
·MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

T a 'g u n g s b e r ich t 25/1992

Computat~onal Group Theory

7.6. bis 13.6.1992

The meeting which was the second of its kind in Oberwolfach - the
first took place from May 15 to 21, 1988 - was organized by J. Neubüser,
Aachen, and C. Sims, Rutgers. It was attended by 51 participants from
9 countries. Although in the time' between the two Oberwolfach meetings
further conferences 00 the same topic had takeo pIace at Warwick, Eog
land, and Rutgers, New Jersey, the wealth of new ·material presented in
this meeting showed that this field of work is in a phase of rapid develop
ment. In 41 talks reports on new algorithmic ideas aod their complexity
analysis, on new implementations aod system developments, and on ap
plications of these to coocrete questions were given. The subjects treated
could roughly be divided into 5 areas: permutation groups, matrix groups,
finitely presented groups, polycyclicly presented groups, and representation
theory.

The development cf algorithms for permutation groups that started
with .C. Sims' semina! papers in the 60s, has obtained a new thrust from
the complexity analysis of such algorithms that started same 10 years aga
with the discovery of E. Luks that permutation group algorithms cauld be
used for showing the existence of certain graph algorithms with polyno
mial complexity. Until very r~cently this complexity theoretic analysis of
permutation group algorithms had remained rather theoretical. However
in time for this meeting practical implementatioos had started using the
introduction of some combinatorial methods by L. Babai and others. The
reports that these algorithms are now practically available formed one of
the highlights of the meeting.
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The investigation of matrix groups given by generators had in the past
been a rather neglected question. It was really prompted by a discussion
that took plaee in tbe previous Oberwolfaeh meet~ng in 1988, which resulted
in a paper by P. Neumann and C. Praeger. This meeting already saw
several reports on new ideas, and it ean be predieted that methods for the
investigation of matrix groups will be a main area of activity during the
next years. •

In the area of finitely presented groups eoset table methods have been
teehnieally improved and a new infinite nilpotent quotient program is now
available, while methods for finding soluble quotients are still in the phase
of discussion and only first implementations exist.

In the area of the struetural analysis of polyeyelicly presented groups
further methods have been developed, the elassification of p-groups has
been extended.

The area of eomputational methods in representation theory was pres- .
ented by the largest number of talks of the n.ve areas mentioned above.
Here in addition to the extension of methods some large projeets for the
classifieation ef represent~tionsdomiriated the scene.

Since 1988 comput.ing facilities (a SUN SP_J\RCstation 2, seme Mac
intoshs, and a Siemens PC W 2000) have been insta11ed at Oberwolfach.
These were supplemented by an IBM RS 6000 brought !rom t.he Univer
sity of Essen with financi-al support by NAG, a HP 710 which was kindly
provided by Hewlett Packard, and a DECstation 5120 which was brought
!rom RWTH Aachen. At Oberwolfach in addition. to the computer algebra
system Maple three major group theoretical systems are now permanently
instaI.led: Cayley, GAP, and LIE. Those that are normally eommereially .
distributed have been donated to the institute. In addition to these several
further systems and stand-alones were available at the meeting. All of this
software was frequently used for demonstrations and joint projeets, during •
the breaks and untillate into the night. Thursday evening saw an informal
diseussion about the further development of one of the systems (GAP).

The lively discussions during the meeting and the interest in the exchange
and joint development of methods and programs showed that computatio-
nal group theory is a most active part of group theory. (J. N.)
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Greg Butler
Applications of homomorphisms

Homomorphisms are critical in divide-and-conquer approaches to comput
ing in permutation groups. These inc1ude restrietion to one orbit of an in
transit~vegroup, the induced action on an invariant partition of the points,
and the isomorphism given by a polycyclic generating sequence of a soluble
gToup or a p-group. We discuss improved algorithms for computing Sylow
p-subgroups and the conjugacy c1asses of elements of apermutation group
which are based on homomorphisms. Experimental results ar.e presented.

Colin M. Camphell
Computing efficient presentations

"At the 1988 Oberwolfach computational group theory meeting I discussed
a possible theorem concerning the efficiency of PSL(2,p) x PSL(2,p), p
prime. In ajoint paper with E. F. Robertson and P. D. Williams (J. London
Math. Soc. 41 (1990), 69-77) the theorem is stated and proved.

In this talk we brießy describe the above result an~, in addition, give
efficient presentations for A~ and A:. Other effident presentations are de~

scribed as is some work in the area by two St. Andrews research students,
D. M. Gill and B. Vatansever.

Arjeh M. Cohen .
Computing with Coxeter group elements

This talk intended to announce that there are now

1. fast algorithms for computing canonical forms (in the software package
LIE for Weyl groups; by Du Cloux (Lyon) for a.rbitrary Coxeter
groups ); and

2. a solution to the conjugacy problem {ar hyperbolic Coxeter groups,
due to D. Krammer (Utrecht).
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Arjeh M. Cohen
On the solution of Kostant's conjecture

In joint work with R. L. Griess and B. Lisser, the group G = L(2,61) is
emhedded in Es(1831) hy means of a three step proeedure. First the stan
dard Borel suhgroup of G is embedded in a torus normalizer, in which also
an element Wo is found inverting the diagonal subgroup of G. Then, the •
embedded diagonal subgroup ·of G is put in diagonal form with respect to
a ChevalIey basis of the adjoint module for Es(183I), the Lie algebra. Fi-
n811y, an involution w E woH, where His the group of all diagonal elements
of Es(183I), is found that generates a subgroup ~ G with the embedded
Borel subgroup. This third step is done by solving a system of 1984 linear
equations in 240 variables. It is argued that there isa unique conjugacy
class of subgroups ~ G in Es(183I). A Brauer lifting argument leads us ·to
eonelude that there also is a unique conjugaey dass of subgroups ~ G in
Es( ([1). This solves a conjecture of Kostant 'so

