniquely up to a multiple.'under what-conditions on

m,n,s and the points U.
-1

1s H(~) ~ 0 . for all x ~ 0 . If

n = 1 and m = 2s+1 no additional candition is required by

Descartes' Rule of Signs. If n = 2 and 25 = 4 , we have the

following special cases, denoted schematically

. (-a,a) . (a,a) I (-a,a)
:-~-"- . - :.*.o . ,-.:. * .<: : _, .. *.

(a,a)
*

(-c,c)
*

(c,c)
.*

(~a*,a) (aj8)

*(0,0)

*(O,-a)

*(O,-b)
*(O,-c)

(-b,b). <.~b, <;) " {~"c) . I, (O,b)

* * *
.... =-' '. (0,0) I (-b,O) (b,;O)--

* I. * * *
(-b,-c) (b.-c)

I
(O,-b)

* * *
(-a,-a) (a,-a) I (-a,-a) (a,-a)

* * * *
I

H not i1: ° I H ~ 0

*
(h, b).

*

H ~ 0

Hans DELFS '(Regensburq):

The proper base 'change theorem in'sernialgebra1c geometry

We co~sider a'cartesian square
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X<~ x Xy y'

f ~ ~ f'

y<-- Y'
g

of morphisms between abstract semialgebraic spaces. Suppose a

sheaf F is given on X.

Theorem 1. If f is proper and of finite type then the

canonical base change homomorphism

(q ;;;: 0)

is an isomorphism.

Among other things the proof uses the following important

result.

Theorem 2. Let M be a semialgebraic space over areal closed

field R, F be a sheaf on M and ReS be areal closed

field extension. Let M{S) and F{S) be the base extensions

of M and F. Then the canonical homomorphism

is an isomorphism.

Niels SCHWARTZ (München):

Real closed spaces

Real closed spaces are locally ringed spaces that generalize

the semi-algebraic spaces of Delfs & Knebusch much in the same

way as schernes generalize algebraic varieties (classical).

For real closed spaces a theory can be developed which is

rerniniscent of the theor~ of schemes. This theory can then

be used to gain results (in particular, affineness results)

for semi-algebraic spaces.

•
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Robert ROBSON (Reqensburg):

Geometrie Rings and Convergent Power Series

If X is areal algebraie set in Rn., there. is a. diction.a~y

relating semi-algebraic subsets of X and the sheaf of s·..C3:.

funetions to the eonstruetible subsets in SperA (A = ~oorqinate

ring cf X) and the sheaf of abstract se~i-algeb~aic fu~ct~ons.

In this talk we show how statements about the behavior.to

s.a. funetions on real alge s~ts ean be transfered to yi~~d
~ '... ... ~... :-; t

results about abstract s.a. functions on th~ real s~ectrum
.. :..: ~.. . ;. ..

of any ring. An example is an abstrac~ Lojasiewicz inequality

which rea9.s:

Let X =SperA be constructible, f,g be two abstr~~~

s.a. functions on X such that f = 0 ~ 9 o. Then

3 n E lN a~d an algebraic positive function p on Sp~rA

such that Igin ~ p If I on x.

We then define a class of rings, geometrie rings, which allow

us to interpret statements about abstract s.a. functions on

SperA as statements about. sets and. fune~ions on ..the R-:r~~.::~

points of A defined by finitely many inequali~ies. Mor~

generally, we define re'lat"ive and Ioeal geome::tr~~ rin9s~ ~
, . . ~ ~. "", ... ~

example of the latter is the' ring of germs of eonvergent
~ "'... .t'

power series over a complete valued real-closed field. Her~
•. =.. _'" ~. ~ ',' ~ .I••

abstract s.a. funetion~ correspond to semi-analytic fUDc~~9n
. '. ([.

germs. This gives a purely algebraic.proof of. the Loj. in~quali­

ty for semi-analytic function germs. These.methodß cl~ri~y

what needs to be considered w~en C9?sider~ng ri~gs of
" .-

continuous R-valued functions or a variety.~~ order ~~ ~7t~

a reasonable "semi-algebraic" theory.
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Jesus RUTZ (Complutense, Madrid):

On orderings and completions

Let (A,m,k) be a loeal excellent dornain, Ah its henselization

and A its cornpletion. Let P1, ..• ,Pr be the zero-divisors of

A
h

and .P1 , ..•• 'Pr the ones cf Ai we call the quotients

A~ .= Ah/Pi henselian branches of A and the quotients

Ai := A/P
i

formal branches. Let a be a total ordering "in A.

