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In the third meeting on risk theory at the Mathematics Research Center,
Oberwolfach, have participated 48 scientists from Europe and North America.

* At eight halfday daytime sessions 32 talks, which treated a large
spectrum of different themes in risk theory, were given and discussed. In a
rough classification of these themes one can distinguish between the follow-
ing six topics:

1. Premium calculation

2. Probability of ruin

3. Credibility

4. Approximation of the aggregate claim distribution
5. Statistical methods in risk theory

6. Influence of investment policies in risk theory

Beside these sessions there was ample time to discuss the treated subjects
as well as further subjects in insurance. It must be noted that only a.few
talks were related to statistical and economical problems in risk theory. There-

fore, the organizers expressed the encouragement for intensified research in
these directions.
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The "Mathematisches Forschungsinstitut Oberwolfach" has made it feasible
again to organize a meeting, which enables the scientists to exchange the
newest results of their research and thereby to get useful inside information

for further scientific work. Therefore, the participants are feeling very
grateful to the Insitute for its activity'and hospitality.
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Abstracts of the presented papers

PREMIUM CALCULATION

"A Case Study about Subjective Probabilities and Moral Hazard"
Fritz Bichsel (Winterthur)

The concept of éubjective probabilities and the problem of moral
hazard are investigated for the case of a consumer who uses a car during
one year. Especially the following question is treated: is it possible
to avoid completely the moral hazard effect, and how ﬁou]d this be
achieved?

"Premium Calculation"
H. Bihlmann, (Ziirich)

Consider the recursive equation of surplus _Rt

Ry = (1 + iR,y + T =S t=1,2,3, ...

t~°t

where nt ~ annual net premium

St(zo) ~ annual claims

These quantities must be understood for the_whole'insurance comgﬁny.

Without interest on surplus the postulate Rt >0 for all t 1leads to the

exponential principle (approximately the variance principle) for the deter-
mination of 1 .. The resulting formulae can be used for the individual risks
as well because these two'principlgs are additive.

-If one requires that total premiums also should finance dividends to the
lenders of initial capital-the total premium follows the standard deviation
- principle.
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This can, however, not be used to distribute total premiums along the ’
individual risks.

It is remarkable that in a model where interest to surplus is also
considered and where Rt >0 t=1,2, ... is replaced by Rt z-g 5
t=0,1,2, ... (Latinamerican Ruin) the structure of premium rating
formulae remains the same.

"On_Convex Premium Calculation Principles”

H.U. Gerber/0. Deprez (Lausanne)

A principle of premium calculation is a functional that assigns a
number (the premium) to any insurable risk (a random variable). Convexity
seems to be a very desirable property, because it implies several other
desirable properties (invariance under translation, superproportionality).
The Fréchet gradient is a natural tool to discuss problems such as the
minimization of the total premium and the search of an optimal reinsurance
contract.

"Premium Rating"
Marc Hallin (Bruxelles)

From a purely semantical point of view, there is little difference
between premium.calculation and premium rating. Moreover, premium calcu-

lation and premium rating are both concerned with the same ultimate pro-
blem: the amount of money to be collected from a policy holder. These
two subjects, however, although they should be closely related to each
other, are seldom brought together in practice and are.developed in some-
what seperate areas of actuarial literature. A highly theoretical chapter
of actuarial mathematics, premium calculation relies on sophisticated and

_ often elegant mathematical results, whereas premium rating is a rather
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untouched by theoretical investigation; there exists indeed no unified and
coherent-approach to the tariff construction problem, the concept -of a "good"
tariff being itself quite undefined. Our purpose here is to make this notion
conceptually clearer by means of a few basic, intuitively appealing, tariff
principles. These principles (numbering three) result in the definition of

a balanced tariff; an algorithmic method for obtaining balanced tariffs has
been proposed in a previous talk-by the authors. : ’

"Finite Formulae for the Premium of a Genera1 Re1nsurance Treaty based on
Ordered Claims" : -

