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NIATHEMATISCHES FORSCIIUNGSINSTITUT O'BERvVOLFACH

Tag u n g·s b e r i G h t 29/1969
Harmonische Analyse und Darstel1ungstbeor1e tQPQ1Qgisc~er Gruppen

24. bis 30.· August 1969

Im Mathematischen Forschungsinstitut in Oberwolfach· fand erstmals
eine Tagung Uber Harmonische Analyse und Darstelluhgstheorie topo­
logischer Gruppen statt, die von den Herren H. L e p tin

(Heidelberg) und E. T h 0 m a (Münster) geleitet wurde. Erfr~u-

lich war die groß~ Zahl der ausländischen Gäste.. 22 Vorträge
gaben einen Überblick über neue~te Ergebnisse und Forschungen,

vor allem zur Dualitätsth~orie und zur Darstellungstpeorie von .
Liegruppen, doch wurden auch Fragen der harmonischen Analyse kommu­
tativer und nicht-ko~mutativerGruppen, der Strukt~rtheorie topolo­
giseher Gruppen, der von Neumann-Algebren, der D~rstellungstheorie

diskreter Gruppen sowie fiber mittelbare. Gruppen behandelt~

'.
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) T = 11G(r) 2. ~T' (l") 2 L (r) 0 T , .r ET',
(2) .e. (X)T + v(X) T = 0, X E ~c '

. 0ou -i designe la representation reguliere. gauche da G dans ~(j)(G) ;"?r) •

On caracterise les noyaux reproduisants da ces eepaces hilbertiens,

-et on definit une injection de l'espace des operateurs d'entrelacement
de deux representations de ce type dans un.espace de distributions a
valeurs vectorielles generalisant l'espace propose par Blat~ner.

On applique ces resultats aux groupes de Lie semi-simples connexes

. reels en °associant a chaque sous-alg-ebre deo Borel 'Je de ~c' au sous­
g<roupe resoluble maximal corresp0r:tdant f" de G et a taut caractere L- .

da P. une representation 'unitaire Lnduite. holomorphe. On demontre des
criteresd'irreductibilite et d'~uivalence de telle~ representations
ainsi qua des resultats Bur la determination explicite de -la'B~ructure

hilbertienne de 1e et desoperateurs d' ~ntrelacement. 0 0

Les exempleB traites sont destines a montrer que la theorie permet.
, ~

d'etudier comme aas particulier le~ .groupes compact, lee series dis-
c~etes de G, les series principales et complementa~res corist~uites par

. :...~

F. Bruhat.

J. CIGLER: Normedideals· in L1(G).
1Let G be' a 1008.11y compact Ab·elian group and L (G)· the group algebra

of G. An ideal N in L1(G) is called normed ideal if the following
conditions hold:
N 1) N is dense in L1(G);

N 2) N is a Banach ~pace under some norm "~"N such that

Ilfl!1 .$.lI f llN for all f E N , ,.. _.
oN 3) 11 h :"'" f IlN .$. 11 h 11 1• IIf IlN for all hEL1(G) and f EN. 0

Narmed ideals may b~ regarded .as gener~lization8 of Segal algebras or
of homogeneous' Banach spaces. There definition is modelled after the.

corresponding fundamental nation in Hilbert space theory•.
The structure of normed ideais is studied, Segal algepras are- charac-­

terized in terms of normed ideals, and some examples and counter
examples are given.

J. ERNEST: Duality in representation theory.
We discuss the duality principle as it appears in the unitary repre­

sentation theory of locally compact graupe,- from its beginning with
the Pontrjagin and Tannaka duality theorems~ Formulations cf duality

for arbitrary locally compact graupe, including the recent results of

Tatsuuma, Takesaki, Katz and Ernest, are discussed, 'furthermore duality
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. theorems for objects othe~ than graupe (including C*-algeb~as). ·The
. .

current and'possible futur~ ~~rec~ion cf research in this field i8 '.
. .

