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Nonlinear Evolution Equations, Solitons and the Inverse Scattering Transform .

27.7. bis 2.8.1986

The conference on

Nonlinear Evolution Equations, Solitons and the Inverse Scattering Transform

was organized by Professors Mark J. Ablowitz (potsdam / NY), Benno Fuchssteiner
(Paderbom) and Martin Kruskal (Princeton).

The participants (30 mathematicians and physicists from several countries)
presented their most recent work in the meeting. The lively scientific atmosphere of
the conference resulted in very many stimulating discussions which certainly will
influence future directions and will contribute to further progress in the field.

The lecture program consisted of 29 lectures on topics such as Inverse Scattering
Transform and Inverse problems in general, complete integrability in multidimensions,
algebraic and geometrical aspects of nonlinear evolution equations, Solitons, Painleve
analysis, exact solutions, direct linearization, application of computer algorithms and
various other applications.

Unfortunately none of the invited Soviet scientists could take part in the meeting.
In view of the fact that scientists from the Soviet Union have given so many valuable
contributions 10 the field this deplorable absence was regretted by all participants.
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Vortragsauszüge

M.J. ABLOWITZ

MultidimensionäI Nonlinear Evolution Equations and Inverse Scatt~ring

The lecture contained the following topics :
(i) a review of the Inverse Scattering Transform (lS1) for 1+1 dimensional evolu

tion equations
(il) a review of IST for 2+1 dimensional evolution equations
(ili) topics in higher dimensions including

(a) multidimensional Inverse problems
(b) solutions for the so called Generalized sine-Gordon equation and general
ized wave equation
(c) solutions to generalization of the self dual Yang-Mills equation

(iv) discussion of the solution to cenain nonlocal nonlinear evolution equations.

R.BEALS

One-dimensional Inverse Scattering
(joint work with R.R. Coifman)

To use the "method of inverse scattering" to solve initial-value problems for a non
linear evolution equation requires one
(1) to express the NLEE as the. compatibility condition for a pair of linear spectral

problems and
(2) to solve both the forward and inverse scattering problems associated to one of

these linear spectral problems.
Numerous instances of (1) are well-known. As for (2), in addition to the Gelfand
Levitan-Marcenko theory for the I-dimensional Schrödinger operator and the analo
gous AKNS theory for 2x2 systems, the problem has been solved for general nxn sys
tems and general higher order equations. (For systems the procedure is fonnally ~elatkd

to the formal Zaharov-Shabat Riemann-Hilbert construction.) Scattering data is the d
data for cenain normalized Jost eigenfunetions, a point of view which extends to more
dimensions. The inverse construction reduces, after a rational approximation to a con
vergent Neumann series construction followed by solution of a finite system of linear
(algebraic) equations.

For Schrödinger and AKNS the direct problem is solvable by Volterra equations.
It is also possible 10 salve the "nxn and higher order direct problems via Volterra equa
tiODS. Certain wedge products of the columns of the (matrix) Jost solution satisfy Vol
terra equations. Conversely the fuU matrices - and the scattering data, direcdy - can be
recovered from the solutions of these Voltem equations. This is particularly useful for
analysis of the ~ --+ 0 limit for scalar equations of arbitrary order.

Similar remarks apply to the somewhat different 2nx2n systems which arise in the
study of the Generalized sine-Gordon Equations (Ablowitz,Beals,Tenenblat 1986).
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F.CALOGERQ

(1) Nonlinear Evolution, Wave Modulation, Rescalings the identification of
Model PDEs which are applicable aod integrable
(joint work with Wiktor Eckhaus)

It has been shown how a few model equations can be identified, which are likely to be
both widely applicable and integrable, because they appear as limiting cases of very
large classes of evolution equations. These results are detailed in the paper by F. Calo
gero and W. Eckhaus, "Nonlinear evolution equations, rescalings, model p.d.e.'s and
their integrability. 1", submitted to Inverse Problems.