E. Kremer (Hamburg)

The calculation of a risk adequate premium is one of the main problems
in nonpropoftional reinsurance. In the past 20 years -actuaries developed -
several methods for rating. Only recently-the author reexamined the problem
of calculating the premiums for the largest.claims reinsurance :(LCR)-cover
and'the ECOMOR treaty and derived asymptotic formulae for the net:premiums;
In an additional paper these asymptotic results were -generalized to .a-very
large class of reinsurance treaties, containing the LCR-and ECOMOR covers:
‘Because of itsagmptotic nature the resulting formulae approach the-correct
premiums in case of large co]]ectivés. As a consequence the question:arises,
whether it is possible to give a general premium formula for the general treaty,
which is exact for each finite collective. In the present.paper such finite
formulae are presented. The proofs are based on wellknown.formulae for the

. densities of thedistributions of couples of order statistics. ‘

"The New Be]gian‘Bonus-Malus System"

Jean Lemaire (Bruxelles)

The statutory tar\ff in motor car third party 11ab111ty 1nsurance in
Belgium was “introduced in 1971 The lack of ba]ance of the bonus-malus system
has created severe finanéia]'problems to the insurance compan1es and prompted
them to appoint a study group, whose main task is to recommend a new tariff
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structure to the control authorities. Using as main tools,

- the stationary premium income, evaluated by a simulation programm,

- the fairness of the tariff to the poiicy ho]dere, measured by efficiency
of the bonus-malus system, and

- the magnitude of the hunger for bonus

it is shown how a multicriteria analysis has enabled the study group to
recommend a new bonus-malus system.

“A Characterization of the Standard Deviation Principle"
Axel Reich (Kdln)

In practice and theory there are a lot of methods.(pringip]es) for
calculating risk premiums: Practicioners use the expected value, the
variance or the standard deviation principle according to how they choose
the safety loading. Beyond this there are several other methods such as
the exponential, mean value, zero utility, Swiss, Orlicz and Esscher prin-
ciples. It will be proved that the standard deviation principle is the.only
one of all the methods above, which fulfills extremely weak versions of homo-
geneity (a fundamental property for proportional reinsurance) and sub-additivity

(fundamental for general insurance business).

"Premium Calculations -in the Simple Risk Model®

J.L. Teugels (Heverlee)

Let N(t) be the number of claims up to time t ; let {XI’ XZ”"}
be the claims, independently distributed following a distribution F ; let
the claims be independent of the renewal process of claims times.

The probability that the total claim amount et'time t overshoots a
level x is denoted by Gt(x). We determine the asymptotic behavior or an
upper bound for 1 - G (x) when t is fixed but x s large. As a con-
sequence we can determ1ne a premium scheme P (t) by the requ1rement
1-G (P (t)) = €. Three specific examples are given.
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PROBABILITY OF RUIN

“Finite-Time Ruin Models with Discounting and Experience Rating
perturbed by a Brownian Motion"
F. Abikhalil (Bruxelles)

We consider two risk models:
. i) A discounting one, when the income process (i.e. premiums- claims)
is a Brownian motion with drift.

ii) A generalization of a risk process under experience rating when
the aggregation of claims up to-time . t 1is a diffusion process.
We prove,ffor both models, that the distribution of ruin time before
t s equivaTent to the distribution of the first passage time of Bfownian
.not10n for parabolic boundaries. '
Using Wald's identity for Brownian motion, (po1nted out by Shepp 1967)
we give an explicit formula for the density of the finite-time ruin.

"The Use of Inversed Martingales in Risk Theofy“

J. Haezendonck (Antwerp)

- If Sy (te Rt) is a risk process, then by inversing the time t we
. find martingales which enable us to find old and new bounds on ruin proba-
bitities.