THM 1. The following conditions are equivalent: (1) m is

a-convex; (2) a extends to sorne A~ (resp Ai). In that case

i is unique and a extends uniquely to A~ .
1

This thm. raises the question of cornputing the number e{a),

eventually +~ I of extensions of 0 to Ai . To be precise

let us consider an ordering 00 in k and its real closure

K , and denote by n the space of all 0 generalizing 00

(Harrison topology). Then:

THM 2. The set of all ° E Q such that e(o)

in n.

is·dense

In order to 'go further in this question we need a new concept:

DEF. The ring A has Zariski-dense selection (= ZDS) if for

any 0
0

and any f" •.. ,frn E A positive in some a E n there

is a residually trivial loeal embedding a: A ~ k[[t]] such ~

that G(f,) >o, •.• ,a(frn ) >0 •

Now we have:

THM 3. Let us assume A has ZDS: (1) If dirn A = 2 , the set

of all 0 E n with e(a) = 2 is dense. (2) If dirn A ~ 3

the set of all a E n with e(a) = ~ is dense.

Of course an essential problem is to characterize the Als

with ZDS. We have:
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THM 4. (1) If A dominates A' , the extension A ~ A' is

essentially finite and A' has ZOS, then A has ZDS.

(2) rf A = B
P

for a loeal excellent henselian domain B

and some non-maximal prime ideal p c B , then A has ZOS.

Using 4 we prove that loealizations of finitely generated

algebras over a field, Nash Ioeal algebras over a field, or

4It analytic local algebras over a complete non-discrete valued

field have ZOS. So thm. 3 applies to all these rings. Also

we obtain more preeise information for such an A. For

instanee: (1) if dirn A 2, e (0) or 2 for all a E n ,

(2) if dirn A = 3, e(o) 1,2 or +~. for a E n . All these

results lead us to propose two questions:

(I) Ooes there exist a'bound b = b(dim A) such that

e(a) ~ b or e(a) ~ for all a E n ?

(lI) If the set of all a (Q such that e{a) = e is non-

empty, ·is it necessarily dense?

Norman L. ALLING (Rochester, N.Y.):

The ~ - "topology" on a~ n~' - class

In 'On Numbers and G~es' J .H. Conway. defined a fie.ld No

that is a proper class and is a real-clo~ed field. Given

subsets of numbers.L and R for which xL E Land

XL < x R , we will write L < R . Conway ·then

copstructs ~ new number . {L I R} :: x E No • N.b., L < {x} < R .

Let ~ pe an ordnal nurnber for whieh ~ > 0 and for which

x~ (i.e., w~) is regular. One ean modify Conway's.construetion

so that i 1:: is required also tnat IL I + IR I.· < X~ • When one
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does this one defines a real-closed subfield N that iso

an n~-set. [Ref. Alling, Trans. Aner. Math. Soc. 184 ?].

u c ~N is called t:-open if there exists ß < tut: , (aa)cx<ß0

and (ba)cx<ß points in t: No for which U Ucx<ß (aa,bcx )

Then x-u is t:-closed. One can define the relation t:-"topo-

logy", t:-connected subspaces, as well as t:-compact subspaces.

Then S is t:-connected ~ S is an interval. For intervals

S of t:No conditions can be given on the upper and lower

characters of S such that S is ~-compact. [Ref. Alling,

Math. Reports, Royal Soc. Canada, June, 18~]

NO has additional structure called its "birth-order" structure,

which has the following·properties: 3 b: No ~ Ord, the class

of all ordinal numbers such that for all L, R c No ' with

L < R , 3! x E No such that L < {x} < R , with b(x) minimal.

Further, V x E No 3 such Land R with beL) U b(R} <b(x} •

Using this structure Conway constructs e.g., a copy of m in

W
x

E N~ with very nice properties etc.