Gene Cooperman and Larry Finkelstein
A unifled approach to membership testing ror large and small

base permutation groups

(Presented by Gene Cooperman)

A new approach to group membership is presented which leads to a unified
treatment for both large and small base permutation groups. It is almost
purely eombinatorial, not even relying on the coneepts of transitivity and
primitivity. The algorithm appears to be simpler than algorithms deseribed
previously in joint work with Babai, Luks and Seress and has the potential
for leading to superior implementations. For ease of eomparison, we neglect •
terms involving 151 and terms not involving n. In the large base ease, the
asymptotie time is O(n2 10g IGllog n) with reliability at least 1 - I/n, as
eompared with the previous result of O(n 3 10g4 n). In the small base eRse,
t~e asymptotie time is O(nb2 log2 lGllog n) with reliability at least I-I/n.
This is elose to the previous result of O(n log3 IG I) for small b, but has a
higher reliability of at least 1 - I/n.
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Gene Cooperman an~ Larry Finkelstein
Cyclic base change algorithms for permutation groups

(Presented by Larry Finkelstein)

An overview of base change algorithms for permutation groups will be pre
sented. The foeus of the talk will be on two new cyclic base change algo
rithms. One is deterministie and the other is randomized. When G is a
Jmall base permutation group both algorithms have worst ease time eom
plexities which are better than existing algorithms in their class. For G
apermutation group of degree n speeified by a generating set S, the de
terministic algorithm requires O(n log2 IGI +nlSI log IGI) time. It outputs
a Schreier vector data structure which requires O(nlog IGI) spaee and in
which every Schreier tree has depth bounded by 2 log IGI. The randomized
algorithm returns a Schreier vector data structure for which the sum of the
depths of tbe resulting Schreier trees is O(log IGI). It is sbown that the
algorithm has probability exceeding 1 - 2/n of using O(nblog2 n)time for
b the size of a non-redundant base. As with most randomized base change
algorithms, it is Las Vegas in the sense that within the same time it ean be
deterministically verined wbether tbe answer is correct. In order to achieve
-this time bound it is necessary that random elements of G be computable
in time O(nlog IGI). A final result is a randomized algorithm which given
an arbitrary strang generating set S for G constructs a Schreier vector data
strue~ure which can be used to compute random elements in O(n log IGI)
time. It is shown that this algorithm has probability 1 - l/IGI·of using
O(nlog2 lGI + n15l) time..

J ohn D. Dixon
A census of finite primitive linear groups

(Joint project with Holger Gollan, Essen)

Let Z be the group of scalars in GL(n, aJ). Consider the set of primitive,
subgroups G of GL(n, f1!) with Z ~ G and G/Z finite. Jordan (1878) sho
wed that this set is finite (up to conjugacy) for eaeh n. Sincethen, a
number of mathematieians have enumerated these groups for vanous n.
Write S/Z := soc(G/Z) = To/Z X T1/Z x ... X Tna/Z where To/Z is abelian
and Ti / Z is nonabelian, simple for each i > O. Then S is irreducible and
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s ~ To® ... ® Tm where Ti ~ GL(ni, lC) and 1i ~ Ti with nOnl ... nm= n.
The nor~alizer of S in GL(n, aJ) is isomorphie to (No ® ... ® Nm) . U
where Ni is the normalizer of Ti in GL(ni' <C) and U is apermutation
group of degree m which "fuses" the isomorphie Ni. It is known that
No = T o ·rr:=lSp(2ki,pd where no = p~l ... p:. and Ni/Ti is isomorphie
to a group of outer automorphisms of Ti/Z. Hence it is possible to con
struet systematieally explieit matrix representations of the primitive group
of degree n in families aeeording to the value of S/ Z. This uses the known
representa.tion of No and the projeetive characters of the almost simple
groups Ni/Z ({rom the ATLAS, for example).

Meinolf Geck
CHEVIE - Character Tables of Hecke Algebras

CHEVIE (ChevalIey & Lie) is a joint project of G.Hiß/G.Malle (Heidel
berg), P.Fleischmann/I.Janiszak (Essen) and M.Geck/G.Pfeiffer (Aachen).
Its purpose is to eolleet in a unified way information on finite groups of
Lie type, and to provide too1s and programs for working with these data.
The parts of eH EVI E dealing with finite Weyl groups and associated Hecke
algebras are developed in Aaehen.

Let W = (s E S I S2 = (ss,)m.., = 1) (where m .., are fixed non-negative
integers) be a finite Weyl group and H be the associated Hecke algebra
over the field of fractions of thering A· o~ Laurent polynomials over ~
in indeterminates u~/2, sES, such that u. = U.' whenever s, s' E S are
conjugate"in W. Let 4>;, j = 1, ... ,m, be the irreducible eharacters of H.
G.Pfeiffer aod the authQr have shown:
(1) For w E W, denote by Tw the corresponding basis element of H. Then
Tw and Tw ' are conjugate by a unit in H, if w, w' E Ware of minimallength •
in one flxed conjugaey class of W.
(2) For each conjugacy dass C of W, fix an element Wc E C of minimal
length. Then, tor each w E W, there exist uniquely determined polynomials
fw,c E A such that 4>;(Tw) = Lc fw,ccPj(Twc } for all j.

The character table of H is then defined to be the square matrix
(4)j(Twc ));,c. It has been determined for W oftype F4 and E6 , for example.
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Robert H. Gilman
Applications of formal language theory

The coset table obtained by enumerating the cosets of a subgroup H of
finite index in a finitely presented group G may be thought of as a finite
automaton accepting the language of all words representing elements of
H. From this point of view it is natural to ask what may be gained by
replacing this finite automaton by one of the more powerful types stuclied
in the theory of formallanguages. There is a variant of pushdown automa
ton which accepts all words representing elements of a subgroup H if and
oo1y if there exists N of finite index in G with H normal in 'N and N / H
isomorphie to a free group. Further there is a test whieh may he applied
to the partial coset tables ohtained during the enumeration of the cosets of
a finitely generated subgroup H in G. The tables will eventually pass the
test if and only if there is a subgroup N embedded as above.