"Duality Results for Positive and Negative Cdgita] Risk Models”
Jacques Janssen (Bruxelles) '

With a slight modification of the definitions of the ruin event, it is
. shown that any result for a positive capital risk model concerning the pro-
bability of ruin immediately gives a similar result concerning the associated
negative capital risk model and vice-versa.
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"Hitting Distributions of Brownian .Motion and Random Walks on Curved Boundaries"
H.R. Lerche (Heidelberg)

The Tecture gives a survey about bodndary crdssing results for _
Brownian motion and random walks. The. emphasis lies on the tangent approximation.
Let y(t) be a given curved boundary and let

T = inf {£>0[(t)3(t)}

The density f of the distribution of T can be épproximated by the
density at the accompanying tangent of ¢ at point t . It is given by

f%éf(%éé)) with A(t) = w(t) - ty'(t) .

Refinements of the tangent approximation lead to very exact approxi-
mations of f ., The relation of our approach to classical fluctuation theory
of Brownian motion is explained.

"A Short Remark on the Existence of a Non-trivial Zero of the Cumulant
Generating Function"

V. Mammitzsch (Marburg)

Let X be a random variable with EX # 0. Define

P(t) = log(E(etx))_s © , teTR, the cumulant generating function of X .

and I : = {t €R : y(t) < =} the domain of its existence.

A. Wald has shown the following theorem:

I=TR
P(X>0)>0,P(X<0)>0

=p exist tO#O:\p(t =0 (E)

o)

We will see that this is not true if I #JR and find necessary and
sufficient conditions for (E) to hold. i
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"Entropy Estimates for Ruin Probabilities"
A. Martin-Lof (Farsta)

The classical problem of risk theory is considered, i.e. a random
walk {Sn } with negative drift is considered, and one wants to
study the distribution of the first passage time, N(c) , to a high level
¢ > 0. It is shown that the wellknown limit théorems saying that

P(N(c) < =) = Ke "¢, and P('i(f—fﬂli < x)=ke RCo(x|o)
T L

as c- = can be derived using large deviation-estimates in path space.
These are based on ‘the fact that there is an asymptotic: “dens1ty“ in-path
"~ space of the form: o : T B

. i "T‘ D .. . L :
P(Sct/c =X(t) ,0ctgT) :exp.S‘h(x'(t))dt , where h(x')- is‘the

entropy function associated with the distribution of S . This has as a
consequence that R and T are defined by the maximum prob1em

-R =max th(Izt)= Th(1/T) , and that the d1str1but1on of —1—1- is
Ogt

concentrated near T , and the above resu]ts can be der1ved us1ng est1mates
based on these ideas. T o

"Direct Calculation of Ruin Probapi]ities"

Harry H. Panjer (Waterloo) , . A

For a compound Po%sson process the Eoﬁﬁlement of the ultimate ruin
probability can be written as the distribution. function of a compound geometric
random variable, This fact is explo1ted to develop a recursive formula for the
ultimate ruin probability.

i

Harry H. Panjer (Waterloo)

For the individual risk model with accidental death benefits, it is shown
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how the distribution of aggregate claims can be approximated recursively.
This requires the truncation of expansion of the logarithmof the proba-
bility generating function,

"Martingales in Life Insurance"
Howard R. Waters (Edinburgh)

A general probabilistic model for a life insurance portfolio, including .
stochastic discounting, was presented. Random variables corresponding to the
total discounted loss, -annual loss and prospective reserve were defined.

The loss process was shown to be a martingale and this property was used
to derive three upper bounds for the probability of ruin for the portfolio.
These upper bounds were illustrated in two numerical examples.

CREDIBILITY

"A Characterization of the Class of Credibility Matrices correspond1ng to
a certain Class of Discrete Distributions"  ~~ "~ 0

M. J. Goovaerts (Leuven)

Recently so called credibility matrices have been introduced and studied
in the framework of general properties of matrices, such as non-negativity,
total positivity etc. In the present contribution we characterize a class .

of credibility matrices generated by the normed sequence of functions

(Pps Pys =2es Py) ON K= fo. b]  where -

p.(8) = f(i)g(8)h' () i‘ = 0,...,n
ek

and where f,g,h are non-negative.