V Y E No ' with Inl > 0 , 3! x E No such that n and

w-x are in the same Archimedean class. Let V(y} = x ; then

this defines a valuation on No . Using the birth-order

structure on No ~one can show that every pseudo-convergent

sequence in N
o (resp. ~No of length < w~) has a unique

Let (an)o~n<w be in

(resp. z E ~No) . Let

V Izi < e implies that

pseudo-limit x with b(x) minimal. Let x = Lima<Aaa •

NO (resp~ ~No) , and let z E No

Sm(Z) = L a zn 3 e > 0 such that
n=o n

(Sm(z})o~m<w is pseudo-convergent.
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For such z let I:
n=o

na z
n

exists. ·

•

It is hoped that some of these ideas will allow one to do.

analysis over surreal and surcomplex: number field.s.

Gilbert STENGLE (Lehigh):

Real Differential Algebraic Stellensätze

Some of the stellensätze of real semialgebraic.algeqra anq

geometry hav~ differential algebraic counterparts: ..,:!?hese are

obtained using.a differential version of the re~l.sp~ct~~

of a differential ring (A,D) contai~i~g the rationals! ~n

Artin-Schreier theory for such rings, anq the mode+ t~eor~

of ordered differential fields. The reql.differentfal

spectrum X of (A,D) 1s the (typically.very srnall) subset

of the real spectrum (typically very big) .of A consisting

of orderings the cent~r of which is a differential ideal.

X is nonempty if and only if -1 is not a SUffi of squares

in· A • Abstract stellensätze are the following. Let L be

the se~iring generated by'the squares and a multiplicativ~ly

closed set S in A·. Let I be a d1fferen~ial·~~e~1. Then

i) (Nichtnegativstellensatz) :

2m
1 ~ 0 on {I = O} n{S > O}· ~ 1 (s 1 + 0

1
) .~. ,°

2
(mod I) ~ for some

sES, 0i E E •
"" .. ~ 2m

i1) (Nullstellensatz) 1 = 0 on {I = o}n{s >·a} ~ sI + 01' - O
2

(mod I)

. for some SES, 0i Er.

i11) (Nichtnul1stellensatz or" abstract differential' Hörmander-

Lojasiewicz relation)

1 * 0 on {I =a} n{S > O} 3N such that (5 + 0,) ~ (I)k1 ) 2
k=o
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Corresponding results about solutions of systems of

algebraic differential equations in some closed ordered

differential field we obtained using werk of Michael Singer

which shows that the theory of such systems admits

elimination of quantifiers.

Robert SILHOL (Angers):

Connected cemponents and H1 of real algebraic surfaces

Let X(CC) be a smooth surface defined over lR and X(lR)

it's real part. Using methods developed by Kh~rlamov and

Rokhlin plus a few other ingredients ODe can prove the

following theorems:

Th. 1 : If .H* (X (<t) ,?l) is torsion free then:

h' (X(lR) ) ~ B, +B
2
-ho , 2 if ho,2 :: 0 (mod. 8)

h' (X(lR» ~ B,+B
2
-ho,2_ 1 if ho,2 :: ±1 (mod. 8)

h' (X(lR» ~ B
1

+B
2
-ho , 2_ 2 if ho ,2::±2 or h (mod. 8)

h ' (X(lR» ~ B
1

+B
2
-ho,2_3 if ho,2 ::±3 (mod. 8)

where h' (X (lR) )

ho,2 = d' H'o,2
1ffi<t •

Th. 2:

dim2Z / 2 H ' (X(lR) ,22/2), Bi dirn H
i

(X (er> ,~) ,

#X(lR)
B +B -ho,2+1

h 1 "_ho,2_ 1~
1 2 if 0 (mod. 8)2 -

#X(lR)

B +B _ho,2
h 1 ,1_ho,2_ 1~

1 2 if ±1 (mod. 8)
2 -

fix (lR)
B +B -ho,2_ 1

h',1_ho,2_ 1~
1 2 if ±2 4 (mode 8)2 - or

fix (:ffi)
B +B -ho,2_ 2 h 1 ,1_ho,2_ 1"

~
1 2 if ±3 (mod. 8)2 -

where #X ( IR) is the number of connected components of X(lR>'.
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For 8mall values of ho,2 (ho,2 ~ 5) one can find many·

eamples where the bounds given in th. 1 are reached. For .

th. 2 examples are more difficult to construct but one can

also give quite a few examples where the bounds are reached.

