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~l Tag u n 9 s b e r ·i· c .·b ·t, '" 2811969

Symposium on Celestial Mechanics

17.8. bis' . 23.8.1969 "

The .conference ·.on celesti'al "mechanics. cf '1969 has
. ,

... ' been the third meeting at :Oberwolfach 0t:l· this 'subject
. - .. .. . .

~i thin s'ix years., All tpree me'etings wer~ d'irected by

.Professor E. Stiefel, Zurich.

The main domains on'whichpapers have been deiivered
, - .

-. ". and. which led, i~ most cases, to .extr~me]~y_ stimulatin.g·.·.

'discussions have been.the following:

Regularization ·of the'different1~1.equationsof­
. motion.

The problem"of.three bodies.

Optimization problems. '

Stellar .dynamics;. the problem ·of· N bodie~ •. _--

Resonance problems.

Stabi'li ty of motion. ,' ..

. ~. 'Numerical integration of the differential equations'
of celestial mechanics •.

The proceedings cf. the conference have "been pub,lished.

in the journal .uCelestial ·Mechanics ll
, ·Volume 2, No. 3,

October 1970.
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Abstract cf lectures

......

'E.' .Stiefel:. Remarks on i1um~rical integration of

Keplerian orb~ts.

The'classical differential equations of the two-body
moti9n are unstable in.the ·sense of Lijapounov and
suf~er thus. from Q. very b.ad numerical er~or propagation
e.specially,in the case ',af h~ghly ,eccentric".orbits., A -
sbabilization 1s offered characterized ~y the use of'·
the e,c'gentric anomaly as the indep~ndent variable and ".
the Levi~Civit~.coordinatesas the dependent variables.
(F~r,~hree-dimensionalmotion ,the appropriate generali- '.
~ation cf the Levi-Civit~ variabl~s are the KS-v~riables.)

In' oase of the ec,~entricity ~9- far example~the errors
are thusreduced by.a factor 12000.

D.G.'· Bettis': "Stabilization of,'fini te 'difference

. . ' .. method~ cf 'numerical .i,ntegration•

. Ta examine ·'th,e. 'stabilizing' ~.eff·ect~ of a mqdification

, o.f· t;tle . classi·cal· fini te di'~feren'c~ methods of numerical'

in.tegra~i,on the differential equatiorls 'of perturbed .

Keplerian II1:otion, ~re integ~ated for tw·oexamples.:· an

~rtific~a'l satell:!. te 'of ,the Earth, and.. HilI' 5 .variation " . ,

.orbit o The modified methods remove rnuch of the ins·t·ab·ilit'y

,that is i'nherent' to 'the, classical met.hods.'

G~ Scheifele:: Canonical theory' cf ..threedimensional

'. '. regularization•.

Generalizations in the" canonical th~orY cf dynamics are

made; at first transformations 'whichaugment the·number,
. .

of can~nidal variabfe~~' and secondly difrerenti~l , ,
, "

tr~sformationsof the independe~ variable are ~utlined.

This i's applied. to the .perturbed ·two-b09.Y p·rob·lem.

The 'resuits are canonical systems· ~sing independent

variables other than' time., The application of the '..

,theory to the KS-transformation yields a completely

r~g~lar canoniGal system in a lO-dimensional· phasespace,.

u~ing the eccentric anomaly as independent· variable.
, .

Subsequently sets'of 10 regular, canonical elements are'

j_ntroduced~

                                   
                                                                                                       ©



. "

~. 4 _.'

. ,'.'.,

....
, .

" . :-.: .......',

. ~ .'

...
'.-

~ . . .

'J .M. LewalIen : Recent apPl~cations:-.cf ',regulari'zation
I

" . . :'.. theory to trajectory optimization problems ..

Th.e regularized ,: tr·a.jectory opti·rrtization' pro,b~em'.is .~ .... -
.. . "," .

f'ormulat,ed ,and, applicat~on 15 made 'to the' optimal,
.. '", - ...' .. ". .'