Deutsche
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"Robust Credibility"
Stuart A. Klugman (Iowa City)

Traditional credibility procedures provide a-method for incorporating
auxilliary data into the estimation process. It is known that the estimation
will be improved.regardless of the quality of this extra information. However,
it is usually better to bring in a small amount of good data than a large
amount of bad data. Robust procedures provide a mechanism for identifying
and removing the influence of such bad.data. Methods of incorporating such
procedures into a credibility analysis will be developed and illustrated.

“Choice of Statistics in Linear Bayes Estimation"
Walther Neuhaus (0slo)

The question on what stafistics to base a linear Bayes estimator is
discussed in a general setting. Decisions are based on the relative risk
reduction gained through a secondary statistic in the presence of a pri-
mary statistic. The empirical procedures are justified by asymptotic.results.

"wobservation-Dependent Credibility Weights"

" René Schieper (Wiﬁterthur)

Within the framework of cred1b111ty ‘theory we propose severa] d1fferent
statistical mode]s which can cope with out11ers and m1sspec1f1cat1on of the
prior mean. These models lead to a posterior mean which is a welghted average
of the observations and of the prior mean, the weights (credibility factors)
now depending upon the observations.

The talk is based on a common work with William SL'Jéwell.

o
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"The Structure of the Distribution of a Couple of Observable Random Variables
in Credibility Theory"

F1. de Vijlder (Denderleeuw) and M. Goovaerts(Leuven)

We consider Biihlmann's classical model in credibility theory and we
assume that the set of possible values of the observable random variables

X],... Xi"" is finite, say with. n elements. Then the distribution of
a couple (Xr’ XS) (r # s) amounts to a square real matrix of order n ,
that we call a credibility matrix. In order to estimate 'creditibﬂity ma=- ‘

trices, or to adjust roughly estimated credibility matrices, we study the
set of all credibility matrices and some subsets of it.

APPROXIMATION OF THE AGGREGATE
CLAIM DISTRIBUTION

" The Power-Ratio-Gamma Distribution"

Peter ter Berg (Zoetermeer)

A flexible Pareto-tailed distribution is analyzed and put forward as

a tool to graduate claim size data, especiplly when exceptional claims are
present. The density can be derived by considering a power transformation of
the ratio of two independently distributed Gamma random variables.

This distribution should provide an input for a coherent framework for .
stéb]é estimation of the population mean, econometric trend analysis as
well as equalization of results.

"Recursive Formulae for Compound Difference Distributions"
B. Chan (London Ontario)

Since the generating function of S = X] L XN is the composition
of those of N and of X , i.e.,

Gg(t) = By(6y(t)),
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the task of finding GS becomes the task of executin GN of a power
series. When N . Poisson (i), computing d 2n Gs(t)/dt' leads to

G'g(t) = A 6'y(t) 6(t)
the t" coefficient of which declares

n f
(1) frq = Akzo ?k+1 n-k

There are other N's (e.g. binomial and negative b1nom1a1) for which

GN of a power series is easy to execute. When "G, 1is not 1n c]osed form

. N
but " =" Pr {Nek} satisfies a difference equation (e.g. genera]1zed i
| Waring), the difference equation is lifted to difference equations on
| fk = Pr {S=k}. This presentation is derived from a paper to appear in
|

Transactions, Society of Actuaries.

"Transformations of Distributions"

WOlf-Rﬁdigef Heilmann (Hamburg)
7 ) ) G
Wellknown transforms of distribution (Lorenz curve, Total time on test
transform, e.g.) are introduced, and used to give connections between relia-
bility theory and risk theory. An application to exposure rating .is_ given.

~"Approximative Evaluation of the Distribution Function of Aggregate Claims"
T. Pentikdinen (Helsinki) ) Co

A formula, originally presented by Haldane (1938) for evaluation of the
distribution function of the aggregate claims (the compound Poisson_function,
etc.) is examined and compared with some other conventionally applied approaches.