(2) Lax pair for tbe Ruijsenaars aod Schneider Dynamical System
(joint work with M. Bruschi)

The .equations of motion of the novel (relativistically invariant hamiltonian) integrable
dynamical system recently introduced by Ruijsenaars and Schneider, reading

n _

Qj = ~q/lkV(qJ-qJ, j=1,2,...,n·
1=1

with v(x)=p'(x) I [P(~)-P(x)], ~: arbitrary constant, P(x) : Weierstrass elliptic func
tion, are cast in the Lax form,

L=[L,M],

where L and M are nxn matrices depending on the qj's and qj's in a manner that· is
explicitly exhibited. To obtain this result we have found the general solution of the
functional equations

a(x)a'(y) - a'(x)a(y) =[a(x+y) - a(x)a(Y) ] [ 11(x) -11(Y) ]

and

a(x+y) = a(x)a(y) + ~(x)4»(Y)"'I'(x+Y) .

These results are detailed in the paper by M. Bruschi and F. Calogero, "The Lax
representation for an integrable class of relativistic dynamical systems", submitted to
Commun.Math.Phys..

H.W. CAPEL

Direct Lioearization method and integrable Lattice Systems

Recently, many integrable difference equations on two- and three- dimensionallattices
have been investigated on the basis of the· direct linearization method (OLM) intro
duced by Fokas and Ablowitz. The DLM is based on a linear integral equation con
taining an arbitrary measure and contour. For every measure and contour the integral
equation yields the basis fu~ctions of a Lax representation and the potential is obtained
integrating the basis functions over the same contour with the same ineasure. The
integrable lattice equations are obtained in the fonn of Bianchi identities expressing the
commutativity of Bäcklund transformations of the integral equation. As an example the
lattice versions of the Koneweg-de Vries equation and the Kadomtsev- Petviashvili
equation are treated. ~erarchies of integrable systems with one or more con~nuous
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coordinates, as weIl as the associated hamiltonian structures can be obtained applying
appropriate continuum limits to the lattiee equations as weIl as to the linearizing
integral equation. These points are illustrated using the Koneweg-de Vries equation
and its lattice anaIogues, but one expects .similar features in 2+1 dimensions, such as in
the case of the Kadomtsev-Petviashvili equation.

H.H. eHEN

Integrability of Nonlinear Evolution Equations

We shall discuss a direct scheme to test the integrability of nonlinear evolution equa
tions. Inverse scattering operators will be constructed. Conservation laws and sym
metries will be found.

P.A. CLARKSON

Applications or tbe Painlev~Tests for Complete Integrability

The Painleve conjecture asserts that every ordinary differential equation which arises
as a similarity solution of a completely integrable partial differential equation is of
Painleve type, that is it has no movable singularities except poles, perhaps after a
transformation of variables. The Painleve property for partial differential equations was
proposed as a method of applying the Painleve conjecture directly to a given partial
differential equation without first having to reduce it to an ordinary differential equa
tion. In this lecture I shall discuss several applications of these Painleve tests to deter
mine under what conditions given partial differential equations might be integrable. In
particular, I give a method, involving the use of hodograph transformations, for apply
ing the Painleve test to partial differential equations of the form

crnu'
u, = g(u)u1l% + j(u,ux' .•. ,U(~1)x) , u11l% == -- , (*)axn

where dg/du t= O. This ·method appears 10 resolve the problem that solutions of com
pletely integrable.equations of the form (*), such as the Harry-Dym equation

", = (u- * )xxx

typically have movable fractional powers and so do not dir~~y pass the Painleve tests.

A.S. POKAS

Integrability in Multidimensions

I investigate the following three problems :
(i) An inverse problem associated with the N first order e<i~ations

11

J.1xo + 0 L (J1 ~x, + i K1 [ J1 , ~ ]) =q J.1 , 0 = 0R + i 0/ , 0/ * 0 . (1)
1=1

in n+1 dimensions, n>1 is considered: Given appropriate inverse data T
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reconstruct the potential q(x(px), where q is an NxN off-diagonal matrix. Tbe
characterization problem for T is solved explicitly. Furthermore, the problem
of reconstructing q is reduced to one for reconstructing a 2x2 matrix potential
in two dimensions.

