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Stochastische Analysis

4.11. bis 10.11.198L4

Die Tagung fand unter der Leitung von J.M. Bismut (Orsay)
und H. Follmer (Ziirich) statt. In 33 Vortrdgen ergab sich
ein breites Spektrum -von aktuellen Themen der stochastischen
Analysis, unter anderem mit den folgenden Schwerpunkten:

Malliavin-Kalkil iiber dem Wiener~- und Poisson-Raum,
- Lyapunov-Exponenten von stochastischen Fliissen,

- Vlasov-Limes fiir interagierende stochastische Dif-
ferentialgleichungen, ’

- wahrscheinlichkeitstheoretischer Zugang zum Index-
Satz von Atiyah-Singer. .

Eine besondere Rolle spielten die Querverbindungen zwischen
stochastischer Analysis, stochastischer Mechanik und stochastischen
Feldern der Quantenfeldtheorie, die sich in den letzten Jahren
immer stdrker entwickeln. Hierzu gab es mehrere Uebersichtsvor-
trdge, sowohl von Wahrscheinlichkeitstheoretikern wie von ma-
thematischen Physikern. Eine Reihe von neuen mathematischen
Resultaten, zum Beispiel zur Hyperkontraktivitdt von Diffu-
sionalshalbgruppen und zu den Ueberschneidungen Brownscher

Pfade, war direkt oder indirekt von diesen Querverbindungen

her motiviert.
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Vortragsausziige

S. ALBEVERIO

Some Recent Work on Dirichlet Forms and Quantum Theory

We review some recent work on Dirichlet forms over lR" and over infinite
dimensional spaces, with particular attention to problems which also have a coun-
terpart in quantum mechanics and quantum field theory. In both cases we consider
in particular the existence problem (closability; new sufficient conditions are
mentioned) and the uniqueness problem. The condition of N. Willems' in finite
dimensions and the ones of Takeda and Kusuoka in infinite dimensions are also dis-
cussed. The significance of uniqueness is stressed, especially in connection with
problems of quantum field theory. In finite dimensions the problems of unattaina-
bility of zeros of the wave function, the ergodicity of the process and the quantum
mechanical tunneling are also discussed.

L. ARNOLD

UFG

Asymptotic Results for the DenS’ity of States and Lyapunov Exponent for the One-
Dimensional Schriddinger Operator

Given the Schridinger operator
Hy = -¥ + o E(t)y

in LZ(IR »dt), where E(t) 1is a nice diffusion on an interval (o.,B)CfR with
invariant distribution ¥ and <E(t)> = 0.
Let AO(E) be its Lyapunov number and NO(E) its integrated density of states.

Theorem: Let o200, E-= Elo R E1 e R - '\

Then Ao (Elo)

Vo ME-EDTY+ 0() for B < B
2

1 /b7 (E) 1

3~2-<(§ _El)2> + O(z5 ) for E > B

(b = diffusion coefficient of E)

mN (Elo) = 0 for El(a

=G (fe-07)+0 6@, E>a
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D. BAKRY

Riesz Transforms for some symmetric Semigroups

Xr being a Markov process, symmetric with respect to u , with semigroup

Pr and generator L , such that there is an algebra of functions on the state

'sbabe D , stable by L and by Pr » define on D r and _Fz like in

Emery'S abstract.
Put C =-(-L)V2 , and suppose F2 > 0; then you can compare the norms of
!
r(f, )2 and cf in LP(u) in the following way:

p>2: IIn(f, N,

’ » B V2
HIES . Ccf f,f
< cplleflly, s1spg 2 : el < e I v(f,f) Hp

. Furthermore, if L 1is a diffusion, then

e il < cp||er(f,f)"2|;p , ¥ 1<p<cion

K. BICHTELER -

Joint Regularity of Solutions to SDE driven by Poisson Measures

" the coefficients a,b,c, the transition kernel Pf(x, dy) of the solution X

This continues Jacod's exposition (p. 8 ). Under suitable conditions on

) t
has a density p,(x,y) regular in (t,x.y).

J.M. BISMUT

The Atiyah-Singer Theorem in a Probabilistic Approach

The proof of the index theorem given in JFA 57, 56-99,(1984) has been

"ﬁresented. The case of the Dirac operator on the spin complex has been com-
-pletely treated. -
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H. DOSS

Probability Proof of Some Quasi - Classical Expansions

For e # 0 consider the solution of:

5’ a0 (t.x) = L_ 4(t,x) =.e:2/2 A§ Gltx) + A () + ::—2 V()(t,x)

* J

ne~s
—_

Lw(o,x) = f(x) exp (- i(—)z(-)-), te[o,Tl , XEM
€

where M is a smooth manifold, A, A;, ..., A are vector fields on M , v ,‘
f, s regular functions from M to & .