.low-thrust... Earth escape spiral andtheoptimali' low-thrust ..

Earth-J~pi,ter t.rans~er •. r;rhes~ "e~amples ar.e imp:Lementecl, in .'.'

.' .·b·ot·h .re.cta~gular Cartesian "and polar cylindrical .,coordinates.~

" "... The numerical' accu~acy achieved and the' computer time,'
. . ..."

, .. ·required arecompared, for all 'cases :using, various numerical"·

····1ntegrat·~on error boun.~~.· ·The resuits': öbtal.ned indicate·
" '

that for space vehiQ,les whichexperience widevariations ' , e
. in the grav1tat~o'nal force .magnitu·de~.'significant reduct~9ns'

,.' :"'1n ~omput.ing, time can', be obtained' bY. usihg the' regulariz·ed - '.'

equations. In some cases .. the computing time ,is reduced ,.

by a, factor' cf three: ifregularized variables are used.,

_Furthermore, 'use .q,f the, polar coordinates co·nsi'stentlY··.
~. ~ .

.results 'in' more ',favo~able computer. tim~s than when rectangu-

. lar c'Qordiriat~s ar~ used.· .
.." •• :. '... : ...~_ .. _... ..: .:. ~. .". t1" ...... .....

' .. ~..

J~M.A." Danby: Matrix perturb'ati"on':'m'ethods ·'·usi'ng· regu'lari'zed' ,

coord'inates.' . ,

Matrix' methods ror· comp~ting perturbations of non-linear

·.perturbed· systems,~, as- formulated by Alex~-ev, involve, an . :'

expression ,ror .t,he ,full solut~on of the· first :variational ' .
. .

.. ' ,equations cf the ,system evalua·ted. about, a', referen~,e orbi~.·.·

These ~annot be immediately applied to a'regularized

system ofequations where perturbations about Keplerian

motion are .',consiq.er'ed since the sol,ution of the variational

'.

eq~ations', of regularized. Keplerian m'otion does not in

,general correspond to· tp.e., solut~on of. the variat~6nal

"equations of~ the ,unregUlarized equations., But ... as :

Kustaanhelmo ·and Stiefel have'pointed'out, th~ reg41arized: .
, ,

~quations,of'Kepl~ria~ motion ßhould-be ~xce~lent far the ':

'initiation ora perturbatIon' theory since theyare,linear',

. in rorm. The lecture describes ci. method:for apply"1ng
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A.lexeev' S. -toeorem to a regularized system where full

,advantage ' is~- taken of ' the' basic ,linear form· of- the
- . '

,:unpertur1:;>ed ·'eq.uations,!·,

·E'. ~abe: A me,thod ',ror sta'bility ·de-t'erminatioris in the

, , " , , "'::', elliptic restric,ted problem. ._

" , "'Periodi"c' so'lutions o~'. ·the_ elliptic restricted problemexist rar'
. . . ~

. , ce'rtain, commens'urabili,tie's between: the basic orbital perio~
, "

, . ' ,'of th~ two' pri~ar'ies :and the' period , of the: c,orrespc;>nding

, periodic motion of the body' of'" negligible ,mass in th,e .~

.circular restricted.· proble·IIi•..For .such periodic solutions,

th'e',infinite, determi~a~t"approach' ta, the determination,~

, , ~f the characteristi'c ':exponents' ~nd thus' ·of first ()rder
, ,

stabili ty' can be, 'extended,' to ' the, ,'ellipt'ic res~ricted ','

proble'm.' The result~I:lg"method is', ~pp~ied ~o, small

'librationalniotions~fl~ng..period .(:for appropriate '

yalues cf :the· mas.s ratio '}J, cf the' prirnaries) ~ ·,and it '18

... found that theirstab1lity in theelliptlC? problem depends

ontwo different sets of (long- and.short~period).exporients,·

in.. cant·rast, to the, one· set· ,in· ~he, ör~ina~y, restricted

problem. ,'.