(ü) The inverse scattering problem associated with (1) above, where (J = -1 is
considered. Similar results as in (i) above are obtained. Furthennore, a simple
relationship is formed between T and the scattering amplitude S, if N=3, T=S.

(ili) Tbe general theory of recursion operators and bi-Hamiltonian stroctures for
equations in 2+1 (Le. two spatial" and one temporal dimensions) is developed.
Concrete examples include the Kadomtsev-Petviashvili and the Davey
Stuartson equation.

Pan (iü) is in collaboration with Paolo Santini.

I.P. FRANCOISE

Integrability and Algorithmic (Liouville's Tbeorem)

I presented a general method for computing the actions of algebraically completely
integrable systems. ODe needs 10 distinguish three cases..Let g be the generic genus of
the family of Riemann surfaces whose Iacobians give the' invariant cornplex tori and
l~t m be the number of degrees of freedorn. Then

•
(1)

(2)

(3)

If g=m.
One can compute the actions, they are transcendental functions of the first
integrals and solutions of a Picard-Fuchs equation, they have furthermore an
infinite-monodromy.
Examples: Periodie KdV with finite-zone potential, periodie Toda, Neumann
.system, Jacobi system and the Kowalevskaya top.
If pm.
There is a Picard-Fuchs equation.
If g<m.
One must look case by case. I have worked out two examples
- the Lagrange top, one can have the explicit expressions of the actions.
- the Calogero model, we can salve a conjecture of Gallavotti and Marchioro
(1973): For the system

2
H =LY? +~ W2 xl + L 8 2

i i i$j (xi - Xj)

0) = L dxi I\dyi

there is a symplectic change of coordinates such that (x,y) ~ (~,11) and
m 1

H = 1: k 111 + - g w m (rn-I) .
b=l 2

•
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B. FUCHSSTEINER

Mastersymmetries: ComputationaI and other aspects

For the Benjamin-ODo equation it is shown that by the elementary transfonnation
u -+ u+x one can completely compute the Lie-algebra of polynomially time-dependent
symmetty group generators. It turns out that all these Lie-algebras are isomorphie for
different members of the hierarchy of BO. The same statements are true for the 2+1
dimensional equations: KP, MKP and OS. In a11 these (and ather) cases the
corresponding Lie-algebras are finitely generated, which is in contrast to the case when
only time-independent symmetries are considered. In the cases, we mentioned so far,
al1 members of the Lie-algebras are hamiltonian, which leads to an explicit and direct

. constIuction of the angle variables of the system. The hereditary structure of sequences
of mastersymmetrles is discussed in context with the recorsion operator which can be
obtained from them in the nonhamiltonian case (KdV and the like). For nonhamil
tanian mastersymmetries the interrelation with angle variables is discussed in the mul
tisoliton situation. For several systems mastersymmetrles lead to heredimry formula
tions for the evolution in x-direction instead of t-direction. Since the constTUction of
mastersymmetries depends on finding higher symmetries first, computer algorithms are
presented for the search of symmetry group generators.

D.J. KAUP

Forced integrable Systems

I am attempting to solve nonlinear integrable systems with bOundary values..These
boundary values drive the integrable system, causing solitons and radiation to appear at
the edge and propogate away. Various approximations are demonstrated to be useful.
Attempts to obtain exaet solutions are described and the steps remaining to be solved
for obtaining an exaet method of solution are detailed.

Y. KODAMA

Nearly Integrable Systems in Dispersive Wave Equations

We develop an asymptotic theory of the weakly nonlinear-dispersive wave equations
where the KdV equation gives the approximation up to first order. In order to do this,
we define a nonna! form of these wave equations, such that its integrals (adiabatic
constants) are expressed by thos~ of the KdV equation. The transformation between
the original equation and the nonna! form is constructed on the basis of the existence
of higher order integrals in the form of differential pol~omial and the Lie transfotma:
tion technique.