Stephen P. Glasby
Constructing absolutely irreducible representations of a finite

soluble group

This talk has two parts. Let G be a finite soluble group given by. a (conflu
ent) PAG-system, and let p be a prime. In part I, we deseribe an algorithm
for eonstrueting all the absolutely irredueible representations of G in eha
racteristic p, where each representation is' written over its .character field.
As representations are extended or indueed, the eharacter field may beeome
larger or smaller and the changing of fields ean be done effieiently. In part
11 we discuss.a convenient recursive algorithm for eomputing with finite
fields.

Let 1 = mt, m2, ... ,mr = m be a sequence of divisors of m where
mi/m i-l is a prime, for i = 2, ... ,r. We eompute in F p"' via the "compo
sition senes"

Fp = Fp"'l C F P"'2 C ... C Fp",r = Fm,

using polynomials fi(Xi ) where fi(Xi) E F pmdXi] is irredueible. The ele
ments of F p"' are viewed as polynomials in Xl' X 2, .•. , X r • Using some
basic ideas such as
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if ged(a, b) = 1, we may change easily from one composi tion senes to
another and reuse the polynomials. It is now partieularly efficient to con
struet embeddings F pd -+ F pn and F pn -+ Mat(n/d, F pd) for any divisor d
ofn.

In praetice, we construct tables of irreducible polynomials for compu
ting in Fpca, where ais apower of a prime r. There are some theorems which
may be used to construct infinitely many irreducible polynomials for given
p and T. The arithmetic in this recursive schema has a lower complexity
than that of computing modulo one irreducible polynomial.

George Havas
eoset enumeration: implementation and application

New strategies for enumerating cosets in finitely presented groups are de
scribed. They are based on the observation that, when a coset enumeration
completes, both the relator tables and the coset table will be filied. Thus,
coset definitions are made to keep these tables in relative balance.

A stand-alone implementation of these strategies exists and they are
. also available in the latest version of Cayley. They show excellent perfor
mance on difficult enumerations, defining orders of magnitude fewer eosets
in same cases. They do not appear to make any easy enumerations require
significantly more cosets.

Coset enumeration has been applied to the Burnside group B(2,5) to
obtain a new result. In the restricted Burnside group R(2,5), the third term
in the lower central series, 13(R), has index 125 and may be generated by
12 elements. A 12 element generating set has been found for 1'3(B).

Derek F. Holt
Computing in matrix groups

This talk eoncerns the following problem. Let G be a subgroup of the
general linear group GL(n, q) given by explicit generating matrices. Then
determine structural properties of G. The principal theoretical result used
is the theorem of Aschbacher which states that G must lie in at least one
of nine c1asses of subgroups of GL(n, q).

8

                                   
                                                                                                       ©



r
I

i

The first part of the talk is a description of an implementation in .GAP
by Holt and Rees of an algorithm by Neumann and Praeger for· deciding
whether G coritains SL( n, q). This turns out to be practical for degrees n

up to 'about ·60 and q :::; 216 (i.e: all finite fields known to GAP). This is a
Monte-Carlo algorithm which has a sma.ll probability of giving the wrong
answer. It involves doosing random elements !rom the group G.

The second part concerns an extension of Parker.'s MEATAXE algorithm
for testing whether G is irreduCible, which works for large fields a.s weIl as
small. There is also.a test for absolute irreducibility. These procedures
have been implemented in GAP.

The third part is a general discussion as to how to proceed with the re
cognition of groups from the other classes in t~e Aschbacher classification.
In this connection. it is important to be able to find elements in nonscalar
normal subgroups of G. - .

Ingo Janiszczak
The generic conjugacy class numbers oe Chevalley groups of

type Es, E7 and Es

(Joint work with Peter Fleischmann)

Let G denote a finite group of Lie type E. Using a computer program
dealing with the poset of closed. subsystems of the rootsystem of G (in
particular calculating the Moebius function of the poset) we determined
the number of semisimple conjugacy classes of G whose centralizers fot:m a
given G-conjugacy class in the case that G is simply connected.

By Jordan decomposition of irreducible characters we .got tbe following
result

(mod 6);

(mod 6);

(mod 6);

(mod 6);

(mod 6);

q = 1

q=2

q =3.
q=4

q=5

Jor
JOT
JOT
Jor
JOT

9q2 + 9q + 22

6q2 + 4q + 4

7q2 +5q + 3

8q2 + 8q + 20

7q2+ 5q+4

Theorem: Let G{ q) be a finite group 0/ adjoint Lie type E . .Then the
number Cl{q) 0/ conjugacy cla.5Je.5 0/ G(q) i.5 given a.5 /ollow.5:

1.) G = Es{q): Cl(q) =
= qS + q5 + 2q4 + 2q3 +
= qS + q5 + 2q4 + 2q3 +
=q6 + q5 + 2q4 + 2q3+
= q6 + q5 + 2q4 + 2q3 +
= q6 + q5 + 2q4 + 2q3 +
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= q6 + qS + 2q4 + 4q3 + 11 q2 +.11q + 16 JOT q == 1 . (mod 6);

= q6 + qS + 2q4 + 4q3.+ 12q2 + 14q + 30 Jor q == 2 '(mo~ 6);

=q6 + q5 + 2q4 +'4q3 + l1 q2 +11q + 15 J~ q == 3 (mod 6);

= q6 + q~.+ 2q4 + 4q3 + 10q2 + 10q + 14 JOT q == '4 (mod 6);

= q6 + q5 + 2q4 + 4q3 + 13q2+ 15q + 34 Jor q == 5 (mod 6);

3.) G = E7(q): CI(q) =

= q7 + q6 + 2q5 + 4q4 + 10q3 + 15q2 + 25q + 21 JOT q = 2n
;

= q7 + q6 +- 2qS + 5q4 + 13q3 + 24q2 + 46q + 57 lor q = 3n
;

= q7 + q6 + 2q5 + 5q4 + 13q3 + 24q2 + 47q + 59 el~e;

4.) G = Es(q) : Cl(q) =

= q8 + q7 + 2q6 + 3q5 + 9q4 + 14q3 + 32q2 + 47q + 70 fOT, q = 2n
;

= q8 + q7 + 2q6 + 3q5 + 10q4 + 16q3 + 39q2 + 65q + 102 JOT q = 3n
; ,

= qS + q7 + 2q6 + 3q5 + 10q4 + 16q3 + 40q2 + 67q + 111 lOT q = 5n
;

= qS + q7 + 2q6 + 3q5 + 10q4 + 16q3 + 40q2 + 67q + 112 else.