Th. 2 leads to the following corollary:.

corollary: If X is a surface of degree n in JP3 then:

#X(m.) ~
5n3-18n2+25n if n=O (mod. 16) or n = 1 (mod. 4)

12

#x(m) ~
5n3-18n 2+25n-6 if n = ±2 mod. 1612

#X(lR) ~
5n3 -18n2+25n-12 if n == ±4 8 (mod. 16) ..12 er

er n == 3 (mod. 4)

#X(lR) ~
Sn3-18n2+2Sn-18 ir n == ±6 (mod. 16 )

12

The bourid given here is known to be' sharp for n = 4; 'is

it still the case for n ~ 5 ?

Friedrich ISCHEBECK (Münster):

Rational equivalence and homology of cycles of small dimension

Let X be a smooth projective lR- variety and" z an r-dirrien­

sional cycle whose homoiogyclass in Hr(X(lR), 2Z(2» i8 zero.

For r ~ 2 it is shown that then z is rationally equivalent

to a cycle z· with Iz'l (m) = 0reg

Heinz-Werner SCHULTING (Dortmu~d):

Cycles under blowings'up

Let A.(X) denote the Chow group of a smooth projective

m-variety X. A prime cycle z is called real if

z (m.) = 0 . Let B. (X) be the subgroup generated by thereg
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classes of non-real cycles and A~(X) the group A*(X)/B*(X) •

:IRThere is a canonical homomorphisrn A A * (X) -+ H* (X , 2Z 2 ) • The

graded group T*(X) = A
lR

(X)/H*(X(lR) 17Z
2

) is studied under

birational transformations. For a blowing up X -+ X in a

regular center Z of codimension d it is shown that
d-2

Tk(X) = Tk(X) m ,e Tk- d +1+i (Z) I where n = dirn X ·
1.=0

Mario RAIMONDO (Genova):

Complex Nash functions

Let U c t n be an open connected dornain. We say that an

holornorphic function f on U is a Nash function

(f E N(U» if it satisfies a polynornial relation. When U

is semialgebraic , this·is equivalent to have sernialgebraic

graph and it is also equivalent to have real part and

imaginary part real Nash functions. Since , for a polycylinder

U I M1 (U,m) * 0 I we look for global properties. Let F ~n_u

If for every algebraic hypersurface Y I top. dirn. (Y n F) < 2n-2 I

then N(U) = ~[X1, ••• ,Xn] • In 'particular we obtain examples

of Stein subs~bs U i (2 with N(U) = ~[X,Y] . Finally, let

K c U be a semialgebraic, rationally convex compact subset ,

then the ring N(K) of germs of Nash functions defined in ~

some neighbourhood'of K is noetheriani and if U I U c t 2

a semialgebraic , relatively'cornpact, with the property that

for every x ~ U there exists a polynomial P with

P(x) ~ P(U) I then N(U) also is noetherian.
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Lou van den DRIES (Stanford):

Tameness of semi-algebraic sets

Let K be a. real elosed extension of m, K -+ lR U {±cc}

the (place)map a~signing to each a E K the unique real nurnber

-infinitely elose to i t (ar- ±~).. (N.ote: r =~ r for., r E lR .. )

Then the following are true:

(1) If X c K
n is ~.a./K

(2) If X c K~. an~ f: X

then X n mn . is s,.~_. (m

K is s.a./K , then the. funetion

f m : ~ (X n lRn )

is .?oo.a. IlR •

(Note that (2) ~ (1) by taking for f the eharacteristie

function of X "s.aoo" means "semi-algebraic"~'and for"-

funetions is not meant to imply continuity.)

These resul ts can be interpreted' ·in .:m as follows::·

Let' ·s c lRm+n be s.a. '(over lR) '. For each
- " .. 'mo, . :"~'_'-.