As a corollary, we show the following results for the equation having three
integrals (e.g. mass, momentum or energy and Hamiltonian):
(i) A solitary wave exists and is stable.
(ii) Two solitary waves exist for al1 orders in an asymptotic sense.
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Y. KOSMANN-SCHWARZBACH

Poisson-Drinfeld Groups

A Poisson-Drinfeld group is a Lie group 0 with a Poisson structure such that the
group multiplication is a Poisson morphism from GxG (with the procluct-Poisson strue
ture) to G. When G is a Poisson- Drinfeld group, g* is a Lie algebra and the Poisson
brackets on g and g* satisfy a distributivity property.

Poisson-Drinfeld structures on Lie groups can be constructed from solutions of
the classical Yang-Baxter equation (poisson cocycles). They give rise to bihamiltonian
structures and also pennit an interpretation of the properties of the groups of dressing
transformations.

M.D. KRUSKAL

Modified Painlev~ Test for Analytic Integrability

The chamcteristic feature of the so-calle(1 Painleve test for integrability of an ordinary
(or partial) analytic differential equation, as usually carried out, is to determine
whether all its solutions are single-valued by local analysis near individual singular
points of solutions. This test, interpreted ftexibly, has been quite suecessful in spite of
various evident ftaws. A more robust and generally more appropiate definition is pro
posed: a multi-valued firnetioo is accepted as an integra} if its possible values (at any
given point in phase space) are not dense. This definition will be. illustrated and
justified by examples, and a widely applicable method (poly-Painleve's) of testing for
it will be presented, based 00 'asymptotic analysis covering several singularities simul
taneously.

Y.S. LI

Symmetries aod Constants of Motion for Nonlinear Evolution Equatioos

A theory for th~ constants of motion, two sets of symmetries and their infinite dimen
sional Lie algebra of some new nonlinear evolution equations in 1+1 dimensional cas"e
and new KP hierarchy in 2+1 dimensional case are considered.

F. MAORI

New aod old aspects or the tbeory of the Recursion Operators
(joint work with C. Morosi)

We presented and discussed a purely algebraie scheme for consb"Ueti.ng hierarchies of
commuting nonlinear evolution equations for field functions u(x,y,t) defined on JR3 and
taking their values in any associative algebra A with unity. By suitable choiees of the
algebra A one recovers several classes of equations well-known in the literature. So, if
A is the algebra of real numbers one obtains the usual KdV hierarchy; if A is the alge
bra of nxn matrices one obtains the nonabelian KdV hierarchy; finally, if A is the

.'
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algebra of linear differential operators with constant coefficients in one space variable,
one recovers the KP hierarchy. Tbe relation between. this algebraic scheme and th~

theory of bi-Hamiltonian manifolds is also emphasized.

A.I. NACHMAN

MultidimensionalInverse Scattering for Scbrödinger Operators

We consider the problem of reconstructing the potential V of the Schrödinger operator
- !l + V, given· the scattering operator (i.e. the scattering amplitude A at all energies,
incoming and outgoing angles). By relating this overdetennined nonlinear problem on
/Rn to linear overdetennined system of Cauchy-Riemann equation in Cn one can expli
citly characterize a scattering transfonn T related to A via a linear integral equation.
Once T is known and admissible, V can be computed purely by quadratures. This for
malism has been developed in joint work with M. Ablowitz (Studies in Appl. Math.
1984). In recent joint work with Richard Lavine, we have studied the solvability of the
linear integral equations needed above. Using a new high energy estimate unifonn in
the complex upper half plane we answered Faddeev's question on existence of real
exceptional points: any (reasonable) real potential with at least one bound state will
give rise to real exceptional points. It appears however that this need not be a serions
obstruction to our inversion scheme (and may, in addition lead to a new way of com
puring bound state energies from the scattering amplitude).