The case E 6 also was obtained by Deriziotis and Holt.

William M. Kantor
Computations in quotient groups sud other aspects of Sylow

subgroups of permutation groups

•

The talk consisted oftwo parts. The first outlined an efficient but complica- e
ted algorithm for finding Sylow subgroups of a group G ~ Sn. The algorithm
hasa bottleneck when G is simple, primitive and small (I GI< n 5

), when
backt.rack should be fairly efficient but seems overly crude.

The second part of the talk concerned algorithms (due to Luks and my
self), that use Sylow subgroups: flnding the core of a subgroup of G, and
computing in quotient groups (e. g., finding Z(G/ K) if K <:J G :5 Sn).'

10
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Adalbert Kerber
Symmetrica

The computer algebra system mentioned in the title was introduced. The
main properties of it are the following ones:

• It is devoted to the representation theory and combinatorics of finite
symmetrie groups and of related classes of groups like the alternating
groups, the wreatb produets of symmetrie groups,... , the genereal
linear groups.

• 'It is a system that runs on any computer with aC-compiler.

• It mainly uses symbolie ealeulations in terms of sequenees of natural
numbers or of tableaux.

• It is written' in an objeet oriented way .to avoid the implementation
of an extra language on top of the proeedures and therefore keeps the
usability of progranuning tools like optimizer, debugger, profiler and
so on.

• It provides routines for

charaeters of Sn (also modular), An, Sm 1Sn,

matrix representations of Sn (also modular), GLm{aJ),

Schur, Schubert, zonal polynomials, symmetrie polynomials to
gether with base change ma.triees,

eycle indieator polynomi~s for eombinatorial enumeration,

the ordinary group algebra of the symmetrie groups.

For these proe~dures you ean use

integer arithmetic, long integers, automatically and if necessary,

eyclotomic fields,

At present for modular purposes only prime fields of prime cbaracteristics
are used and necessary. Later on this will be extended. The program sy
stem is available by anonymous ftp from: 132.180.8.29, tbe name of thefile
is mathjSYMjSYM.tar.Z
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Wolfgang Kimmerle
Computational aspects oe the isomorplüsm problem of

-group rings

1. The modular isomorphism problem:
Let Fpbe the field of p elements, G ~d H finite p-groups. Does FpG ~

FpH imply that G and H are isomorphie? The program Sisyphos •
(based on an algorithm due to Scott and Roggenkamp, modified and
implemented by Wursthorn) is diseussed. One applieation of Sisyphos
is the proo! that '2-groups of order 26 have a positive answer for the
modular isomorphism problem.

2. A slight modification of Sisyphosallows the eomputation of automor
phisms of p-groups. The knowledge about special automorphisms ~ot

only of p-groups is relevant for the third topie.

3. The integral isomorphism problem:
Let G and H be arbitrary groups. Does ZG ~ ZH imply G ~ H?
This problem has for groups of order pB . qb a positive answer, if
G/ F( G) has the property that each conjugacy dass preserving auto
morphism is inner.

Charles R. Leedham-Green
Recognizing the special linear group

(Joint work with Frank Celler, Aachen)
- I

We have three algorithms for reeognizing matrix groups. The first two have
been programmed in GAP, the third is being programmed.

1. To ealculate the- order of a matrix A E GL(n, q).
This runs in O(n3 log qlogt) time, where t is the number of distinct
prime divisors of the order of A. We take the factorization of the
integers qi - 1, 1 ~ i ~ n, as given.

2. To decide whether or not (X) contains SL(n, q), where X is a subset of
GL(n, q). The algorithm either returns 'YES' with a proof(depending
on Aschbacher 's classification of matrix groups and making strong use
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of the classification of finite simple groups), or 'NO' to any required
degree of confidence. The algorithm is based on the Neumann-Pr~ger
algorithm, and has tbe same complexity as 1.

3. As ahove, hut a constructive algorithm is used, in that, if the answer
is 'YES', a generating set of elementary matrices is evaluated as words
in X. This algorithm runs in O(n 4 10g q + q) time, and is elementary.

Steve Linton
A module enumeration algorithm

~'Tadd-Caxeterrar matrices"

In tms talk I described an algorithm analogous to eoset Enumeration, but
constructing matrix representations of finitely presented k-algebras, rather
than permutation representations of finitely presented groups. The input
to the algorithm is a field k and a set X of generators. We then write
A = A(X) for the free k-algebra generated by X. Further input is a set
R ~ A of relatorJ. The algebra constructed is then the quotient

P = Aj(ARA}".

Further input is an integer 5, allowing us to define the free 5-generator left
A-module M = EB:=1 A. This has a natural homomorphism onto the free
s-generator P-module. Finally we input' a set of members of M (that is
s-tuples of members of A) whose images will generate the left P-module on
whose quotient we will compute the action of the generators.

This seems complex, but when each x E X is invertible P will be a (quo
tient of a) group-algebra, and when each r E R is of the form Xl •.. Zt - 1
and each component of each w E W is of the same form then the algo
rithm simply reduces to coset enumeration and. constructs apermutation
representation (with 5 orbits).

The talk covered the algorithm, 'which is quite naturally derived from
eoset enumeration, and various refinements which are essential for a prac
tically fast implementation.