We give, when the second order differential operator Le is smooth but even-
tually completely degenerated, an asymptotic expansion with respect to € ( e-0)
for the solution of (1). The estimates obtained in the real case allow one to study,
under some conditions, the Schridinger equation with complex analytic coefficients,
and also some situatiorswhere Le is hyperbolic.

D. DUERR

The Smoluchowski Limit for a Simple Mechanical Model

The motion of a Brownian particle in a potential UA(x) = U(WH X), which
varies on a macroscopic scale (VR ) may be described on a macroscopic scale by
a diffusion process for the position X(t) of the molecule at time t. This dif-
fusion is given by the Smoluchowski equation

- - g
(1) dx(t) = 7 Zdt+ T ‘

For a stationary system the stationary solution for the position is the Gibbs

state ~e'U/kT‘ , k Boltzmann konstant, T absolute Temperature. Theréfore,
in (1) % = ]/kT , which is the famous Einstein relation. We wish to derive
(o]

(1) from "first principles", starting from a deterministic mechanical system,
where the stochasticity comes only from the random initial configurations. A
system, which may be treated, is a one dimensional ideal gas with an identical
tagged particlé serving as the molecule, on which a force is acting. The motion
of the molecule is then determined by elastic collisions with the gas particles
and by the Newtonian motion in the force field. The ideal gas is described by a
Poisson point process in position-velocity (q - v) space, where f(v)

Deutsche
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is the density of the velocity distribution. X(t) and V(t) are position
and velocity of the molecule and V(0) is distributed also by f(v) . We
considered the simplest case f(v) = V2 8y(v) + 2 Ql(v) . )

The force field is %N F(zV UA(x)) and we consider XA (t) = %ﬂ X(A-t).

We obtain the surprising result that XA(t)-e>w(t), i.e. there is no drift

in the Timit. This fact is due to recollisions and a typical one-dimensional
phenomenon.In a two-dimensional model, where the molecule is a stick moving
along the x-axis without rotation and f(v) 1is supported equally by velocities
on the diagonals we obtain an equation like (1) in the scaling limit,

The reason that the Einstein relation is violated comes from the fact,
that our velocity distribution is not the stationary - Maxwellian - one., In

fact, we conjecture that if f(v) has a density at zero,equation (1) comes
2y 1

~out and y and z are related by &F = Y .~ It should be noted that the

: z
derivation of (1) 1in more than one dimension with the Maxwellian distribution

is out of reach at the moment, even the free case, i.e. U =0 has not been
treated until now.

E. DYNKIN

Markov Processes and Field Theory

With every symmetric Markov process X a Gaussian random field o  is
associated with the Hamiltonian H(p) = % E(w, ©) where E is the Dirichlet
form of X. It turns out that the path of X can be used for investigating
not only properties of ¢ but also for investigating non-Gaussian fields with
the Hamiltonians H(op) =% E(p,0) + V(E) where V 1is a functional of the
field gx = % wxz . In particular, the specification corresponding to H can
be expressed in terms of the occupation field or of the hitting field for the
Poisson "gas" in the space of paths and Toops.

The program outlined in the talk can be viewed as an interpretation, from a
point of view of a probabilist, of Symanzik's ideas in quantum field theory.

o0&



Th. EISELE

Equilibrium and Non-Equilibrium Theory of a Magnetic Model

(Summary of joint works with R. E11is, F. Comets, M. Schatzmann)

A magnetic model with a long-range interaction is discussed. It has para-
magnetic, ferromagnetic and antiferromagnetic phases. In both its equilibrium
gnd_non-equi]ibrium theory, we prove the thermodynamic limit, resp. the law
of large numbers, and we show the fluctuation theorems. The equilibrium fluctua-
tion fields represent stationary distributions of the non-equilibrium fluctua-

tion processes. This holds true also in the critical borderline cases of second-
order phase transitions, where the usual Gaussian fields break down. Here, we
get degenerate non-Gaussian fields with densities exp(-t4c).

K.D. ELWORTHY

Lyapunov_Exponents for Stochastic Flows

-y . dB!
Llet (F be the flow of the S.D.E. dxy ; X (Xt) dBt + A(xt) dt

t)t>o
on a compact Riemannian manifold M, and let A be its differential generator.

Results of Carverhill have extended Ruelle's ergodic theory of diffeomorphisms

to show that Lyapunov exponent can be defined for Ft which describe how sample
solutions from different points of M behave in relationship to one another in

the long term. Simple examples for M = sl with A= % A show that these expo-
nents are not determined by A. However, computations with M. Chappell show that

the sum of the exponents, given by .