H;..J. S'per11ng':' The"'real', singul'ari ties'- cf" ,the' 'N-..bodY,

, ,', .proble'm· in', celestial' mechanics. '. :

" In· the first part, some ba~i,c,"concepts and .,results are

discussed~ Abrief 'survey pf the present'status and seme
. . '

recent progress tn the 'problem of' the', real· singulariti,es
. - ,

i5,giVen.,Iri, the second,'part,~ more' d~tailed ~iscussio~

is presented of the proof: of .th·e follow1ng. Theorem:

,Let the N-bodY 'motion be 'holomorphic on " [t ,-t*J and. .' " . , ,0.

1im J'< .ooas ,t.~' t*.' 'Then :,the motion, remains, holomorphic
, ,

-or thereis a.collisi·on singularity.att*. J is the pOlar.

.inertia momentum o.f· the N. bodies; a·, C?llision· si~Ularity.

1'5 su~h' tha,t .'the N bodies ,separ~te,'in'ta qistinct '''clusters''
. '

'with all bodies in 'each cluster,coll~dingat the instant. of
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, thesingul~rity, 'while' ,the" (center·s· 01;'· mass' of ··,t1:le)

clusters remain apart from each other. " .

.' .

'. V. ", Szebehely: Poincare' s hyq.r9dynamic, analogy in,

. celest,ial mechahi·cs.

The formal, similarity .··.and .analogy· be'tween. the, differenti~·l,

'equations descr~bi~ ,two de·gree.s of' freedom ,non-integraple;.'

.... irreversible dynamical systems· on the onehand and two •.. . ..

. ...: 'and three.' d'1mens.ional f~ow ,af' .incQmpressible or c·ompressi~~e·.,'..

. :.. .. fluids on the·otherhand is investigated in some detail~·

'~': D. G. '. Saari: "Separation of clusters 'in th'e,' 'problem er."
, 'N ·bödies.·

~he 'problem of N bodies'1s 'classified according' ta. motion.',

:Under ce~tairi condit1o~s, this turn~ otit'.t6 'be'a:direct
. .'. .

ge~e~alizati~n of. the ,two·body problem. These classifications'

are :then exploited to ,~ive' new results on· the behavi·or· of' .

. the :N~body prob~~~,a's t· -+ co • "'.

". R.' W1elert: Dynamic'al evolution cf 'star"clusters -as',an

. " . -'N':'b6dy .p~öblem :in·' celeSbial.' mechanios ~, -

.i
'. I'

1

1 I

··e
The .dynanlical evolution' of .star clusters has 'been 'studied by

, numerically' integra~ing' the equ~tions 'of mqtiori of all.,
.. . .. ~.

"
. . :

·.the ~tar's a~ .an· N-body probiem. The method under. Gonsideration .'

af .~nte'gration ':lses time steps. which varywith time' and

" fr6~' star to star~ The ·results. qf eleve~ st~r 'c~uster' .

model·s arep,resented. Each mod~l contains 100 st~rs.· ....

A ,realistic spectrum cf' s~ellar masses 'is used~ In'same'

··af themodels· the .galactic,. t~dal field, a mass.loss ·of

...evolving stars, and an overall rotation of the.· cluster are ,.

taken iI;lto -'ac~o~t.,_.The·.init'ial. condi,tions of most. cf the ,,'

. cluster models,correspond to a.stationary and stable
,

,

solution of ~he encounterless·Liouville .equation (Plummer's

model). Hence.' the q.ynami.cal evolut1o~ of the cluster,'
..

~

. .

models 1s mainly caused by the effects of relaxation.
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~he results cf the'star cluster. model.computätions·
. . . ..

. '.: can .be u~ed' ,to' expl·ain. tne. observ:ec;l dl~tr1bu:tion of ages

:.. _- -.' of gal~C·tiC.star.c.l~ste~s .as -a _c.onseq~ence or.· the. dynamical

.' ".~: dissolutiori of ,th~ cluste~s due. t9' the e~cape af·stars.

. . .