The algorithm has been implemented and the program is freely avai
lable, anyone wanting it should contact s125@cus.cam.ac.uk .
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Finally some areas where the algorithm has found application were meo
tioned. 'I,'hese include representation theory, Hecke algebras, the operator
p-quotient algorithm of Alice Niemeyer and, most recently, ~omputing ho
mology of graphs.

Andrea Lucchini
Computing the minimal "umber of generators in finite soluble

groups

The problem of determining the minimal number d(G) of generators for
a finite solvable group G has been discussed and completely solved by
Gaschütz.. The work of Gaschütz also suggests a computational method
to find a set of generators of minimal cardinality for a finite solvable group.
The main idea is to go down along aseries with abelian factars·, using the
following fundamental remark (Gaschütz): Let N be anormal subgroup
of G and let Yl, ... ,Yd E G be such that GIN = (YIN, ... ,ydN). If G can
be generated with d elements then there exist Ub ... , Ud E N such that
G = (YtUIN, ... ,YdudN).

This suggests a simple algorithm to determine a set of generators of mi
nimal cardinality for a finite solvable group G, given by a pc-pr~sentation,

when a chief senes is available. For the ease when it is diffieult or too ex
pensive ta compute a chief senes, a less simple algorithm, but nevertheless
efficient, is also presented. Both algorithms have been implemented in Cay
ley aod in GAP.

Eugene Luks
Computing in solvable linear groups

We announce methods for computing in solvable G ::; GL(n,q), aiming, at
this point, for guaranteed polynomial time. Given a small generating set,
5, for G, testing solvability and testing nilpotence are in polynomial-time,
that is, in time O(n+log q)C). It seems unlikely that membership-testing in
G is in polynomial time, as even the case n = 151 = 1 subsumes the dis.crete
log problem. However, letting J.L denote the largest prime in IGI that does
not divide q, the following can be carried out in time O( (n + log q + J.L )c.)

14
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steps: test membership in G; find IGI; find generators for the subgroup
fixing a set or a subspaee; find Sylow subgroups; find eentralizers and nor
malizers of subgroups. As an applieation, finding normalizers in solvable
permutation groups is in polynomial time.

Klaus Lux
Peakword condensation and finite lattices oe submodules

We outline an algorithm which, given an algebra A over a fi;nite field F,
determines the lattice of submodules of an A-module V. If S is a sim
ple eonstituent of the module V an S-peakidempotent e is an idempo
tent in A with the property that dimF(Se) = dimF(EndA(S))~ An A
module M is said to be S-loeal if M/Rad(M) ~ S. There is a one
to-one eorrespondenee between the S-loeal submodules of the A-module
V and the eSe-Ioeal submodules of the eAe-module Ve. Peakidempo
tents ean be found systematically by looking for peakwords in A, i.e.,
elements of A which have the property kernel(aT) = 0 if T is a eompo
sition faetor of V with T '1- Sand dimF(kernel(as)) = dimF(kernel(a;))
and dimF(kernel(as)) = dimF(EndA(S)). The Conway-Benson theorem
on modular lattices teIls us that the submodule lattiee of V ean be re
eovered from the IDeal submodules and eertain relations amongst them.
Based on this the implemented version of the algorithm proeeeds as fol
lows: It determines a composition senes for V, then finds the peakwords
aod peakidempotents for the various composition factors, works out the
Ioeal submodules in V, and the relations amongst them. Finally it recovers
the lattice of submodules using the Conway-Benson theorem.

Gunter Malle
CHEVIE and Green functions

CHEVIE is a database and a program system fo~ generic character tables of
(small rank) groups of Lie type. At present, it contains the tables of all rank
2 groups. The handling of generie tables is possible by subdividing the set
of conjugacy classes into fini tely many "families of classes", and similarly
subdividing the irredueible characters into "families of charaeters". Work
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on generic character tables was begun by Biß and Geck in Aachen, ~nd is
~ow continued by groups in Aachen, Essen and Heidelberg.

By the theory cf Deligne-Lusztig, the main ingredient for the compu
tation of a character table of a group of Lie type are the Green functions.
This is 8. set of functions on the unipotent classes, indexed by F -conjugacy
classes of the Weyl group. Algorithms for the computation of these func-
tions in good charaeteristic are known. In bad characteristie it iS'possible to •
determine these funetions from' their formal properties, like orthogonality
relations, at least in special cases. So the characteristic 2 Green functions
of F4 , E 6 , 2 E6 , E 6 .2, and 2E 6 .2 can be eomputed. They have also been fed
into the CHEVIE system.

Victor Mazurov
Computations with character tables

(Joint work with N. Mazurova and S. Zharov)

Apermutation character of a finite group is an integral linear combination
of irreducible characters with some restrietions on coefficients. Most of

. these restrietions are in the form of linear inequalities. This makes possible
to use linear optimization algorithms for the finding of permutation cha
raeters of bounded degree. For example, by tbis method were calcuJated
the permutation characters of the least degree for sporadie simple groups
F2 , F3 , and Fs .

In the second part cf the talk an algorithm for the distributing of eha
raeters in p-bloeks based on new results of V. Belonogov is discussed.

John McKay
Imprimitivity of Galois groups

(Joint work with David Casperson)

For irreducible f = lli=l(X - ad E tV[x] we have the

Proposition

(1) f Igo h, g, h E ~[x], degg, degh < degf.
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(2) 3 an intermediate field ox.ß), (JJ c OXß) c l(Ka ).

(3) Gal(JJ! acts imprimitively on {ai}'

(1) +-+ (2) 4-+ (3).

Computationally, given approximations to {ai} then, for ai -=I=- aj in the
same block, we have

h(O'.i} = h(aj) -+ L: h lc (a7 - aj} = 0
Ic

from which {hk}lc>o can be deduced from a ~-linear depend-ence program
(Ferguson/Bailey or L3

). The constant term of h may be absorbed into
9 = minpoly(EIc>o h lc ((7)) which may be fbund using a zt-linear depend
ence algorithm, Gröbner basis, or resultants. Note that degg = # of blocks.