X E lR , put

Sx {y E lRn / (x,y) E S} • We call {Sx / x E lRID (:"a '.'

s.a. collection of sets. Now statement (1) implies:
.. ~ ~.~

(1*) Each subset of ]Rn which is the union or inte~section
.... ":.._:~_ ..;~; ::~ ...~~.:. :~~.: :.._:~ .~'~

of a chain of Sx's is semi-algebraie. (Chai~:

'colleetion of sets totally ordered by inclusion.)
.' . ".,. ~ .. -... ~.,..~

More generally: If

n
V y 1 ' • • • 'Yk E IR

has the property that

3 x E mm:
• ....,". pr,,:,.:.:.."';

A n {y 1 ' • • • ,yk } SX n {y1 ' • • • '. Yk} ,

then A 1s s.aoooo (Le~'s call a.set A with this
," .. -

property a limit set of { s.. / x E mm}) .~, _ , .. ,.'x -. ," -, ,',I, ,' •.

be s. a .... For each . x E :']l'{~, q~~ine

The "real" interpretation of (2) is aso follöws:; -,

Let g: lR m+n -+ m
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gx: IR
n

:IR by gx(y) ~ g(x,y) . This collection of functions

{g I x E mm} has the following property:
x

(2 *) If a function <p : mn
-+ IR U {±oo} is the pointwise limit

of a sequence of gx's , then <p i? s.a ••

(Moreover, each sequence of g 's
x

has a pointwise

converging subsequence.)

More generally: If <p: mn
-+ IR U {±oo} is such that

n
for all y 1 ' .'. • , Yk E IR and neighbourhood~

U 1 3 <P (Y , ) , · · · , Uk 3 <P (yk ) there i s x E mm wi th

U, 3 <Px(Y')' •.• 'Uk 3 <Px(Yk ) , then <p is s.a .•

Open Problem. Is the collection of limit sets of

{S I x E mm} a semi-algebraic collection?
x

The results above, for semi-algebraic sets IIR, do not

generalize to semi-algebraic sets over other real closed

fields.

Klaus REICHARD (Bochum):

Let X be a smooth manifold, G a Liegroup acting

properly-discontinuous on X. x/G is the orbitspace with

the smooth structure given by the G-invariant smooth

functions. The singularities of X are called

quotientsingularities' (QS).

Special case: X = mn , G c D(n) finite subgroup. Then the

quotient is given by G-invariant polynomials

(Q, , • : • ,Qr): ]Rn -+ mn /G C IRr , so JRn /G is semi-algebraic.

We11known: All QS's are of this type.

•
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Theorem: Let G,G c D{n) be finite subgroups.

f: lR
n /G ~ lR

n i'G a srnooth diffeomorphism. Then f has a

lifting, that means , there is a diffeomorphism F: lR
n

-+ lR
n

I

making'commutative this diagrarn:

lR
n ~ lRn and with FGF-

1 = G •

~ ~
lR

n /G! lR
n /G

Proof (main ideas):

1) f analytic: existence of F is shown by complexification.

2) f smooth: f difeotop to an analytic diffeomorphism f o

existence of F then with homotopie-lifting-theorem

of Bierstone.

Uwe HELMKE (Regensburg):

Moduli Spaces of Linear Dynamical Systems

Quite a few typical problems in linear system theory deal

with the intersections of certa~n algebraic ~r s~mialgebraic

subvarieties of the ~pace ~n,~ of cqntrollab~e s~~tems

resp. of Rat . ~ of linear systems of degree n. Thesen,m,p .

.spaces are defined as follows:

Let I := {{A,B) E lRnxn x]Rnxm / (A,B) controllable}n,m

and Rat .= {(A,B,e) E lR
nxn xmnxm xlRPxn f· (A~.B). _...n,m,p

controllable.and C 'observable} .

These are open subsets of affine space and GLn(lR) acts

freely on these spaces by similarity:

(A,B) (SAS- 1 ,SB) s E GLn(m) ,

resp~
...

(A,B,e) (SAS- 1 I.SB~~S-1) S E GL (m)
.. n
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r .- ~ / GLn(-lR)n,rn n,rn resp.

Rat : = Rat / GL (lR) are algebraic manifolds.n,rn,p n,m,p n

Both spaces are homotopy equivalent up to a certain-degree

and Rat is known to be important in (2 dimensional)n,rn,p

Yang Mills Theory.

We report on the cohomology of L n,rn

Thm 1: The rnod 2 homology groups of L are isomorph to th~ ~n,rn __

mod 2 homology groups of the Grassmann manifold

It 1s shown, that -H*(Ln,m; ~2) is totally algebraic with

a basis given by algebraic tlKronecker cycles ll
•

Thm 2: The mod 2 cohomology ring

to the invariant cohomology ring
S

H* (n>m-l (m.) x ••• x JPrn- 1 (lR) ; ~ 2) n .