The idea is to find a transformation y = v(Y) of the claim amount varia-
ble X which could result as F(y) = F(X) so that F'is symmetric, i.e. has
a skewness which is (at-least -approximately) equal -to ‘zero. Then ‘one can éxpect
that it can be approximated successfully by the normal distribution.function

\

:

\

|

|
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N(y) = F(y) = F(X)

The results have proved promising and have some merits compared with the
traditional methods.

"A Multistage Procedure to Approximate the Aggregate Claim Density"
B. Stroter (Koln) ‘ .

It is shown how recursive standard methods for solving Volterra In-
tegralequation numerically apply to gain approximate values of the aggregate
density function. An error analysis is carried out.

STATISTICAL METHODS IN RISK THEORY

"Maximum Likelihood Estimation in Parametric Counting Process Models with
Applications to Insurance"

@rnulf Borgan (Oslo)

It is described how the set-up for life data with 1éft”truncation and
right censoring can be réformulated in a countin§ process framework., A
brief outline is given on how counting processes, martingales and stochastic
integrals can be used to derive the properties of the ML-estimator. Extensions .
to'more complex life history models, and to regression type models are indi-
cated, and the relevance of these results in insurance are pointed out.

"An Empirical Study of Claims arising from Water Damages in a Portfolio of
Comprehensive Policies for Dwellings and Single Family Houses"

Frank Cederbye (Copenhagen)

In a portfolio of comprehensive property insurance policies for single
family houses and blocksof flats, an analysis of the losses due to claims
arising from water damages has been carried out. In a model perscribing

Deutsche
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Poisson-distributed claim numbers, the claim frequency is found to be
dependent upon the size of the building, measured by floor area, in a
log-log-linear- manner. This. dependency is the same for the blocks of

flats and the single family houses, whereas there for the latter type is

a further dependency on the number of floors.. Additionally, it is shown -
“that the introduction of an-extended cover for a new claim type, damage to
pipes, has resulted in a change in the level of: the frequency of water

‘ damages, such that the frequency is dependent on the coverage of the policy.

UFG

"gfficient Estimation in the Presence of Incidental Parameters":
Christian Hipp (Koln) o

Two observation. schemes are considered:  (I) Xij% 1<igN, 1sjsn, and
(I1) X; 551 i, Teieh-i+1. ’ ' '

The statistical model is the multiplicative model with normal errors:

Xijh= UV + &5 9i>o* vj>0 > &5 iid N(0,1).
For fixed n- and N>« , in (I), the maximum likelihood estimator for

Ups e Vo is asymptotically efficient in. Huber's sense of the.asymbtotic
local” minimax- property. These estimators, adapted to (II), seem to be almost
efficient. h o : ’

"Multivariate Time Series Models for Age Specific Fertility Rates"
Robert B. Miller (Washington)

Demographic reasoning supports constraints-on multivariate time series
model parameters for age - specific fertility rates. These constraints combine
with empirically derived transformations and parameters to yield forecasts
that are sensible and instructive.

Deutsche
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"Repeated Measures: Its Applications to Insurance"

José Paris (Louvain-la-Neuve)

Whenever an insurance company has only data on a short period and
it observes a change in the tendency,.it has interest to take into account
| similar data of other companies to detect if the change is significant.
We indicate how two models of repeated measures design completed by adequate
post-hoc comparisons can give adequate information.

INFLUENCE OF INVESTMENT POLICIES 1IN
RISK THEORY

"Investment Policies and Reinsurance for Pension Funds"
Heinz Miller (Ziirich)

'

A pension fund typically faces two sorts of risk. In addition to the
actuarial risk, there is a risk of investment stemming from the stochastic

nature of the rate of return on reserves. These risks depend on the level
of reinsurance and the investment policy chosen by the pension fund. By
applying Borch's theorem and a result on "mutual funds" the optimal level
of reinsurance and the optimal investment policy can be determined simul-
taneously in our model. In particular, it turns out that a low level of
reinsurance should never be combined with a cautious investment policy.

| Berichterstatter: H. Tobler
Th. Witting
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