Michael F ..Newman
The use of p-quotient programs

The basic purpose of p-quotient programs is to take groups of p-power order
described as quotients of finitely presented groups and produce consistent
power-commutator presentations for them. Some more or less routine uses
of such programs were mentioned, in particular the computation of some p

quotients of presentations of interest in the context of the Golod-Safarevic
Theorem (see my talk - Some computations - at the recent meeting here
on p-groups). In some contexts the finite presentation may only be impli
cit. For example the underlying group description may include an exponent
law. In a p-quotient a fini te set of instances suffices to ensure the law holds.
Another example is when the set of relations of the underlying group is the
c10sure of a finite set of words under a set of endomorphisms of the rele
vant free group. This way of giving a group is usefu! when handling large
groups of finite exponent. Two examples were given. The computation of
consistent power-commutator presentations for the largest class 14 quoti
ent of the 2-generator Burnside group of exponent 8 (which turns out to
have order 22240

) and, with E. A. 0 'Brien, for the 3-generator restricted
Burnside group of exponent 5 (which has order 52282

). These computati
ons were done with a new p-quotient program written in C by E. A. O'Brien.
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Werner Nickel
Schur multiplier and representation groups

The Schur multiplicator M{ G) of a finite group G given by a finite pre
sentation (at, ... , an I Tt, ••• , Tm) ean be described as the torsion part of
R/[R, F], where F is the free group on {at, ... , an} and R the normal clo
sure of {Tt, ... ,rm } in F. Any C < F such that G > [R,F] and C/[R,F]
is a eomp~ement for M{G) in R/[R,F] gives rise to a representation group •
F/C of G.

In the ease of a finite soluble group G this deseription ean be used to
eompute M(G) and a set of groups which contains a representative for
eaeh isomorphism class of representation groups. The proeedure uses a
eonsistent polycyclic presentation for G to obtain a consistent .polycyclic
presentation for F/[R, F]. Furthermore, it allows to determine a set of rep
resentatives for the isomorphism elasses of representation groups using the
action of Aut{G/Z*) on the eomplements of M{G) in order to form orbits
which correspond to the isomorphism elasses of representation groups. Z· is
the image of the center of any representation group of Gunder the natural
projection.

The last third of the talk was used to describe an implementation of
a nilpotent quotient algorithm written by the speaker in the programming
language C.

Aliee C. Niemeyer
An operator p-quotient algorithm

Let G be a group given by a finite presentation with a :finite soluble homo
morphic image K. It is assumed that P = Op(K) is non-trivial and that
K is given by a power-eommutator presentation using a composition series
through P. An algorithm, called the operator p-quotient algorithm, is out
lined which computes a power-commutator presentation for an extension
H of K by an elementary abelian p-group, such that H is a homomorphie
image of G and Op(H) is an 'immediate descendant' of P. The method
used has similarities with the p-quotient algorithm, which eomputes power
commutator presentations for quotients of prime power order of :fiRitely
presented groups.
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Eamonn A. O'Brien

Isomorphism testing Cor p-groups

In this talk, I deseribe an algorithm which ean be used to determine whe
ther two given p-groups are isomorphie. The teehnique used is to define a
eanonieal or standard presentati~nof a finite p-group and to provide an al-:
goritJim to eonstruet it. Under' this scheme, given two :finite presentations,
in order to establish that the two presented groups are isomorphie, it is
sufficient to generate the standard presentations for eaeh of these groUps
and to eompare tbe presentations obtained.

One view of the p-group generation algorithIil is that it is a method
to construct a power-commutator presentation for a given p-group. ·The
presentation obtained by constructing tbe group using this algorithm is
designated as the standard presentation of the group.

The standard presentation algorithm proceeds class by class or"the lower
exponent-p central series. At the kth iteration, it takes as input a set of
defining relations and tbe standard presentation for the dass k p-quotient
of G and produces as output a (possibly) modified set of defining relations
for G and the standard presentation for the class k + 1 p-quotient of G.

An implementation of this algorithm has been developed as part of the
ANU p-Quotient Program. A number of examples of its performa.nce were
presented.

Herbert Pahlings
Characters in GAP

The programs for computing with character tables of finite groups, whieh
are now contained in the computer algebra system GAP are surveyed. As
examples of its use the following problems were considered:

Question 1: ~s every multiple of a primitive character of a finite group
primitive tao?

Question 2: 15 it true, that for every irreducible character X of a finite
group G there is a character <p of a proper subgroup such that (X, </JG)G = I?

Question 1 has a positive answer for solvable groups, as was shown
by Ferguson and Isaaes, who also raised the question for general groups.
A search, using the eharacter table library of GAP quickly produces the.
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following examples of primitive characters multiples (in fact, doubl~s) of
which are imprimitive: J2 (X20), Ru (X33), and Suz (X36).

Question 2 apparently was first raised by Janusz in 1966; it came up
again in vanous contexts, e. g. recently in a paper of Ritter and Sehgal
on units of integral group rings. O. Bonten (Aachen) has shown, that J4

provides a counterexample. Another such example is given by the sporadie
simple group Ly (X37). Since not a11 of the character tables of the maximal •
subgroups of Ly are known at present, a proof required the construction
ofpermutation characters using a new algorithm due to T. Breuer (Aachen).

Götz Pfeiffer
Tables oe marks in GAP

Let the group G aet on a set n and define the mark ßo( G) to be the
number of fixed points of G. Burnside eonsidered all transitive actions of
G on the eosets G / A of its subgroups A and defined the t.able 0/ mark"
of G as the matrix (ßG/A(B))A,B where both A and B run through a list
of representatives of conjugacy classes of subgroups of G. The table of

. marks provides a eompaet deseription of the subgroup lattice of G, since
ßG/A(B) = I{AZ ~ Blz E G}IING(A) : AI. The number of conjugates of
a subgroup B which are eontained in a subgroup A of G can be .expressed
in terms of marks, in partieular the total number of subgroups of G ean
be computed from the table of marks. A Maekey deeomposition of tensor
products informs about intersections of subgroups. The table of marks
describes the Burnside ring of G and ean be used to investigate its structure
(idempotents, units).