conSidered. In partic~lar, we examine the duality principle.as 'it
arises in the context of covariant representations of physical systems~

p.·EyMARD: Mnyennes invariantes Bur les'e~pace8 homogenes et,

representations guasi~reguli~res des groupes locale­
ment compacts.·

Un theoreme Bur les rapports entre les deux propri€tes suivantes pour .
un groupe localement compaqt G et un ~ousgroupe fermeR de G:" (P1)
Sur l' espace des fonctions continues bornees 'f(GIR) definies sur
l'espace homog~ne des classes a. droite de G selon H, il existe une
nioyenne invariante pur l'action de G"; (P2 ) La representation mdentite
est faibl'ement conten~e,. au "sens de J .M.G. Fell,dans la representation

quasi-reguliere de G dans L2(G/H ) • Ce theoreme generalise l'etude

fai te par H. Reiter et A. Hulan:Lcki ·sans 1e cas des groupes, ou H e"st

reduit a l'element neutre de G.

..
. j

\

·t

.,"

t...

( 1E"~* )

-.00,aa pIcPI :::: A "pk + ()' (pk-1 1og p)

. JCp+1 Land in particular ~ 1

. , IcPI
The growth condition (*) makes sense in every locally compa9t group G

and seems to be closely connected wi th amenabili-ty of the" groups. ThiS .•. "..
growth condition is very difficult to verify (ar d~sprove) in general .'

graupe and there are many open problems •. The weaker' condi tion

.'{J p+1 L}·lim inf C = 1
p....oo IcPI

for all open relatively compact sets is easier to verify and turns out
to be true for 1. solvable discrete finitely generated graups with' a

nilpotent subgroup of finite index· (J~A.Wolf: J. Diff. Geometry',1968) ,

2. Hilpotent'groups. The condition (.~) fails for the solvable finitely··
generated groups which da not have a nilpotent subgroup cf fiili te index:' ..

Compact open setsC exhibit·exponential growth for IcPI (Milnor: J.Diff."
Geometry, 1968). Emerson and I conjecture that in every group:"G we must

have C.p getting "size regular" as P - 00; so that" (*) iff (**). But this

F. GREENLEAF: Measure of powers cP for sets· in"locally compact groups.

Let- C be an open, re,latively compact set in an abelian group. Then .\

Emerson and Greenleaf have "shown that·the Haar m:easure IcPI has the
growth property
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seems to be a difficult open problem •

.8. GROSS~R: Harmonische Analyse auf zentralen Gruppen.

Eine zentrale Gruppe ist eine lokal ...kompa.kt~ Gruppe G,. dere~ Zentrums-.
faktorgruppe ~/Z kompakt 1st.· Sei [Z] die Klasse' dieser Gruppen. Ver-'

fasser hat ,zusammen mit·M. Moskowitz in einer Reihe von Arbeiten die
Theorie dieser Gruppen entwickelt. In bezug auf Strukturtheori.e,· Dar-'

stel~ungstheorie und harmonische Analyse erweisen sich [Z]-Gruppen als
die natUrlichste Vera~lgemeinerung de·r kompakten und der lokalkompakten

abelschen Gruppen, .dies sowohl in dem Sinne, daß viele der in diesen
beiden Klassen auftretenden Phänomene erst un~er diesem Gesichtspunkt

zusammengefaßt w~rden k~nnen, als auch in dem, daß eine weitergeh~nde

VerallgemeinerUng zu starkem Verlust an Detail führte ~ie in der har-
. .:.. .

manischen Analyse zentraler 'Gruppen erzielten Resultate lassen sich

,unter folgende Rubriken einordnen: 1. Approximationssätze und eine

Charakterformel , 2. Der *' -Operator und die starke Halbeinfachhei t von

L1(G)~ 3. Eine Charakteri~ierungmaximalfastperiodischer Gruppen und

Eindeutigkeitssatz~ für .die Fourier-Transformation, 4.' Die Plancherel-'
Formel für zentrale Gruppen, 5. Äquivalenzkriterien für endlich-dimen­

sionale unitäre Darstellungen, .6. Die Struktur der Algebren L1 (G) undr (L1(G) ). . .