A= Tim l log det T F
€
t-)vo

is always non positive for A = 7 A and is dom1nated by (the principal eigenvalue
of 5 A) x dimM if A = % A and each X is a gradient.

Est1mates for the canonical flow on the frame bundle of M have been obtained

by Carverhill and Elworthy. -
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M. EMERY

Hypercontractivité de Semigroups de Di ffusion

(Travail commun avec Bakry)

Si (Xr) est une diffusion markovienne continue, stationnaire,réversible
de Toi u sur un espace d'états E , une condition suffisante pour que X soit
hypercontractif et que soit satisfaite 1'inégalité de Sobolev logarithmique de
Gross est :

VxYf Pz(f,f)(x) > ¢ I(f,f)(x),
oli, désignant par L 1le générateur de X,
on a po;é

i

r (f.g)

ry(f.9)

3 [ L(fg) - fLg - gt ]
1 LLr(f.9) - ©(f,Lg) - T(Lf0)

L. GROSS

Where do Random Fields come from in Quantum Field Theory?

The notion of ground state representation can be used to explain easily
how random fields enter into the construction of quantum fields. This is an
entirely exbository lecture, which takes advantage of the familiarity of the
audience with Markov processes, infinite dimensional integration theory and

- the Ornstein-Uhlenbeck process to motivate, starting with quantum mechanics,

the definition of the free Euclidean Markov field and the study of the addi-

tive functional gtef:“ dx ,ACR2
A

U. HAUSSMANN

Non-Linear Filtering - the Degenerate Case

Control of diffusions with partial information leads to the problem:
find the conditional density of Xt given {Ys : sg.ts where

dXt

b(t.X,,Y)dt + O(t,X,,Y)dw

dYt

h(t,X, )dt + dw

o




where one may not assume any regularity of b, o with respect to (t,Y) , e.g.
no continuity in t . It is shown, under suitable hypotheses, that even when

o cT is degenerate a conditional density exists and its unnormalized version
sat1sf1es the pathwise (non- stochast1c) p. d.e. usua]ly associated with the
Zakai equation,

R. HOEGH KROHN

Gauge Fields as Generalized Markov Processes

To every Markov process on a compact Lie group G , which is stationary
and left as well as right invariant, there exists a Markov stochastic gauge
field in two dimensions such that the curvature is a homogeneous chaos with
values in the Lie-algebra of g . This homogeneous chaos is the same as the
one which governs the increments of the Markov process. These continuous Gauge
theories are exactly the theories which can be described as limits of lattice
Gauge theories as the lattice converges to zero. The Gauge Field of Physics is
obtained by starting with the solution of the Markov process which is the
solution of the heat equation. This gives the white noise Gaussian homogeneous
chaos E(x), ‘and the corresponding Gauge field is constructed by solving the
non Tinear stochastic differential equation Dw = E for the connection form w,
where Dw is the covariant exterior derivative given by the connection form w.

J. JACOD .

Malliavin Operator for Poisson Space

Let (9,F,P) be the canonical space of Poisson measure (u) with
V(ds, dy) = ds @ dy, on [0, T) x E (E = open subset of R™). We construct
a Malliavin operator (L, R) on this space, starting with "regular functio-
nals" and such that the coordinates of the solution of the equation

dXy = a(Xg)dt + b(X,)du, + c(X, ) (du -dv)

be in the domain. We can add Wiener process as above, and take the "product”
Malliavin operator.

This allows to study the smoothness (and existence) of a density for the

DFG random variables Xt . o
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G. JONA-LASINIO

Stochastic Quatization: Construction of Renormalized Diffusion Processes
(Joint work wirh P.K. Mitler)

Using techniques from constructive field theory we prove the existence
of weak solutions for the stochastic differential equation

=-1 R
dwt =-3 (mt + Ac, .¢l 1) dt + dwt

where o (x) 1is a random field on ﬁZz » W, is a brownian motion.with

t
covariance

t

E wt+ w,, .= min (t]t]) C(x]x]) , . N
and C(x,x') = (- A+ 1)-} - 4 is the laplacian in two dimensions . This

process is ergodic for x restricted to a finite domain and it has as Sta-
tionary measure the Euclidean o g measure in finite volume.

