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Distributionen , Convolutionen
und partielle Differentialgleichungen

8. 6. bis 12.6.1975

Unter der Leitung von Prof. Wloka (Kiel) und Prof. Zielezny

(New York) fand im Oberwolfacher Institut eine, Tagung über

D1Btr~butionen, Convolutionen und partielle Differentialglei­
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Vortragsauszüge •
ALBRECHT, E.: Lokale Operatoren

Ein bekannter Satz von J. Peetre (1960) besagt, daß jeder lokale
lineare Operator T :" D(n). --;> C(.Q) (andere Zielräume sind
ebenfails möglich) schon ein lokalendlicher Differentia.loperator
mit Koeffizienten im Zielraum ist. Für die Räume D (Mp)(!l) von
ultradifferenzierbaren Funktionen im Sinne von ROl.lmieu Wird ge­
zeigt:

Satz: Sei fMp};:o c IR+ eine Folge mit den Eigenschaften:

(i) f.! ~1 ist monoton wachsend .
{p~

•
Es gibt A > 0 und H > 0, so daß für alle

P E [NU {OJ' M < A.HP.min M·M
.p - ~~p.q p-q

L M~_1 (log p)s <00 für ein s > 1 •
p=1 P

(ii)

(iii)

(M ) .
Da.nn ist für j~den lokalen linearen Operator T: D P (!l)->eCC"l)

(andere Zielräume sind auch möglich) die· Einschränkung
(Kp ) "

T: D (.0.) -> c(fi) für Kp = VJ)! Mp I ein stetiger
Ultradifferentialoperator mit Koeffizienten in C(!1).

Der Beweis verwendet ein Resultat von"C. Roumieu (1962) über

Ultradistributionen mit Träger in nur einem Punkt und eine

Stetigkeitsaussage für in einem verallgemeinerten Sinne loka.le
Operatoren, die auch in der Spektraltheorie Anwendungen hat.
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BENGEL, G.: Singular Supports of Convolutions

For th~ wave front set cf a distribution T: WF(T) we show that

the inclusion

WF(T*S) c'(xJS); x = y+z, (y,f) E WF(T),(z,f) E WF(S)}

holds. This haB 8S a -consequence the theorem:

Given T E t,(~n) such that co sing supp (T*S)
= co sing supp ~ + co eing supp S for fJ!fVery SEt' «(Rn) ,
then the fibre of WF(T) over every extreme point of co sing supp T
consists of alllRn,[O} • If n i8 a relstively compsct open
Bubset cf [Rn with 81;pooth boundary, T := 'X.n the characteri stic

fune ti on of .n. " then there are S ~ t· ([Rn) such that
co eing supp (T*S) 1= co sing supp T + co sing supp S.

An example shows that the condition on T is necessary but

not Buffici·ent.

BERENSTEIN, C.A.: Fourier Integral Representation~ cf
Solutions to Difference-Differentia.l
Equations in n-Variables

The.relation between "interpolation" problems ~n ~n (i.e •.
given an analytic function defined· on an analytic variety of
codimension 1 one wants to extend it with pre~eribed growth
condi tions) B.nd Fourier representations of so~utions of con­
volution equstions was discussed. One csn understand this way'
the need to "group terms" in Schwartz's theorem on meen periodic
functions (n=1) or in the clässical theorems on difference-differ­

,ential equations (LeoIIt1 ev, Ti tehmarsh, etc.). As a eorcllary cf
a general int~rpolati~n theorem ,(joint work with B.A. Taylor)
Buch a repreeentat10n is derived for solutions of difference­
differential equations in n-variableB. It was Buggested th~t it
could be used to find the uniqueness eIses cf arbitrary difference­
different~al equations in n~space.
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CARMICHAEL, R.D.: Representations end distributionsl boundary

values of analytic functions

We present resul te in which functione that are analytic in tubes

over open convex cones obtain distributional boundary values in

the distribution spaces d", Z', end ~ , which are the
distributionsl Fourier transform epaces of /', 1)', end A 00 ,

respectively. We obtain representations of the analytic funetions
in terme of B distributional Fourier transform end in terms of

the Fourier-Laplace transform cf the inverse Fourier transform
of the distributional boundary value, and we obtain other inform­
ation concerning the analytic functions in terms cf the boundary
values. Extensions to functions analytic" in tubes over open