S.' HELGASON: Radon transforms and group representations.
Let X be a symme'tric space of the noncompact type, Y ,the space of

honcycles in X, and G the identity component of the group of isometries
of X. The semisimple group G is transitive on both X and Y, so that

X = G/K~ Y = G/H for suitable subgroups Kt-E of G. In analogy with

~pherical fun.ctions on X we consider the H~invariant eigenfunctions
cf the .G-inva'riant differential operators on Y, the socalIed conical
functi·ons. ,Conical distributions on Y are "defined similarly. Whereas

. "

the conical functions correspond e~plicitly to the irreducible finite-
dimensional representations of G with a fixed vector under H, the

"conical distributions are 'intimately related to the complex principal .

serie"s of infinite-dimensional representations of' G. These distribu­

tions can thus be used to construct the intertwining operators, derive

the irreducibility criteria and set up the rudiments cf a highest
'\

weight theory for the representations in the complex principal series.

K.H. HOFMANN: Duality theories ror compact semigroups and C*~b~gebras.

We establish a complete duality,between _~he cat~gory of compact topo­

lm~val semigroups and the category of commutative C*-bigebras
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(C*-Hopf-alg~bras) with-identity arid derive from this general dU~lity."·"

t~e duality theorems of Pontrjagin and Tannaka ae weIl as lesser
" .

kno~n duality theories for special classes of oompact semig~oupS'BUCh:

'as·semil~ttices. In the course of the d~scussion the concept' of a,
, ,

C:*-bigebr~ has to be introduced properly, and' the working of the ,

duali ty in "terms of bigebra ideals on one aide and subsemigroups' and, '

semigroup ideals" on the other is· described in' some detail. Particular'
, .

emphasis is placed on connections wi th classi~al charact'er or semi-

• 9 character theory and repres"entation theory with the present s.et-up.

A. HULANICKI: On ~1-group algebra of a discrete group.

It is proved that if G is a nilpotent discrete group, then for any

x in .21 (G) such that x* = x we have e
. lim ~Ixnll = lILxU ,

n-tCO

where x ~ Lx is theleft regular representation of ~1(G) on 12 (G).

This implies the symmetry of i 1{G). (The details will appear in

Studia Mathematica).

••••

fqr all x E X, Y E Y •( 1 )

~'. KANIUTH: Zur Struktur der regulär'en Darstellung di'skreter 'Grup:pen •.

'G sei eine diskrete Gruppe, Gf der Normalteiler aller Eiemente in G,.

die zu endlichen Kon{jugationsklas.sen gehören, Gf ' die Kommutatorgru:ppe.

von Gf undZ(Gf ) das Zentrum von Gf • Ferner bezeichne L die lin~s-re­

guläre Darstellung von G.

Satz: (1) L ist vom Typ I genau"darin, wenn [G:Z(Gf )] < 00 ist.

(2) "L ist vom Typ 1I1 genau dann, wenn entweder-[G:Gf ] :::: 00 oder

[G:GiJ ~ 00 und Gf ' unendlich ist.
[erscheint in Math. Annalen].

J.H.B. KEMPERMANN: Functional equations ovar abelian groups •

. We are interested i~ the equation
n .

2:: a.f(x + T.y).= 0
j=1 J J

Here, X and Y are abelian groupe, T. : Y ~ X a homomorphism
J '

(j=1, ••• ,n), f : X ~ F with F"a field and a
j

E F (j=1, ••• ,n).

The set of all solutions of (1) is denoted by •• If A, Bare abelian

groups then f : A ~ B is called a polynomial of degree s.. n(fE1'n(A,B»,

i·f Lih •••• ß h f = 0 for all h 1 , ••• ,~EX. The composi tion" of a polyno-
1 . --n .

mial . f .: A·:'" B with ~ polynomial g : B ~. C is again a polynomial. "

If.A 18 divisible and B has no elements of order <,'n then 'f" (A,B)\, . n '

......-...._ .._ ........,..--......,__-~_.'._ ........ "__ ..-.-r-+- -._- .... ~ -"r_ ~ ..-__-__.... _...-..- .....-..~ ....-- ~
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coincides ·with the class f*(AtB) of all solutions of
n
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I.G. MACDONALD: Spherical functions on 1-adic groups.