Using this, one rnay describe a complete analogon to the

cla5sical Schubert calculu5 for the Grassrnannian; i.e. a

Pieri type formula, formula of Giambelli etc. for Ln,m

This part is joint work with C.I. Byrnes (Cambridge/Arizona) •

•Alain "JACQUEMARD (Dij"ön):

an analytic function wi th 0 E: m.ffi as

isolated singularity. There exists eo s.t. for any t < eo

there exists Y
t

s.t. Y < Ye Q the restriction of f to

f- 1 (Sk-l) n Bm is a locally trivial fibration on Sk-l
y t Y •

Further it is possible to push this fibration on the sphere,

so Sm-'_f- 1 (0) 15 fibered onte Sk-1 • But this fibratien
t y
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. \,': .. ,

is fibered onto s1 an,d the Euler-
:- • ".. ~ .~ t. I •.! ~ 4~

I<v P, V Q>I
VX E V - {O}: x x < 1-e

II vx P 11·IIVxQ 11

av - f- 1 (0)
'.. &

Characteristic of the fibe~ F is .g~~en.~~
.... _ ," 1 .- . ~ •._.j

analytic function . f: mffi m2 s.t·. -I:'p
:

l: '.= ;[" i-so .:cbrnpac t-+ = Q f

(give by an equation q> - 0) and 't
f

c· f- 1 "«» Denote by'

V = {x·/ Itp(x)I:~ E} • We .can' prove
-.. :.

E

A) On a neighborhood V of 0 € lRm there exists e > 0 s.t.

fibration (& ~uff. small)~

:.:_ f.

- 21 -

Then we can explicit the fibration on the sphere:

: ~ . .....

B) The integral closures of (aa:..) 1~i~m and (:}x
Q

..> 1,~i~m- .~.~e equal.
1. -.' 1" .. -

(This thm generalizes Milnor's one in the complex case).

We are now interested in computing the E'lli~'r-c'h'a"r~c't~eiL~:fic
of the f"iber. We can consider the more :general :cas'e' 'of ~an

Thm:

properties

is not explicitly known.

Now, consider the projection Tl: lRk
-+ lRk - 1. on .the firs.t

k-l factors and the campo.si te f = TI 0 f ~. f. has also

o E mffi as isolated singularity and so fibers. If we denate

Fand F the fibers of fand 1 we obtain:

Thm: F is homeomorphic to F x [0,1] .

Assume now that k = 2 a:-nd that f = (P ,Q) -has~ the:"fal-lowing

                                   
                                                                                                       ©



- 22 -

Let us give some explanations about this notion of degree

around the singular locus: orientaV

consider on each connected component

(for e

W. of
1.

small) and

v

We call degree of P deg~ (VP)
f

number occurs if we take Q).

David TROTMAN . (Orsay) :

~·w!(1W.) · (The same
1. 1.

Canonical stratifications of real algebraic varieties

Let S be a stratified set which is also subanalytic (in

particular it might be real algebraic). The theorem of

Hironaka and Hardt that a Whitney stratification of S

exists is a statement about the C' differentiable

structure of S. We make more precise the class cf

subanalytic sets in the C· Diff category. Teissier (Arcata,

1974) defined a nation'of E* -regularity on a stratification

for E an arbitrary equisingularity condition: This says

that for each stratum Y of the stratified set S , and

for each point y E Y , there is (an open dense set cf

planes in T S
Y

defining) a generic class of i-dimensional

submanifolds W containing Y such that (SnW,Y) is

E-regular. For complex analytic varieties (Wh) ~ (Wh)* where

(Wh) denotes Whitney regularity (Tassier, Navano Aznar,

Henry-Nale 1982). It is unknown for subanalytic sets ar real

algebraic varieties when dim(SingS) > 1 ; when dirn (SingS) ~ 1

it is a result of Navano Aznar and myself. However, subanalytic
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sets admit (Wh). stratifications (Navano Aznar - Trotman;

Orro). As a useful consequence there is the density of

Morse-Lazzeri funetions on subanalytic sets since Orro

(Orsay thesis, 1984) s~owed the density of Morse-Lazzeri

functions on (Wh)*-stratified sets.