d1aconnected cones are obtained. We then cons1der functions
of polynomial growth which are analytic ~n tubes ofer open convex
cones and represent such fUnctions as aauchy and Poisson integrals

ae weIl" Be a Fourier-Laplace integral, and we exte~d our results
to function analytic in tupes over open disconnected cones. We

then consider our Oauchy integral representation restricted to
1-d.1mension and show that the representation becomea in terms of
a new type of Cauchy integral which ia in fact an equ~valence

els88 ef analytio funetions defined by a classical Cauchy in­

tegral. We then develop tram this a "Cauchy integral" for elements
of :/' and .show that the analytic funct10ns having l' boundary

values can be recevered trom the boundary values by this I1CauC?hy
integral n snd convereely.

CIORABESCU,J •.: Ultradietributi9nen in der Spektral theorie

von Operatoren

In 1960 C. Foise introduced the vector-valued distributions
into the studj of spectral properties of operators.

Later Tillmann defined the elaee of self-adjoint operators on
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a Banach-space - these are the operat<?rs with the re.solvent
being the indicatrix function of a distribution."We show that

the ultradistributions also can be used in the theory of
operators because the fundamental function spaces of Roumieu
are "admissible algebrasn"; so we. define the elaas of genera.lized

scalar operators in the ultradistribution-sense. The study of
this elBss 1s related with a special elsss of quasinilpotent

operators wh1eh we ca11 [MpJ -quasinilpotent.

The eBBe of aelfadjo1nt operators in the ultradistribution-sense
can be completely oharaeterized using the representations of
ultradistributions"8s boundary values of holomorphie functions.

DOSTAL, M.: ASymptotic Properties cf eertain Fourier Integrals

ASYUlptotic expansion of integrale of the type

1 n~
ei-rg(X)f(X)dX (g(O) = 0 L(0Xi)2(0), fee':,

~ i~

BUpp f in a nbhd. o~ 0, g real valued,
g e C(H»

for l-rl ~ 00 are diecu8sed. Under ad~itional eonditions
on g in the neighborhood of its degener~te critical point 0
the 8symptotic expansion 1s explicitly deeired, and the co­
effiolent of ~e main term ie geometrically 1nterpreted. This

genera11z~8 the previoue reeults of E. Hlawka and others.
Applicatione to number theo~y and harmonie analysis are given.
Connections with the work of A'rnol'd and Malgrange are also

discussed.
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Räume von Testfunktionen und Sätze

vom Bochner - Eberlein - Schoenberg Typ

Es sei G eine lokalkompakte abelsche Gruppe und Gdie Dualgruppe

von G. Der Satz von Bochner - Eberlein - Schoenberg (BES) cha­
rakterisiert dann die Fourier - Stieltjes - Algebra
s~~(G) = B(8), wobei ~ die Fourier - Stieltjes - Transforma­
tion ist und ~~(G) die Convolutionsalgebra der beschränkten
Radonmaße auf G. Diesem klassischen Charakterisierungsproblem
wird ein "äquivalentes ·Testproblem zur Seite gestellt, das in e
einem Fortsetzungssatz, den man durch Dualisieren einer Version
des Sa.tzes von Relly - Hahn - Ba.nach erhält·, eine allgemeine

funkt10nalanalytische Behandlung erlaubt. ~ls Anwendungsbei-
spiele dieses Satzes werden Sätze vom BES Typ für die Fourier­

Stieltjes - ·Transfo·rmat~on a.uf unendlich-dimensionalen lo~al­

konvexen Räumen und "".für die Fourier - Stiel tjes - Transformation

zu den Eigenfunktionen eines Sturm - Liouville - Operators und
ein Interpolationssatz für Hardy - Räume über sy~etrischen

Räumen angegeben.