Y. KIFER

" Characteristic Exponents and Invariant Subbundles ‘for Random Diffeomorphisms

Let f], f2’ ... be a sequence of 1i.i.d. random diffeomorpﬁisms of a
compact Riemannian manifold M. Then under natural conditions for any X out-
side of some exceptional set and each E from the tangent space TXM, at

. . . < ., m 1 _ :
X with probability oné the limit npco T log“ Dfn°"‘°Df]“ = B(E) exists and
it is non-random.

Moreover, for these x there exists a filtration of (non-random)vsubspaces
r(x) 1 o _ r(x), g0
L''c o ...clycly =T M and (non-random) numbers B "L ...<B,

. L g
such that B(E) = Bl for any E € L;\ L; .
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P. KOTELENZ

Linear Parabolic Differential Equations as Limits of Space-Time Jump
Markov Processes

A class of linear parabo]icAdifferential equations on a boundedvdomain
in R ™ is obtained as the class of deferministic limits of space-time jump
Markov processes XN . These XN describe particle systems which are spa-
tially inhomogeneous due to diffusion and random change in the number of par-
ticles. The deviation of XN from its deterministic limit is a distribution

valued generalized Ornstein-Uhlenbeck process and can be represented as the
mild solution of a stochastic partial differential equation, whose driving
term is the sum of two independent Gaussian martincales arising from diffusion
and change .in the number of particles, respectively.

R. LEANDRE

Regularity of Jump Processes in the Degenerate Case

He give examples of self-interactions in a jump process, which a]]ow
the process to have a density. We determine a type of jump process which
is always on a submanifold of TR d, and we determine the regufarity of a
Jump process whose Lévy measure is fixed and supported by a smooth curve .
We use techniques of the calculus of variation of Bismut.

Y. LEJAN -

Lyapunov Exponents for Isotropic Flows

We investigate the qualitative behaviour of flows defined by S.D.E. asso-
ciated with isotropic homogeneous velocity fields. Our results include the
computation of Lyapunov exponents and the proof of existence in the unstable
case of a non trivial statistical equilibruim. The proof involves a detailed
study of isotropic B.M.on matrices.

0@
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T. LYONS

Quasi-Isometry of Riemmannian Manifolds and Discrete Approximates

If a property of a manifold can be shown to be dependent on a network
having a similar property then that property is likely to be fairly robust
and preserved under quasi-isometry. Many such properties have been so treated
(particularly transcience). However, an example was outlined showing how the
existence of non-constant positive or bounded harmonic functions (or a non-
trivial shift invariant tail o-field) is not preserved under quasi-isometry.
Moser's Harnack theorem shows an important subclass of manifolds where these
properties are preserved. '

P.A. MEYER

Nelson's Stochastic Mechanics

A survey is given of some recent results of E. Carlen (Comm. Math. Physics,
1984) and W.A. Zeng (Ann. Inst. H. Poincaré, 1985) showing how to construct the
diffusions with singular drifts needed to develop stochastic mechanics.

-

P.K. MITTER

" Gauge Fields

A survey of the global aspects of non-abelian gauge fields was given.

M. NAGASAWA

Propagation of Chaos for Diffusion Processes with Mean-fieldSingular Interaction

We consider a system consisting of n white diffusing particles distributed
left to n red diffusing particles. Reds and whites interact in a repulsive way
so that the group of reds are kept segregated from the group of whites. (Take e.qg.
f(x) = vx® as an interaction). It is assumed that the absolute value of the
interaction is a decreasing function of the distance of a pair of red and white
particles. We prove first of all the existence of a unique solution for a system
of équations of 2n  particles and alsc for the.corresponding one of non-linear

Forschungsgemeinschaft © @ .
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diffusion processes in the mean-field 1imit. Then we prove the propagation of
chaos, i.e. the convergence of the 2n particles, as n-»oco, to the infinite
independent copies of the mean-field diffusions. This is a report of what has
been done by 'Tanaka and myself. This gives a mathematical justification of
"statistical quantization", which is a possible interpretation of "Stochastic
Quantization". :

J. NORRIS

Non-Degeneracy of the Malliavin Covariance Matrix

Let @ denote the flow associated to the S.D.E.
- i : . .
dxt = Xo(xt)dt + xi(xt)dwt (with coefficients

X, X], cees Xme C: (IRdJRd) and W, a Brownian motion on (me)).