F.W. NlJHOFF

Integrable Hierarchies, Lagrangian Structures and noncommuting Flows

Many people have observed an intirnate connection between hierarchies of integrable
PDE's and the representation theory of affine Kac-Moody Lie algebras. Most
approaches start from the latter and construct the PDE's frorn it. From the point of
view of the PDE's, however, it is not at all clear why it should be apriori necessary to
include a central extension 10 the loop algebra in order to obtain th~ full Kac-Moody
algebra as a symmetry group. A natural explanation is obtained by looking at the
Lagrangian structures of the hierarchies rather than the Hamiltonian ones. It is possible
to write down a" hierarchy of Lagrangian densities for the ftows in the hieratchies of
PDE's. There is a direct connection with the well-known Weiss-Zumino-Witten chiral
model. The Poisson algebra of the latter model leads directly to a full KM algebra.
Furthennore, it is shown that the hierarchies can be extended to include noncommuting
ftows, for which derivations with respect 10 the ftow parameters do not necessarily
commute. Extensions to 2+1 dimensions are briefty discussed

W.OEVEL

Scaling properties of Integrable Systems

Tbe nonlinear solvable equations (soliton systems) are discussed in' a purely geometti
cal framework. Crucial structures, such as recursion operators, hamiltonian formula
tions and so on are interpreted in tenns of tensorfields. Expressing the invariance of a
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tensorfield (w.r.t. a dynamical system) in terms of Lie derivatives a unified approach to
explicitly time dependent invariants is given. Special emphasis is laid on polynomial
time dependence. If an integrable system admits a scaling transfonnation then one usu
ally finds a set of time dependent noncommuting symmetries for the system (the
mastersymmetries) which establish a "vector fieId-version" of the angle-variables. The
elose relationship between these objects, recursion operators, (bi-)hamiltonian formula
tion and Lax operator is shown.

c. P(jPPE

The Fredholm Dete"rminant method for continuous and discrete Soliton Equations

The Fredholm determinant transfonn maps a solution of a linear, eonstant-coefficient
partial differential I difference-differential equation to a solution of a corresP0rtding
soliton equation. The principal tool is the Fredholm determinant of a suitable integral
operator / infinite matrix equation. The well-known calculation mIes for determinants
make the caleulation almost easy and straightforward In the case of the Koneweg-de
Vries equation (and sine-Gordon and others), the GLM equation procedure is repro-
dueed. The Koneweg-de Vries and Toda lattiee equations are treated as examples. .

A. RAMANI

Structural Stability of KdV Solitons under Singular Perturbations
(joint work with B.Grammarlcos and Y.Pomeau)

The structural stability of KdV solitons under singular perturbations has been investi
gated. The model equation

ut = 82 Usx + "xxx + 6 U Ux
is first studied in its own right. Travelling wave solutions of this equation cannot be
localized, Le. solitons do not exist. A travelling wave that decays exponentially for
x --+ - 00, say, has an oscillatory taH for x --+ + 00. The amplitude of this oscillation is
computed by Borel summation of the divergent asymptotic series of a formal exp~-

sion in B2 and is found to be transcendentally small for 8 --+ o. .
For long-wavelength, small amplitude, pure gravity waves in a shallow channeI,

the above model equation is not appropriate to describe finite depth corrections to the
KdV approximation. Still it could be a realistic model for other physical problems, for _
instance the competition of finite depth corrections and surface tension effects. •

S. RUUSENAARS

Relativistic Calogero-Maser systems snd Solitons

We presented and" discussed a novel class of integrable one dimensional N-particle sys
tems, discovered in collaboration with H. Schneider. These systems are relativistically
invariant, and may be viewed as generalizations of the (non relativistic) Calogero
Moser systems. The representation of the Lie algebra of the Poincare group is given by
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N
H =~ eh" Sj n f ( qj - qj; ) ,

j=1 ~j

N N
P =L sh Sj n f ( qj - qlc) , B =- ~ qj , .

j=1 ~j j=1

where f2(q) = Ä. + J..l P(q), P being the Weierstrass funetion. For special values of the
eoupling constants and periods one gets systems that are intimately related to the soli
ton seetors of the sine-Gordon, KdV, modified KdV, and Boussinesq equation, among
other ones.