Let G be the Chevalley group associated with a complex semisimple

Lie algebra q; and a 1-adic field K. With the topology i ts inheri ts

from K, the group G is locally compact,and contains ,8 maximal compact
subgroup U, the stabilizer in G of a Chevalley lattioe &' Gi' 'lf 74' where'
~ 18 the ring cf integers of K. We consider zonal spherical,functions·,'
on G with respect taU, and obtain explicit formulas ror their values

and for the associated Pl~ncherel measure. For details,we refer ta,
the note [1]. These formulas involvea function c(s), which 1s the

Aj-adic analogue of Harish-Chandra's c-function.The analogy may be

made precise as follows. For any locai field K, T.ate [2] has defined

a meromorphic function S'K (sometimes called the gammafunction of K).
" 2' .

Then the factor Ic.( s.) I in the l?laIl:cherel measure may be written in

the form Ic ( s) 12 =]" ~ K. (k* , s ) )

(using the .notation of [1J, and this is valid for all local fields K

(real, complex" or 1-adic ).".
[1] I.G. Macdonald: Spherical functions on a ,-adic Chevalley group.

, Bull. Amer.' Math. Soc. 74, 520-525 (1968). .

[2J J. T•. Tate: Fourier analysis in number fields and Hecke' s zeta

functions .. (reprinted in "Algebraic number theory", ed'. J.W.S ..

Cassels. and A. Fröhlich, Academic Press 1967).
. .

Y. IVIEYER: Pisot numbers and harmonie analysis.·',

We give a new proof cf a celebrated, theorem of·Salem: let e be areal

number greater·than 2 and E the set of all (infinite) sums

L::€k e-k where € = 0 or 1. Then E is a set ot~icityfor trigono- tt"
~>1 k
metric development if and only if, e i8 .a Pisot-Vijayaraghavan number.

This new proof depends .on· the following lemma: if e is a P.V. number,
let n be the degree of e over ~, h the homomorphismfromm to lT n de­

fined by h(t) = (exp 2Tr it, •• ~,exp 2ii i en- 1t). One can find a cOni­

pact subset .K of TIn, of Lebesque measure zero, such that, for all

k ~ 0, h(ekE) c K. An improvement of Salem's theorem is thefollowing:

let J< be an algebraic field of degree n over ~,J<. c JR, let (ek )k>1 be

a sequence of algebraic integers of J{, of degree n. If there are

two real numbers ~ and ß suc~ that~ > 2, 0 < ß·< 1 and 'for all

k, Sk ~ c<: and I a k , j I i P ( ak , j are the conjugates ~f 8 k ·different

from e
k

, 2",5.:j i n) the symmetrical set E constructed with dissection

ratio 8 k1 is a set of unicity.

•. I
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H. REITER: Same remarks on locally compact graups.

Let G be a locally compact group •. Th~ property P, (cf. Reiter:
Classical harmonie analysis· and 19ca11y compact groups) and its equi­
valence withGodement's property, with the existenoe of a left-inva-'
riant mean on Cb(G), with.the '~ixed point ~roperty' and some othe~

conditions is discussed. Furthe.r the equivalence of P, wi th the con­

dition that the ideal. J
1 (G)= {~f~ E L'1(G) = Sfo~X)dX = 01 " consi­

dered as a Banach a~gebra of its own (with the L -norm), has bounded
approximate units. Let H be 'a closed normal subgroup of G; ~here 18

. 1 1 G .
a 'natural' homomorphism TH of L (G) onto L ( /H). If H has property

P1,then
. (*) inf

'ff EH, C >0n n

L:: cn=,
where ('A f) (x) = f(xy) b. (y). Applications of (*):' If H has property

y
~1' then .
,. TH(I) i~ ~ closed ideal, wheneyer I is a closed ideal.