[¢] t

The Malliavin covariance matrix for the solution x;

£ = cpt(x) starting from

x 1is given by

£ -
Ct =-J; (@7 %00 8 o X (xds

Malliavin, Bismut, Stroock etc. have shown that provided Ct']e LP(jP) ¥p < oo

Xy will have a smooth density. It was further shown by Stroock that if
. . m o, mo
T N o 1 L X% J] i Gkeor e et '
evaluated at x span [RY, ’ .

then indeed Ct'] (3 LP (P Yp < oo (see Springer LNM 776). The following

lemma was presented which affords a simplification of Stroocks proof:

t t . .
Let T be a bounded stopping time; Let Yt =y + 5 a_ds + S u' dw
i b S ) s s

where yefR , and as ul, “I: all have the form
» X -ti i . R 1 m .. .
a +£ Bgds +£ vLdw, with a € R and B, ve,..., Y ~ previsible with
sup IBSl , suplysl e L°(P) fp < oo
sgT s¢T

Deutsche
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T T : '
Then [P {J arged and [ (a2 ¢ JuPraty e = 0€”) for all p <,
0 ) 0 . L

for each q > 36 .

E. PARDOUX

’ Two-Sided Stochastic Integral and Stochastic Calculus
(joint work with Ph, Protter)

Consider a forward diffusion Xt, solution of
t Tt
Xy = %y * {b(s,Xs)ds + joo(s, XM,  0gtg)l

and a backward diffusion Yt s solution of

1 ]
Yor Je(s s ¢ fov(s, )M =y, 0t
t t

A stochastic integral of the type _50(Xt, Y )(:)w is defiﬁéd"

This perm1ts to write down the d1fferent1a1 of a process of the type w( t,Y ).

Both Ito and Stratonovitch calculus are considered,

J. POTHOFF

Stochastic Quantization: A Remark on Unstable Actions

(Joint work in progress with Ph. Blanchard and R. Sénéor)

It was explained how the procedure of stochastic quantization can possibly
be used to give a meaning to the formal perturbat1on expansion of Euc11dean
quantum field theories with unstable action funct1ona1s

Deutsche
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1. SHIGEKAWA

Diffusions on the Wiener Space

We consider a diffusion on the abstract Wiener space (B,H,u) generated
by the operator of the form A = 2 L + b, L being the Ornstein-Uhlenbeck
operator and b be1ng an H-valued function on B , which we regard as a
vector field on B. We discuss about invariant measures of this diffusion
and obtain that there exists an invariant measure which is absolutely con-
tinuous with respect to u . Moreover, the uniqueness holds if we restrict

ourselves to measures which are of finite total variation and are absolutely
continuous with respect to u . )

We prove the existence by two steps. First we show it in the finite dimen-
sional case and secondly in the infinite dimensional case by the limiting pro-
cedure. In this procedure, the Gross logarithmic Sobolev inequality is crucial.

D. STROOCK

Wiener Chaos Revisited

Let (H, @, W) be an abstract Wiener space and define D" to be the

Sobolev extention of mth

m

~order differentiation in directions of H. Let
& bg the adjoint of ", Then, Wiener's decomposition of a function into .

states of homogeneous chaos is:

o~°§%‘ &M [ o o]

A. WAKOLBINGER

Time Reversal of Infinite Dimensional Diffusions

. by an analog of Kolmogorov's classical relation, namely

Deutsche
Forschungsgemeischat C)<SE>

(Joint work with H. Follmer)

We consider the problem under which conditions the "t1me reversal"

X =X of an infinite d1men51ona1 diffusion X = (Xt)’ i€ I coun-

-t
table, dxl = b (Xt,t)dt + dw (w‘ independent Wiener processes) is again of
the same type, with forward drift (b’) and backward drift (B’) being related
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b (Rt = D (), 1-t) + B log gl (k] E)
&x

where 9;(.]5) is the conditional density of Xl , given (Xi) = E

J#

Theorem: This holds true if, for all i€ I , the relative gntropy of the law
P of X with respect to P! is finite (where P' is the law of
the process which ariseg from X by replacing X! by a Wiener pro-
cess independent of (XJ)j#i) .

Moreover, conditions on.the drift (b1) are given which guarantee this finite

entropy condition, and which are not far from the usual conditions ensuring

existence and uniqueness of the strong solution of an infinite dimensional

stochastic differential equation.,

M. YOR

Double Points-of Brownian Motion in “{d (d=2,3) and Related Stochastic Calculus

Simpler proofs of Tanaka-Rosen formulae for the local time of intersection
of complex or 3-dimensional Brownian motion, are given, taking advantage of
Hardy's L2 inequality, which is closely related to the second order equation:

‘ .
rg'(r) +g"(r) = h(r).

In dimension 2, Varadhan' s renormalization appears a simple consequence of the
new Tanaka-Rosen formula thus obtained.

In dimension 3, a new convergence in distribution for the renormalised local
time of intersection is obtained However, the relationship which may exist
between this limit in distribution and Westwater's renormalization is not under-
stood .

Berichterstatter: H. Fallmer
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