: .: 'The .empirieal, valties' far" the' t9tal 'lifetimes .cf . open', clusters

vary. betweEm lOB ye~rs·.arid s.o~e 109 .years; : 50% .of the open' .
.' '., .' 8' ' . . .

.'-. clusters.:·evaporate wi,thiri 2, x 10 ye·ars. ·The' t~eoreti~al, ."
--. . ... ...

. " , .. ' ', ·times·· cf: d1sso1u't1'o~;,"basedon .an· ext~apolation.of the " : ' .

"" ."< .'. 'escape rates' of·· th~sta.r clust'e~ models,,· CaD. ·explain.the ..

... . '. . . .'. 'opserved .~ange ·o·f li:tetime~ of· the gala~tic'.clusters as due

.. . ,··..·:··:·to "different radii and··total masses(br total. numbers' of'

·.·e :..• :.....•. ":". ::.. star·s) . o~:' the :Clu:sters.: .HoweVer~::·for..thetYPical· .lifetime' ..

. . ~.. '. _ '.' or· a' ·galac·t.ic cluster we.' pre~ict· from ,the '.models 'B:' value of
.' .." .' ". . ' ... 1 :x: 109 ~ears"whi~h :1,'s' somewhat <longer than observed.·· .

. . ' The. main .reason: for. this dlscrepancy may be.· the fact· that' we '..

. , .. have neglectedso: rar' the di~rupting effe'ct ·ofpassing

...... star", c~ouds and 'of interstellar'.:,g.as ..:cl0li:ds in.' our .star

·e·luster models.... .... . .... ' ..
- . "

••".
........- ' J ~ . Mo~er: On:·.the 'oounCieness: cf;' the' solution and' the'

.... ..'. singularity of the Störmer problem•.··'·

... : :This is areport ona joint workwith MartinBraun

~'.' . (Brquwn Univer:s·ity). ·on·;. variqu~' ·results··.·about ·the motion·
.. ."'. .. .... ..

. ..':. of a· charged p.article <in, a' d:tpole fiel~,,· the so-called .

."" .. ': S·törmerproblem:.·..This. problem. leads· to a· Hamiltonian ..

,'.. system' bftwo· degrees of' freedomwi tli· a complicated·
. .

.. singularity a·t the ·pos·ition of the· d·ipole. The topological

. nature of the .flOW· ~ear·.thissingularity.~an· be described ..

... ' .. ····comPleteiy bY .transforming 1t tntoa simpler model system•

. . .' ·In particular·; ~a.n old questionconcerning the uniqueness
. ...

.: .' of asymptotic. orbits. appro~ching the' singularity. can be

.... : ,'. ·answered· ,af·firmatively.·Furtherrrtor~.the existence 'of. . . .

... '.quasi ...periodic 'motlons: and .the stability· of periodic

rriotions -·are. di·scussed.

                                   
                                                                                                       ©



'; - 8 ."-

. !. t
y

1

. ,~

'. . ~.

o. Volk: Bemerkungen zur Geschichte' der Himmelsmecha~ik
.., "!.,

(Remarks about ·the history cf celestial me.chanics) .'

Veranlasst "durch eine. Bem·erkung. von Jaques 'Levi in' einem" .:'.
. '. . .'..

Vortrag, den er fast gertau vor. zwei· Jahren, .. anlässlich'der ...

. Feier ~es 300.'· Anniversa~iums der' Grl.:lndsteinlegung· .des..

Pariser Observatoriums gehalten 'hat,mit . dem Thema:'iner'. '.. .
.' .

.französische Beitrag 'zur Entwicklung der. Himrnel~mec'hanik' '. ;

... im Laufe der letzten drei. Jahrhunderte", 'wird den Gründen .

nachgespürt," die. für: da~ ·.grosse. Spatium. von'.' fast 70 Jahren" .

.' yerantwortlich sind". das verstreichen .musst~,".bis ... ' .

Newtons .' 11 Phi losophiae naturalis princip~ mathemat~ca".:·

. auch in· Frankreich voll zur Anerkennung kamen. Es .wurde· ..·.~e

insbesondere' auf die entscheidende Rolle eingegangen, ,die .