Let J.L denote the Möbius function of the subgroup lattice oI G and A
that of the poset of eonjugaey classes of suhgroups of G. Hawkes, Isaaes,
Özaydin, and Pahlings compared these functions and proved the following •

Theorem. If G is solvable and a ::; G then

p{A, G) = ING,(A) : G' n AI A(A, G).

These values of JL and A ean be eomputed from the table of marks and
provide counterexamples for non-solvable G: the simple groups M l2 and
M cL don't have the stated property for A = 1.

20

                                   
                                                                                                       ©



•

The table of marks can be constructed from the subgroup lattice of.G by
counting conjugates. Alternatively it can be computed by inducing marks
from (maximal) subgroups of G.

Theorem. Let A, B ~ U ~ G. Then

~GIA(B)= ING(B)I B'fB INu~B')IßUIA(B')

where the sum r~ges over a1l representatives B' of conjugacy classes of
subgroups of U which are conjugate to B in G.

.It remains to determine the fusion of the conjugacy.c1asses of subgroups
of the maximal subgroups into G. For that purpose two equivalence rela
tions * and == are introduced on the disjoint union of the sets of conjugacy
classes ofsubgroups ofall representatives of maximal subgroups of G, such
that always [A] * [B] ~ A ~ B ~ [A] == [B].

Now the relation == has to he refined, * has to be made more coarse
untiI hoth coincide. Then they will hoth describe conjugation of sU:bgroups
in G.

A future release cf GAP will contain a library cf t~bles cf marks includ
ing those of all simple groups of order less than a million, J3 , M 23 , M 24 , and
M cL", toget'her with a library of functions that deal with tables of marks.

Wilhelm Plesken
Constructing rational representations of finite groups

Recently B. Souvigriier has computed the irreducible maximal finite sub
groups of GL(lO, 76) and the irreducihle Bravais groups of degree 8. G.
Nebe and myself have determined the irreducible maximal finite subgroups
of GL(n, (Q) for n ~ 23. For these applications it is important to have al
gorithms to construet irreducible rational representations of finite groups.
These ean be extraeted from reducible representations, onee the centralizer
algebra is known. The latter can be obtained by a summation process over
the group, whieh however iso not practical. By using the Perron-Frobenius
theorem for positive matrices it is shown that the summation process ean
be approximated by iterating the summation only over a set of generators.
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Sarah Rees
Computing quotients of flnitely presented groups

In collaboration with Derek Holt I have implemented in C an interactive
graphics program QUOTPIC which, giveo a finitely presented groupG,
constructs and displays finite quotients of G in a lattice, thus allowing
the user to gain very quickly a general overview of .the .group. Standard .
permutation group algorithms are called by QUOTPIC via UNIX system
calls. The main group theoretic techniq~es currently consist of

(i) a C program PERMIM, which enumerates maps from G onto given
finite permutation groups,

(ii) various variations of the Reidemeister-5chreier proc~dure, and

(iii) the MEATAXE program for computing the lattice of submodules over
a finite group ring.

The design of QUOTPIC has made it easy to import code from else
where, for example the MEATAXE is the Aachen implementation aod the
p-Quotient from the ANU. We have plans to extend our repertoire of pro
grams, thus substantially increasing the versatility of the system (for ex
ample, we shall sooo be incorporating a low index subgroup program, and
a general nilpotent quotient).

QUOTPIC is available via anonymous ftp from ~uda.ncl.ae.uk,where it
sits in pub/loeal/nser in tar files isomtarl.Z etc.

•

Edmund F. Robertson
Programs to enumerate semigroups and using these programs

to study semigroup presentations •

Two programs to enumerate semigroups have been developed in 5t. An
drews. Using these programs to investigate semigroup presentations has led
to many interesting results and eonjectures. This talk will describe results
about the semigroups
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I

and thesemigroups

(r,3 I r3 =r, 3
0 +1 =S, W1(r,S)=W2(r,S)).

Interesting questions about groups related to the second class of semigroups
anse.

Derek J. S. Robinson
Theoretical algorithms for flnitely generated soluble groups

It is known that the word problem and the isomorphism problem are in
soluble for finitely presented soluble groups of derived le~gth 3'. D.espite
this, the prospects for a successful algorithmic theory of suitable classes of
finitely generated. soluble groups remain favourable. In particular a large
number of algorithms have been constructed for polycyclic groups and for
finitely generated metabelian groups. For plycyclic groups these a~e due to
G. Baumslag, F. B.· Cannonito, D. Segal, and the author (J. Algebra 142
(1991), 118-149); the results for finitely generated metabelian groups are
contained in a preprint by Baumslag, Cannonito, andthe author.

As a result of this work, it is in principle possible to carry out many
standard group theoretic constructions. For example, there are algorithms
to find the centre, ~itting subgroup, centralizers and normalizers, limit of
the lower central series~ an.d Frattini subgroup. It remains to be seen whe
ther any of these algorithms is implementable.

Gerhard Schneider
Computing Loewy-series and projective resolutions

An algorithm for computing the endomorphism ring of a K G-module can be
modified to compute the homomorphisms between two KG-modules. This
can be used to determine the Loewy-series of a KG-module by computing
maps !rom the KG-module onto the various simple KG-modules. Several
examples will be given, such as the 'series for the projective indecomposable
modules of M12 in characteristic 2 and 3 and Sz(8) in characteristic 2'.

Furthermore, the algorithm can be used to determine maps' between
projective covers ·PM , PN of simple KG-modules M, N and to determine
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the quiver with relations for the group algebra. Non-commutative Gröbner
basis methods "are employed to determine the projective resolutions for
simple KG-modules; as an example U3(3) was discussed. The' second part
of the talk is joint work with Ed Green, Virginia Tech..