. ~ 1
2. The kernal of TH, considered as a Banach algebra J (G,H) of its

"lown (wi th the L (G )-norm) possesses bounded approxi·mate uni ts.
-

L. ROBERTSON: Some structure theorems for groups w~th compactness

conditions.
Let ~ooreJ denote the class of all locally compact groups such that
every continuous irreducible unitary representa~ion is finite dimen­
sional. It i6 possible to characteri~e Moore graups by displaying
the relationship ta tho~e maximally almos~·p~riodic graups such that

. ·the commutators generate a group with. compact closure •. Various­
·splitting theorems "involving direct products and semidirect p~oducts

can be obtained. Let [FC]- denote the class of groups such that
every conjugacy class has compact closure. Then there exists a com­
pact neighborhood invariant under conjugation, -and a characterization
of [FCJ- can oe obtained. The proofs make repeated use of results due
to S. Grosser, M. Moskowitz, and C.C. Moore.

G. SCHLICHTING: Über die Operatoralgebra der regulären Darstellung
einer diskreten Gruppe.
. . .

Sei G eine diskrete Gruppe und g ~ U die reguläre Darstellung von
g

L,(G) in L2 (G), dann ist die Operatoralgebra J:(G) der regulären Dar-
.stellung von G definiert als der Normabschluß von {ug: gEL, (G) 1in der
Algebra ~L2) aller beschränkten linearen TransI)ormationen von L.2 (G)
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in sich., Zu x E G sei Kx = {YXy-1 : y' E G1und Gf der Normalteilerailer ;,

x C G mi t Kx endlich. Dann gibt es zu jedem Extremalpunkt Cl( der kon-

vexen (und, bezüglich der Topologie der punktweisen Konvergenz kompakten)

, Menge K(Gf,G') :al'ler positiv-definitenG~irivariantenFun:lctionen '

, 'f : G
f

- ~ mi,t 'f (e) .= 1 einen Homomorphismus H~ des Zentrums'

t(G) von, .•L(G)'.auf~ mit He<. (Ug ) = ZEGfg(x)CC(x) fUr alle,'

Klassenfunktionen g E L1 (G). Die Zuordnung oe:. - HoC. definiert eine

Homöomorphie vonE(Gf,G) (= Menge aller Extremalpunkte vonK(Gf,G»

auf den Strukturraum von J(G). 1stN ein endlicher Normalteiler ",.

in G und ~ind o(1' •••• 'OCr E E(Gf,G) mit oCilN paarweise verschieden

(1 ~ i ~ r),' so seip =~ (Y-I c(i (x) 12 ) -1 • o(;.i!N : dann ist die
. ~=1 ill·"

triviale ErWei"terung p von p auf G ein zentrales Ide"mpotent in

L1.( G) ,und ;:~ed'~s 1demp,otent in t(G) ist von der Form Up ••
. :- r: . " . .

J. STEGEMAN: Combinatorial methode in harmonie analysis.
(Bernste·in "t'YPß theorems for group alge"bras and tensor algeb:nas) ~"

" ['I • ..

, ,1t .d;s wellknown (Bernstein) that thereexists a' function f : T -,~

(T = one-dil~en~ion~~o1us,> of LiPSChit~type 1/2 (f E h 1/ 2 (T» .. '
such that f. 4·~(T)=SL (7L). The. follow1ng theorem strengtllens ,thl.s., ..

iI . .

result and .~iv~s analogous statements for the group algebras '

A( Tn )-:::: TL1 (7Ln ) and the tensor algebras,
n .1 ,,; . .-

V(T ) = C{T) 8 •••• @ C(T) (n times., n. ~ 1).