.":Maupertuis, Voltaire und die Marquise·' du Ch~t.elet-, die:

. "Diva Emiliau'von Voltaire,'gespielt ·naben•

.- A.T. Sincla1~: Periodic"~Plutions'irtthe,commensur~bl~

three~body·problem.

A proof 9f ~he existence of families cf perioCiic' solutiöns:
. .

in the problem of three' bodies c'lose to. a commensurabili,t"y··, .. ,'..

,'in mean motions ·15' given. '. The method used: isto 'eliminater .... ."
. .' . ..

short period terms from th~ disturbing function using ...

a vonZeipel .transformation, and to lookfor solutions of .'. e
'the, r·esu:ltingequation cf. motion in ·whi.ch' the ··variables

. . .
. .

remain' constant. The form of the equations is:·.obtained" . "

'. '.- by ,making' use of tl:le d' Alembert pr.operty cf the disturbi'ng' ':

function. Families cf' periodic .solu~.ions are' shown' to
. . .

exist ·in.. the non-planar circu·lar restricted problem',.': th·e.· .'

plan'a'r nqn-~estricted problem, and the planar ellipti~

restricted prqblem•.......

C.A. Burdet :·····Keplerian 'motion 'and 'harmonie :.osciilator.s •.

.It 1s weIl known that' the thre'e-di'mensional' classical' ..

equations of motion for the pertur~ed problem oftwo bodies

can. be brought· into ·the form of harmonie os.cillators w·h1c.h.,
." r

. in' these "cases, have varying frequenci·es~. Transforma,tions
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!of dependent and independent variables as weIl as the

introduction of element~ cf the motion are needed.' .

Two further ways' whi'ch ·lead· to .·this aim' are pres.ented.
.. .

In·one oase t~e energy and a Laplace vector are used,

and in the other cas·e the parameter· and ·the. i.nverse
, '

of the distance. Subsequently, the method, cf variation

cf constants 1s applied to the equat1ons. Th~ results . '

are perturbation equations of the'order fourteen, but

it 1s pos~ible to reduce slightly this t~tal. order•.

B. Thüri~: Numerische Untersuchungen über nich~period,~sche

Trans'tro,janer.-Bahnen' (Numerical explorations",·

of'uon-periodic Transtrojan' orbits)~'

For· 14 values cf th,e ,mass parameter II (from 0.001'0 until

0.0150) the non-periodic Transtrojan orbits (around L4
. an L

5
} are investigated,which on the~l~~ rest~icted

problem of threebodies pass the point situ9.ted opposite .

. to the body II {loo~ing from the main mass) wi th zero

vei'ocity in th~ rotating coordinate' systemo' Results,:' , '

The Transtrojan, 'state containsa finite nurnber ,.o,r 1 douqle

librations' (aroun~ L4 and L
5
); this number decreases with

growing value cf the,mass parameter.' Above a value of, _

mass parameter between 0.010 and 0.015 no further double-,~
. .

·libration takes place.',Certain ~9pologic p~ope~ties, cf
, '

tl:le TranstrOjan. state .are f'oundj rar, example this state

.has'a phase of'narrowing·and a phase'of wideningof the'

single librations; there~~'the, amp~itues 'of·the librations

fluct~ate in a characteristlc manner.

. .

·B.D. Tapley':' Regularization' 'and' the' computation" cf' optimal
. traj ectories·.

A completely regular form f'or the different'ial equations

governing the·three-dimensional motion cf a continuously
. .