It is always assumed, that charK divides the group order.

Martin Schönert e
Domains in GAP

The concept of domains is the most important difference between GAP 2.4
and the new release GAP 3.1. A domain in GAP is simply a structured set.
Examples of domains are the nng of integers, permutation groups,or even
conjugacy classes of subgroups.

Some domains such as "Gaussianlntegers are predefined in the GAP
library. Most domain~ are created by domain constructors su~ as Group
or GaloisField. Also many library functions such as Stabilizer return
domaios.

Domains can be handled just like other objects, e.g., they ean be as
signed to variables, put into lists or records, aod passed to functions. Set
theoretic functions such asSize or Intersection accept domains of
any type. Other functions are oo1y applicable to domains that belong to a
certain category. For example the function Centre is oo1y applicable to
groups, i.e., domai'ns that belong to the category of groups.

Domains are represented in GAP by domain records. Initially such
a domain record only holds enough information to identify this domain.
As more knowledge is computed for a domain this knowledge is stored in
the domain record. It is important to note that all knowledge GAP has
about a certain domain is contained in the domain record, and is therefore
accessible. •

A special component in the domain record, the so called operations
record, contains .a special method for every function applicable to this
domain. Thus aue function is implemented by different methods for diffe
rent domains. For example, for permutation groups the function Size is
implemented by a method which uses a Schreier-Sims algorithm to com
pute a stabilizer chain.
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Akos Seress
Almost linear time algorithms ror' s~all base permutation

'groups

In the last couple of years, there was significant progress in the development
of almost linear time algorithms for small base permutation groups. These
are (mostly random) algorithms with worst ease running time O(nlogC IGI)
for. G ~ Sn; in particular, for the important dass of gr~ups of polylogarith
mic base size, the running time is O(n loge' n). We re~iew algorithms for
constructing 'a composition series, centralizers of normal subgroups, Fitting
subgroup, and the maximal solvable normal subgroup.

These algorithms are implemented in the GAP system.

Charles C. Sims
Computation with finitely presented groups

The first part of the talk presented abrief report on the status of comput
ing with finitely presented groups. Many of the algorithms used in such
computations have wider applications and provide natural bridges to other
parts of computational algebra. There is a need to reconsider terminology
as~e begin to compute in infinit~ polycyclic groups. The literature in the
field is of widely varying quality with the weakest papers related to calcu
lations of Hermite and Smi~h normal forms of integer matrices. ,A great
deal of powerful software has been developed, hut there is so far no single
package which incorporates all the available tools. There is a need for im
pl~mentations of the basic operations in infinite polycyclic groups, of the
Baumslag-Cannonito-Millerpolycydic quotient algorithm, and the solution
to the, word problem for one-relator groups. Since complexity analyses are
generally lacking, we must ·rely heavily on experimental evidence. Carefully
designed experimentation is difficult but much more needs to be done. Ma.
kanin '5 result on the decidability of existence of solutions to equations over
free groups could in principle have applications to the study of Burnside
groups, hut the algorithm as stated is not practical.

The second part of the talk reported on som~ experiments with R =
"R(2,5). If R = (a,b) and z = ab and y = ba, then

yx2y2xy3xy2x2y = x3yxyx3yxyx3
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holds in R. This, and the relation obtained by interchanging x. and y,
are now known for the shortest monoid relations in a and b whieh hold
in llbut ~ay not hold in B(2,5). Confluent sets of rewriting rules with
respeet to the length-plus-Iexicographie ordering save roughly a faetor of
9 in spaee compared to cosei tables for the quotients R/'c+l(R),c = 1, ... ,5.

Michael C. Slattery
Double cosets and transversals in finite soluble groups

Using the homomorphism prineiple and orbit-stabilizer one 'cau compute
a set of H, K double eoset representatives in a finite soluble group G. An
improvement ean be 6btained by using techniques similar to the Generalized
Covering Lemma in the Intersection Algorithm described by Slattery and
Glasby. This reduees the orbit sizes.

While this leads to. a possible method for working with right transver
sals of subgroups in soluble groups, it turns outthat,the standard approach
to transversals in p-groups provides a c~rrect method for left cosets in ar
bitrary soluble groups. Right cosets can then be handled by taki.ng inverses.

Geoff Smith
Solving infinitely many linear equations in infinitely many

unknowns

Let P be a finite p-group. Except in degenerate circumstances, a linear
recurrence will define a periodic bi-infinite sequence in P, the fundame~ta1

period of the sequence heing called the Wall number of the sequenee.
This talk eoncerned the relationship hetween this Wall numher, and

the period of the reeurrenee in GF(p) with initial data 0,0, ... ,0,1 (say k).
In general the length of a sequenee in P will divide kpt where t ean be •
described in terms of the strueture of P.

In special eircumstances, t can be chosen to be O. In order to prove
this fact (for a given recurrence, for all hut finitely many primes p), one
ean study sums and multiple sums, over a fundamental period, of periodic
functions 1: ~ -. GF(p).

The evaluation of these sums or integrals can be aceomplished by a
linearizing device, which leads to systems of infinitely many linear equation~
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in infinitely many unknowns. These equations exhibit such a high degree of
symmetry that if one can force any specified unknown to vanish, all roust
vanish. .

The argument is completed by taking a sufficiently large subset of the
equations and solving them on a Computer Algebra system (AXIOM, nee
SCRATCHPAD).

Leonard H. Soicher
GRAPE (GRaph Algorithms using PErmutation groups)

GRAPE is a computer system, based on GAP 3.1, for constructing and
analysing graphs related to permutation groups and finite geometries. Each
graph r in GRAPE comes with an associated G ~ Autr, and this G is used
to reduce the time and store requirements for calculations with r. GRAPE
is available free of charge from the author.

Zusammengestellt von V. Felsch (Aachen)
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