Finally we mention exam~les o~. realalgebraie varieties

(of dimens.ion 3 in m4 ) -suel}, that th.ei:r: canonic~l w'hitney

stratifieation is not defined by a filtration by Zariski

closed subsets; the bad set f~~_ Whitney regularity may be

whieh is no~ even an Euler spaee.,

Charles N. DELZELL (Baton Rouge):

Analytie Right-Inverses to Quadratie Forms over Number Fields

Let

Let

F be a countable subfield of ~

a 1 ' • • • , am E F* and f (x1 ' • • • I xm) .

(e.g. a number field).

2 2
a, x'1+ .~. · +amxm

= <a 1 , •.• ,am> be a quadratic form oyer F. Write
2 . 2'-

f(F~) .or Dp(f) for {a.1x,+ •.. +amxm / xi E· F} •.

Thm There e'xis t m functions g" ••• ,.g~ analytie in ~

minus the negative real axis satisfying

and such that gi(~) E F

real axis.

V·z .~ f (~). not on the negative

Here we may' 'replace lI'the negative real axis" with any liranch

~ut for' z1/2 .The theorem s~ys that . f has ari analytie

. right';"'i.:nverse 9 = (g, ,...• 19
m

)' ," (f 0 g) (z') = z ,;'-s.t .. ·

g(f(~» ~ ~.. Even for m >'1 the·' gi cannot all ,be

'rational· '. (E':F(z» or even aigebraie over F(z) by

'Hilbert "s Irredueibility' 'theorem. "
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The theorem gives analytic versions of some arithmetic

results about algebraic number fields F embedded in

( : (1) Let f = <1,1, 1 ,1> . Siegel proved (1921) that

f(F 4 ) = {sums of squares in F} . For F = m Heilbronn (1964)

had already constructed an analytic version of Lagrange's

Thm., thereby answering a question of Kreisel.

(2) Estes., Hurrelbrink, and Perlis (1984) showed {sums of

squares in F} = U DF «1,q» , i.e. every sum of squares
q=1 2 2 2 2 2

is a square plus a sum of equal squares, x +y +.•• +y = x +qy

wi th q E :IN • This answered a que"stion of P. Conner. The

theorem gives pairs of analytic functions gq,h
q

s.t.

z = 9 (z)2 + qh (z)2 , with gq(z), hq(z) E F Vz E DF «1,q»
q q.

not on neg. real axis.

Ludwig BRÖCKER (Münster):

'Spa'ces' 'öf order"ings and 's'emial'gebrai'c se·ts

For a basic open semialgebraic set S c VeR) , V an affine

real algebraic variety over areal closed field R, we

define s (S ) = min {s ISof the form {f 1 > 0, • · · , f s > O} }

where f i E R[V] . Define s (V) = max{s (S) I S " basic open in V}

and sen) = ma~{s(V) I 4im V = n} • ~

For an open semialgebraic set S c V define

t(S) := min{t I S = S1 U••• US t , Si basic open}. Define

correspondingly t(V) and t(n) and also ses) , s(V) , sen)

for the representation of basic closed sets and t(S) , t(V) ,

t(n) for the representation as unions of basic closed sets.

It is shown, that the values sen) , sen) , t(n) , t(n) are

< co for n E :IN. Good bounds and exact values are obtained

for small n. The proofs use essentially the theory of the
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spaces of orderings~ The rnethods were also appl~~~ for_t~e

question, to what extend semialgebraic sets can be sep~~.ated

by polynomials.

Louis MARE (Rennes):
.' :." < " ~

Reduced Witt rings of surfaces

The result shown in this talk is that any strictly"pos~tive
..•. : ..... ;,J' .,'

polynornial function over areal surface
"6 2

as + r xi •
i=1

S divides a term

As a consequence", u~ing the ma~k of ~. Bröcke~~ a bol:1!: ,t.h~-.

bounds for the number of inequalities irivolved in the

description of an open semi-algebraic set, we ~r~,~~~~.~o

show that for any 2Z- valued funption f on, ?.surfac~" ,~< ,
~ . -... -- - ..--- .