.thrusting.~ space v~hicle is obtained ~Y usi'ng the Kustaanhe~mo-

Stiefel regulari.zation. Th~ diff'erential equations ror the.·<.·

th~usting r,ocket are transformed using the ·K·-S transformatfon,. '. .

and. an optimal trajectory problem is posed in the trans-

formed space. The canonical eq~ations ~o~ the optimal
---~--~-~--~
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motion, in ' the', transformed' space are,regularizedby a '
- .

suitable change of theindependent variable~ The transformed,

equ~t1ons ar~' regular, in' t·he· sense ·"that .·the·.diff.erenti~l
. "

equationsdo ~ot p~ssess',terms with zero' divisors' whelltl;l.e '.

motion encount.ers a'gravitational ,'force ,center. The ' .

result~ng eq.~a,tions: possess . syinmetry .in,: form and. the .
.. .'. .

coefficients cf '.the depencien~',variables, areslowly varying

quantfties for a low~thrust. ~p,ace .:vehicle. "", ",'

B. Gar·rinkel:. On the ideal resonanc.e problem.· .. '," "

...
.... ".'

The ideal. ·resonahce· prob'l~m is sol\lbl,e.:1n .. a. power..se·ri~s· in",·,

ElJ2~Where' E' isthe small' parameter_"'o,~ ,the', problem.The

zeroth order solution 1.5 given by' the .'motion, of ·a··simple .
. '.. .

"pendululn. The ·perturbed .. s'oltition to any "ordep ,15 express'ible"

in terms of' ~ll'iptic 'fuIl:c~ions, an'd, ~s f~ee of .singular.i ti'es' ,

, ,'and mixedsecular terms. This, so~ution:provides a general

the·oreti·cal' rramework far '. an a t·tack .on 'resonanc'~ 'pr'oblems

in. celestial mechanics wheIi -the latter. are 'reducible 'to, ·the '.
. .

• ~deal form. Such'~ r~ducti~~sfeaSibleint~ep~oblems

, cf the, critlcal inclination and ihthat of the te'sseral
. .;-... . .

.. harmonics resonaz:1ce inthe ~'artific~al sa~~~l~~e ~heory.

- 'P.J. Message:' On' linear' equations', of: variation: in' dynamical'

. ' problems.: "" ",' e
The linear equations ·o'f variation, a~sociateci. with a m6t,~.on'

of aparticlemoving in a'plane under a field offorce

. ·which admits a first' integr~l, or the mot'ion of any form,·

are drawn' ·up in terms cf ,the ,tang'entiai and normal' disp.lace-
. ,

.men'ts. ,The eXistence,' cf the" first' in,tegral implies' tha t
. .

-.. the' normal d~.splacernent·s,atisfies a single second'~order

" : differential equation# the tangential displacement peing "

given from the solution of this b~a single, qUadratu,re. "

The special cases.are examined in wh1ch the integral isone
, .

'"of energy,.,and .in which it 1s,one' cf 'angular ~omentum. The

, extension 1s made to the' motion cf two.· particles moving
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~n a plane.under a conservative force-field dependlng
on their ,~o~itions, which·admits also an integr~l of
angular momentum. (The study of th~ relative motion in
~he gravitational problem of three bodies in the plane may
be put into' this form by Jacobi' s for!!!ulati,on.). An
equation 15 given for finding the non-zero characteristic
exponents of a periodic solution cf this se~ond problem•

. H.A. Kelln.~r: The' local invariants un'der' r,otations about
an axis, and their applications.

The three possible scalar prod~cts formed' frqm-the position-'. .
speed state "v.e~tor lead to St:umpff',s local invariants.· The
assumption of a disting~ished axis (.001) gives r~se.

, I

to the I axial t local' 'invariants· z a~d ~ under the 'rotati'ons
about,·t:q.is. axis •. - If ·a ~at~lli te rnoves in the field of a
rotationally symmetrie central' bod.y,. then there will ~e an - '
~appropriate's~t of' invariants for which:a regular, non-

',' ··linear 'system cf, differential equations holds.· It ·can be
used to'derive recurrence'r~lations for ,time ser~es expansions'
and special'perturbation'methods. which are characteri~ed'
by .the, occurence o~ the scal~r product~· cf the perturba­
tional.acceleration ~ith the,position and speed.vectors v

Ho,G. Walter: .AssOc'~a'tion' bf' spherical' ahd' ellipso'idal
" .grav1ty": coer'rl.cients: of···. the··.· earth ~ s: potenti?J,l •.