p.e. SABATIER

(a) Extensions of one dimensional Inverse Scattering

In this lecture, the method of transfoimation, which enables to span the space B of
parameters and the space E of results by joint coordinates, the mapping from B to E
being preselVed, is first recalled. It enables one to construct sets of potentials V, in the
inverse Schrödinger problems on the line, which are a litt1e bit larger than L'I in this
sense that a x-2 behavior at +00 or -00 is allowed. Ambiguities in the reconstruction of .
V from the reflection coefficient g+- appear. A typical way to construct a erass of
equivalent potentials is by starting from an arbitrary one, Vo ' which eorresponds to a
reflection coefficient Jr(k), then making a "reflection flip" transfonnation, which is
given explicitly, and produees a ODe parameter family of potential.s having - Jr(k) as a
reftection coefficienL These potentials belong to a set in which a new x-2 asymptotic
behavior is allowed. They usually have in addition a zero energy bound state. A
detailed study of these results is described (work in collaboration with A. Degasperis).

(b) Nonlinear modulation of a trapped Wave

In this second lecture, a work in progress on nonlinear modulations of a trapped wave
is sketch~. One studies an equation of the form

(J2u da dU da a
--aAu---+F(u - - -) = 0iJr dx dX ' dX ' dy , dt

where F = e2 P(2) + e3 ~3) + ... + f!I p<n) if u --+ EU, this meaning that ~n) is homo
geneous to U'. p<n) can contain any derivation of u with repect to x or I and y, first
order with respect to L Tbe p.d.e. is completed by homogeneous boundary conditions
at x=O and x=L. One seeks a solution which reduces as e -+ 0 to a mode of the linear
problem. One shows that a suitable multiscale expansion yields a solution whose
envelope obeys a nonlinear Schrödinger equation and such that components on other
modes can be derived frorn the solution of this equation (work in collaboration with F.
Calogero).
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P.M. SANTINI

Recursion Operators and bi-Hamiltonian structures 01 2+1 dimensional Systems
Goint work with A.S. Fokas)

The theory associated with the recursion operators of classes of integrable nonlinear
evolution equations in 2+1 dimensions is presented. In particular the notions of sym
metries,gradients of conserved. quantities, strong and hereditary symmetries, Hamil
tonian operators are generalized to equations in 2+1 dimensions.

An algorithmic procedure for obtaining these recursion operators from the associ-
ated. spectral problems is also illustrated.. . '

For concreteness, the results associated with the Kadomtsev- Petviashvili (KP)
equation .

q, = qra + 6 q qx + 3 a 2 D-1 qYJ

are presented here.

l!te linear spectral problem WB + q(xJ') W + a wy =0 gives rise to the hereditary
recurslon operator

c%>12 =D 2 + q+12 + Dq+12 D-1 + q-12 D-1q-12 D-1 ,

where

.. d x a
q±12 == ql ± q2 - a (D1 ± Di), D == -a ' D-

1 == J dX , D i == ~'. '
. ~ ~ UJ.

qi == q(X'Yi,t), i=l,2. The operator c%>12 admits a factorization in terms of compatible
Hamiltonian operators c%>k2 =8(2)12 (8(1)12)-1, where 8(1)12 = D. The KP equation is
the second member (n=I,Pl= Y2 ) of the following hierarchy generated by <1>12 :

_ qlt = P" I dy2 8(yl-Y1J <1>12" 012(0), n = 0,1,2,... ,
R

where

012(0) == qlx + q2z + (ql-qi) D-1 (ql-qi) + Cl D-1 (qlYl-q2Y2)

and ~(yl-yi) is the Dirac function. The KP equation is a bi-Hamiltonian system:

qlt =I dy2 8(YI-Y2) 8 12(1) 112(1) =I dy2 ~(yl-YV 8 12(2) 112(0) ,
R R

where 112(0) == D-1 012(0) and 112(1) == D-1 <1>12 012(0). The KP equation possesses two
infinite hierarchies of time-independent commuting symmetries and constants of
motion in involution. For example «(1)12(") GI2(O»J'>=Y1 and «(I)12(n) (ql-Q-i) )YF'YI are e
symmetries of the KP equation.