Theorem: "1/2'C T) cf A(T) ;?\ 1/2(T
2

) cf V(T
2

)

A (2 l' ( 2 • A (3 i (' 3 . .
'1. 1 ,logN T -:: ~~ AT) , /,~1 ,1ogN ~ ) 'r V,.T__ ) (all N ~ 1') e,!
f'\A (Tn,) cf A(Tn ) • 01\. (Tn+1 ) 4: V(Tn +1 ) (alle n _> 1)

oc <n/2 0(.: .; , oe.. < n/2, oe.
, For oe > 1 ~cC. ~s the space of (a:) = sup Ice -:- €. I times differentiable,

functions w1fler~ the derivatives are o·f Lipschitz types

,1\.0(._(<<:,); 1\1', l~gN is the space of functions satisfying

Ifex) - f(x;';) I~ c Ix-x'l max (1, ~.l~ x_x'I-1 ) for all x,x'. "
. ... ~l · i~ N times

I j

Same parts öf the proofs are sketched.
I !

M. TAKESAK1 f GfouP algebra and duali ty,.

Theorem:' TC? ~ach locally compact group G, there corresponds uniquely

, an abelian' inv~lutive Hopf-von Neumann algebra { A(G), JG, jG1
with left i~va~iant measure f-G and asymmetrie involutive Hopf-von'

Neumann alg~.br~ {M( G), 1rG, 1<c;' J' and G is realized as the spectrum
I "iI.

I "
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of the resulting Banach algebra M*(G). Conversely, to each abe­

lian involutive Hop~-vön Neumann algebra {A, cf,' j, ~] with a

1eft ~nvariant measure, there corresponds uniquely a locally cpm-

p~ct group G, whose aesociated Hopf~von Neumann algebra .

{-A(G ~, lG' jG' PG ~' is isom~rphie to the given one {A, cf, j, ~ 1­
Tb ea~h symmetrie inv~lutive Hopf-von Neumann algebra {M,1T,:x,r}
with ~im9dular measure, there corresponds a unique unimodular .

group G, whose dual Hopf-von Neumann algebra {M(G),llG'~'T} is
isomorphie to the given one {M, 'iI,:K., T'} _
N:_ . TA~SUUMA: On a duality theorem for loeally eompaet groups ~

·,In:.a tproof of the generalized Tannaka duali ty theorem for loc~lly
L ." ... ,

compaQt group8 G, the operator .

W ;: (f1 @ f 2 )(g1 ,g2) ~ f 1 (g1 g2)f2 (g2) , (f 1 ,f2 E L
2
(G», on .

L2tGL~ L2(G), plays an important role. W is a eoordinatefree form
;, ·f

of;~ th,e mapping decompos~Lng th"e Kronecker product of two right

re~ul~r representationsto a mul tipl'e of them_ In this way, the

(~eak) duality theorem is stated as folIows. Let G' be the group

associated with the weak topology, consisted of all bounded opera-
.': 2

tors ,T on L (G) such that 1) T +0,

2)"W(T@T) = (It3~)W, then GI 'ie isomorphie to G by the mapping:

g ~ R· (the operator of right regular '.representation). Here we
g

c0t'lsi~er the family G" ·cf all closed operators ·satisfying. the con-

di~i~~s 1) and 2) , instead of G'. We shall determine the strueture

of;,op.~rators in G". G" is eonsiderable to give theC. Chevalley's

"co~pl~xification of G in the oase of ~ being a compact Lie group •
• I ..... .. __ .

. I
I .

"T.,·.WI.~COX: On the structure cf ·maximally almost periodic graups.

An~ in:yes tigation of 11 fini tely orbi ted characters" yields the

fo~lowing result:

. Th'eorem': Let G be anormal subgroup of a MAP-topological group" K.

~h'en {l) If G is a vector group, the centralizer of G has finite

index in K: (2) If G i8 a locally compact abelian group, the centra­
li~er'of G contains. the intersection cf closed subgroups cf finite
index in K,· .

The first part was" announced in Bull.· Amer. Math. Soc. 73 (1967),

732 ~i 734, and the:second part of the above theorem together with

an' investigation of semi-direct products of MAP-groups will appear
in Math • Scand • 24 (1969) '•.

E.Kan~uth (Münster)
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