'A comparison.is drawn'~etw~en the expansion of the potential
. in spherical harmonics on th~ one hand and in ellipsoidal

harmonics on the other" with the objective 'of associa~ing. .
·the spherical and ellipsoidal gravity coefficients of the

:. Earth' s pote~tial.

For this .pu~pose the properties cf orthogonality of the
Lame :funct~ons of the first. ki~d ,hav~ been·tailored to this
subject 'of investigatiqn and become instrumen~al in. .

'establi~hing. the mathematical expressions which relate the
twoclasses :,of gr,avity coeffi,cien·ts to each other. In
deriving the elements cf the transition matrices erliptic
integrals .have' been·encountered whose reduction to the

~ .
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three kinds:. ofcanonical' eliiptiC integralsis· discus'sed~

G.A. Wi~kins": ',The "'improve~erit' cf." the lunar' ·ephemeris.

. .. .

A't 'present 'thefuridamental 'iunar 'ephemeris i5 ·base.d.·· Oh·

Bro~' s t·heory' o'f .the motion o~ the.. Moort wi1;h. improvements,

based on ·thebypassingof Brownts Tables I the' removal ofthe.·· .

'great empi.rical .. term, ',the' ·.s~bst1tution cf the. rel.evant .
.. . .

·constants. cf the IA·U· system' of a~tronomical constants'
. '. " .

and the, retrans.form"~tion·cf Brown' s' series' .in .rect·angul~~..
. , .

·coordinates to spherical coo~dina~~~.·Even so this :;'.
~'>.l

. .epheinerisdoes notrepresent adequately the recent range ..····

.. ·and range-rateradio.observations l 'and itwl11be inadequate_

,·rar .·use in ·.the analysis ... of.. laser '.observations .cf corner' .... . .

':" :reflectors qn. the M6on•.~;Numerical .i,nteg.rati6ns .. for thes·e.'

. purposes h~ve ;already been .made at.· the· Jet' Propulsion ,.

Laboratory;·. but. improvedtheoretlcal developments are·also ..
. .

. required;. newsolutionsof the mainproblem are in hand ....

elsewhere•. ·Work· atH~M.'··'Nautical Almanac O'ff:Lce is ai.med·' ,

at 'obtaining' improved values of' the ··constantsofthe lunar" ..

·orbitbya rediscussion' of occulation observations· made ....
. .

~·ince ·194'3 and at· the' redevelopment of',' the series .. ror
. . ~ :

.'. the planetary perturbations using- more. precise .theories·.

•of themotion ·ofthe Sun artd planets •. 'The techniques a.nd

'... ·preliminary ·results.... of exploratory .numerical.·in~'egrations
". ",

. were'" bri.efly, describ·ed•.

·E. Hölde;:' Navigatio~sformel zu·· A.- Busemann·t s Variations-..' ..

..' probTem ·der Raumfahrt {Transition of' minimum f~el

. :'c'onsumptiön' hetW'een KeJ21er' ellipses in the plane}.

: , 'The 'indicatrix of the "vari"atiori problem '1'5 "given,· .first· '.
. .'

. ·by the perturbation differential equation for· thesemi-tnajor

.. ~i,s' ~nd e'cc~ntrici ty, and second~y' by a' relation.·between·,.

the momentum and eccentric Bnomaly;,' 'The Hamilt'onian

equations of :an e~tremai SOlu~ion, therefore, reduce to a
. ,

navigation' eqUation•. The' ·remaining perturbation equations
. ... . . . " .

, .

" ·ror- th~ longitu'de f'or p~rihelionan~' the. mean .longituq~· at

, .'
, '
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~poch, , .fin~lly,. yie~d. the t~me dependenc'e that' 'gives the

most economic 'fuel consumpti~ri.

R.A". Broucke: Solution cf equations cf motion with

compute~ized series expansions.

Modern.,compute~ techn~ques have ,been investigated. in. " .