212
:f 1s the·. sig:natur~ ',of same· quadratic ,form ,on., tp.a~ :"~.!'

surface. In ot~er. words, t.he red:uced ~itt ,~ing. W.c R["~.] ) , ;.

contains 2Z·1 + .2,1 ~2Zs .($, is the number of c.onn;~cted, ;-.

compone!lt 5) •

Johann-Heinrich SCHINKE (Münster):

The p-:-adic inequal'ity. cf Loja:sie'wi~z'

If (k,v) is a formally p-adic closed field of .p-Fank d

we have - as in the real case - semialgebraic sets in a

k-variety V. If V 1s affine, we construct these from
. :'1 . ~. .

the coarse open subbasics S"(f,g) :=' {~E V(k) " v(fc'x,.,. > v(g(x»}

resp. the fine open subbasics 'p (f) :~ {~E V (k')'· f(~') 'E'k*n}
n

where f, 9 E k [V] , n E "JN". Bec'ause of the eliinina:t{o~"~f

For such a bounded, c'losed semlalgebraic :s~"t"; 'M c "kn ,: th'e

following inequality of Lojas{ewicz '15 valid':' "Let f',g··: 'be
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polynornials in k[X1 , ... ,Xn ] with gern) = 0 ~ fern) = 0

for all rn E M . Then there exist c E k* and N E ~

such that for all rn E M we have v(g(rn» ~ v(c.fN(m» .

The proof was done a) in a neighborhood of 0 with the

Hensel-lemma and the fact, that Ik*/k*n\ < for· all

n E m and b) outside of the neighborhood of 0 by-the

ultrafilter-theorem for p-adic s.a. sets and a suitable

convergence-property of so called proper ultrafilters.

We have similar conclusions as in the real case, for

example, the finitness-theorem of semialgebraic sets.

Eberhard BECKER (Dortmund):

Higher signatures of function fields over m

Any ~haracter X: K* ~ ~(2n) is called a signature of

level n if the. ker X is additively. closed where K is

a field, v(2n) the group of 2n-th roots of unity. It is

talked about a geometrie description of signatures in

function field over m. Furthermore a geome-tric description

of the sums of 2n-th powers in such fields a~e giyen. The

relation between such sums and signatures is as follows:

(I: K
2n

) * = n ker X

X ranging over all signatures of level n. The following

results are mainly due to H.-W: Schtilting. Let F/m be a

formally real function field, X a regular projective

model of F, x E X(IR) . and Sgnx(F) = {X signature of

level n, center of A(X) xl where A(X) is the

valuation ring attached to X . Further choose an ordering

Po with A(Po ) = A(X) . Then consider the map
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c%>: Sgnx(F) .... (lR-Divx(X»* , X .... X(Tl)sgnp (Tl)
o

where JF. -Divx (X) is the real local divisor g:r:oup, Tl a

real prime element of

Thrn 1 ~ is injective.

ox

The intersection of all ker n , n E Im(~) is computed for

surfaces.

For the next theorem we also assurne dim(F/lR) 2 .Let

f E F , div(f) = r
vjreal

then:

r.V. + r S.W.
J J W.not real 1 1

1

o r s.w.
1 1

for all. j' s ,Thrn 1 ' f E :r F
2n

C==:I' f E r F
2

, 2n Ir.
J

2n I m(O,x) for all real infinitely near points of x.

Jean-Jacgues RISLER (Paris):

Really real ideals

Let (X,x) be areal analytic germ, I = (g1, •.. ,gk) an

ideal in 0x,x' f E 0x,x • Then the Lojasiewicz exponent

i 5 e(f , I) .= In f { a E :IR+ / 3 c > 0, 3 U open s . t .

,If (x) ra ~ c· 5 U P (9 1 (x) , .•. , 9k (x) ), x EU} • e(f , I ) has the

same definition but with x complex. It is shown that

S(f,I) can be computed by restrietion to analytic curve germ,

and that S(f,I) is a rational number.

A really real ideal is an ideal such that S(f,I) = S(f,I).
6

Various conditions and conjectures are done about these

ideals.
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Stanislaw LOJASIEWICZ (Krakow):

On the semi- and sub-analytic geometry

A survey of some basic fact on the semi- and sub-analytic

sets (normal stratifications, regular separation property,

proper images; elementary approach to subanalytic sets;

Gabrielov complement theorem, Tamrn-Kurdyka theorem on the

set of smooth points, Pawlucki theorem on the set of

semi-analy~ic points of a subanalytic set).

Berichterstatter: J.-H. Schinke

·e
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