J. SATSUMA

On Exact Solutions of NonJinear Diffusion Equations

Exact solutions of several nonlinear diffusion equations are presented. Three types of
equations are considered. .

The first is nonlinear equations with singular integral tenns, which are exact1y
linearized by dependent variable transformation. Typical explicit solutions are given,
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and stability properties are examined for the periodie solutions.
Tbe second is equations with density-dependent diffusion terms. Travelling wave

solutions and time-dependent solutions are given. Tbe latter shows a blowing up,. the
manner of which crucially depends on the initial conditions.

Tbe third is the Burgers-type equations with reaction tenns. They are reduced to
bilinear forms by dependent variable transformation. Travelling wave solutions and a
solution showing a coalescence of two travelling waves are given.

F. SCHWARZ

Symmeries and Evolution Systems: Some Experiments in Computer Algebra

e An algorithm is presented which is supposed to retum an involutive system upon input
of any system of partial differential equations. Several examples of involutive systems
obtained by applying that algorithm are presented (Burgers- and generalizations-, non
linear Schrödinger-, KdV-, mKdV). Funher it is shown that the algorithm leads to a
unifying picture of several apparently unrelated concepts like e.g. Cole-Hopf
transformations, Miura-transformations and Bä.cklund-transfonnations. Tbe relation
between the symmetries of an involutive system and its subsystems is discussed in
~uill. .

Tbe construction of involutive systems and t!te investigation of its structure
heavily depends on the use of a Computer Algebra ·system (e.g. REDUCE) for per
forming the extensive analytic calculations which are usually involved. Finally it is
pointed out the algorithm referred to above is an example of what's called the Knuth
Bendix- CPC-algorithm in computer science and therefore may 'Suffer from its intrinsic
difficulties.

W. STRAMPP

Pabilev~ series, RecursiQD Operators and Blcklund Transformations

A test for the integrability of a nonlinear partial differential equation is the Painleve
test introduced by Weiss et al.. It tumed out that Lax-pairs and Bäcklund transforma
tions arise from the Painleve test. More recently, interelations between the Painleve
property and Hirota's bilinear method have been revealed. It is discussed how sym
metries. and recorsion operators can be obtained from the Painleve expansion.

E.R. TRACY

Exact Periodie Solutions of the Liouville Equation

The periodie Liouville equation

v2 (J) = ).,2 e- tb
8

is salved in the "~-representationn. This is done by considering the Liouville equation
as a singular limit of the s~-poisson equation, which was previously solved by Ting
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and ehen. A unique and intriguing property of the present .system is the existence of
internal degrees of freedom which appear as "ghost" tenns in the evolution equations
of the visible degrees of freedorn.

P. WINfERNITZ

Exact Solutions of the Multidimensional <1>6 Field Equations

Tbe method of symmetry reduction is applied to the equation

<1>XoXo + E(<J)X1Xl + . .. + <l>x.x) = -2 ( a2<1> + 2a4<1>"' + 3a6<J>S ) , ( e == ±1 , a6 * 0 ).

This equation is in general invariant under the Euclidean gy:oup E(n+1) for e = +1, _
under the Poincare group P(n,l) for E = -1. For a2 = a4 = 0 (a tri-critical po~nt) it is _.
invariant under a larger group, namely the eorresponding similitude group (iricluding
dilations). A large number of new exact solutions is found at the critieal point.· All of
them have the fonn <b~ = p~ F(~~), where p and ~ are obtained by ealculating the
invariants of subgroups of the symmetry group, having generie orbits of eodimension 1
in the spaee of independent variables. Tbe function F(~) satisfies an ordinary
differential equation, whieh ean be solved in many special eases, in particular when-
ever this ODE has the Painleve property. An example of a finite energy, spherically
symmetrie statie solution in 3+1 dimensions obtained in this manner is

1· 1

<b(ij =( 3t? )4" (X12 + X22 + X32 + c2 )- '2
a

Tbe reported results were obtained in eollaboration with A.M. Grundland and J.
Tuszynski.

Berichterstatter: Gudrun Schwake
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