00 ° detail for the p'-lrpase ofcomputing perturbations in the -0

fo'rrn of 'series .~xpansions (general pertu'rbat'1ons) ~ Work
" .

h~s been· d'one, principally in "two areas:' .

Automatie'manipulation of,p6isso~ serie~ witb a'
., . . .

com~.uter. '.In particular' the '. classical expansions of the"

two-body problem wi'th' Bess'el functions.

Con~truc.tion·'of, new"vari.~tion ,cf· 'parameter methods~ ..

.niai'hly' wi th. r'ectangurar, :coordinates" "and especi~lly :

stiited 'for solutions· with iterative' series·" e,xpansions

on. 'a. COMputer ..,

E.• A. Rot'h,: "Launch' witldow,: ~3"tudy rar the 'highly 'ecc'entric

o~bit satellite.HEOS-l.

. .

A satellite' wi th' a h.ign eccentrici ty e : ' 0.,95 i's str~ngly',"

perturbed by"·the" sun and "the rnoon°. -This"o factoandmission-_- _
. ,

',constraints restriet 'considerably the possible laun,ch. times.
. . .

,far such', a sa.telli te,~ .,' The laUn'ch" wi.ndow, calculations' can oe'
.performe~'in two steps in order.ta save ,computing time.,

An ap'proximate a~alyti..cal solution provides ag.eneral" 'survey

of the launchoopportunities.oAn accurate nurnerical approach

1s the. ~ecessary .for "the ,exact defini tiOn cf. :the launch'
. .

w1ndow. In the' ca$e of t'he' orbi t of HEO$-'l, .moreover the

consideration cf, the' inject~on, errors has been. of great
importance•. '

H. G.· H~rtz: . Comparison' ~f' Bro~wer,1s.,·t'heory· with'··numerical

.' ....' int~gration." '

'.,. Comparisons were made between Brouwer' and modified I BrOU\Aler
. m d

orbi,'ts and .. 1 .0 n·umerical integration orbits over 10 and'
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·also 60 .. The differences·be.tweeriantinmod1f:1.ed·Brouwer..

. orbit ancl anumerical,integration orbit (both'Orbits. . . ' .

..... . 'usihg .thesame initial· conditions) .wereappreciable .and ~" ~. ~ '

·.much iarger. than the differencesbetween the Im~o and .

Om. 5 numerical iIitegratio~ orbitswhich.makesit.less·· .'

likely thatthedifferences are due,to'errorsin the.·. .'
. numerical integration th.an··1n Brouwer·'.s theory. Ir' .,th~· :> :

.: computation, of .the· short~periOd terms u:;;ingthe .secular. ':.':-. '.

." : portions e U IIu'as suggested'by Brouwer~·.(unmodified.orbit),.:',··.· '.'
...•.... iso r~placed by:.the'··computation· ~Singthelong-period'..... >.. '.,

..... ·port·ions 'e~ IIt':as,is:' more .. reas6nable·on theoretical. grounds:':"': e
l

. the dev1ations·· f~om the· numer1c'al 1nteg·rat1on' surpr1.s1ngly·::··.. ·.·.···.·......

become la~ger.· H~w~v~r'l theyaregreatly reduced' if the:··;:'>.'

second·.order short-period' terms1n the· Sem1majorax:Ls'are

'1~cltided ~nd ·.they ·are .:f~rthe.r .reduced·.by' ~educ1ng.·the' .rrie~n' '...
"'motion cf the' me~n anonia:ly to a value'based on'Kozai ts:'·'· .

,·'theOry•. Further·.reduction:·is possibleby adding ..·;emPirtca~:.·:···; .

•" Fourierseries· to· the' element'sbut thepractical' va,lue is ..l6w•

• •• r .:'

. ". . , .- .~, '. ., ...... .. ~. .
.". ' ..' ..

, • • •• :. + ..' .~ •••• ~

. ':', .'...... , ..

..··.:.G:. S·ch~if·el.e, ~'+'H Zur.i eh" ' .. ' .. .. ' .
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