FEHSKE, Ch.: A bifurcation theorem for a. clsas of Fredholm

mappings

X denotes areal Banach sp~6e, F(X) := [T E L(X) I AI-T 1$ a A
Fredholm operator for all AE (-co,O]} • If nc X i8 open, •
jen) denotes the set öf all C2-mappings f: .li-> X such that
df(x) E F(X) for all x E.n. •. There is a degree theory for proper
~appings fE 3r(!1) (see [2]). Although. this degree does not
possess all properties of Lera.y-Schauder degree, it i8 streng
enough te prove the following bifurcation th.eorem of Ra.binowitz
type (cf. [3]): 'LetG be open inlR XX. Suppose f:Q-> X 18

a c2-mapPing such that: i) for a.ll (A,X) eQ I-D2f(Ä,x) E F(X),
1i) f(A,O) = 0 for all). such that (Ä, 0) en, iii) there i8

TEL(X) such that D2f().,O) =AT for allA such that (A,O) EU.

Suppose (A :~O) 18 in.n., B.nd A i8 a characteristic valueo 0
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of T of odd multiplicity. Let 1 denote the closure of

{(Ä,x) eD. I f(~,x) = x .=1= o} .snd oe Äo the connected com­
ponent of "1u (lo'o) containing (1c10). Then tlo i6 either
not compsct or contains (A,O) for A =f= Ao • This result has
also b~en proved by E.N. Dancer [1]. If addition f E C3(!l) ,
Ao is simple snd moreover a regular bifurcation point and

if c1(T)\{Ä~1J cf).e ~I Re A <A~1}, then one may prove' aa
in Sattinger [4] that the 6upercritical solution branches are
stable wherese the subcritical solution branches are unstable.

[1] Dancer, E.N., Boundary value problems for ordinary
differential equations on infinite inter­
vais, Proc. London Math. Soc. (ta appear).

[2] Eisenack, G.,
Fenske, C., 0

Fixpunkttheorie , Bibl iographische"s lnstitut,

Mannheim (to appear in 1976).

[3] Rabin9witz, P.R., Some global resulte for nonlinear eigen­
value problems, J. functional analysis 7

(1971) 487-513.

[4] Sattinger, D.R., Stability cf bifurcating solutions by

Leray-Schauder degree, Arch. Rat. Mech.
Analysis 43 (1971) 154-166 •

. FL.GRET, K.: Well-located Subspaces cf Distri.bution-Spaces

e A subspace F of an inductive ·limit-space (E,t) = ind ('Ell,'t'll)

is' cslled well-located if (F,~)' = (ind(FnE o,~~~-->
a~ a a 0 0

Motivated by counterexamples ~(!1), ~ P-convex and not strongly
P-convex, ~he following theorem was stated and proven:

Let (Ea ) be an induct1ve net cf reflexive Frechet-spaces' a~d F
a closed'sub~pace cf E = 1nd Ea • Then the fallewing condit1one
are equivalent a-->

(1) F 1s well~located

(2).(F,r:)iJ = rin~(FnEll,1:11»iJ proj
<--a
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EI
(3) ß/Fo 18 complete.

1) (0)

( 4 ) (F , 't') 1nd (F n En , Ln) •
n->

v. GRUDZr:NSKI, 0.: Construction of Fundamental· Solutions
for Convolutors

It 1s ehown that HBrmander's method of construction of
fundamental Bolutions for general differential polynomials.
csn be used to construct fundament.al Bolut1ons in distribution
epaces 'where the topology cf the space of testfunct10ns 18 de­
f1ned by meafte of an analytic uniform (AU) structure. When
'8pplied to convolutors f * :. 1) I ~ 1:) I , where .f E t I, this
method g1ves fundamental solut1ons in J) I if the Fourier trans-

A ~ ( _ )form f cf f 18 Blowly decreasing. If f 1s very re~p. extremely

slowly decre·a.1S1ng one obtains fundamental solutions.of finite

distributionsl order (resp. of exponential growth).•

HANSEN, S.: Einbettuniilssätze für die Distributionsnräume Bp,k e
o . Bp,k

Für die Räume Bp,k(!l) := 2)(!1) (Bp,k ist der in Hörmenders
Buch über partielle Differentialgleichungen eingeführte Distri-
.b~tionenraum) werden notwendige und hinreic~ende Bedingungen für
die.Stet1gkei t bzw. die Kompakthei t der Einbettung
o 0
B ,~ (!l) '---> E k (!l) angegeben, wobei insbesondere 'der

I>,A1 q, 2
Fall p +q berücksichtigt wird. Die Stetigkeit (ebenso die Kom-
pakthe1 t) der EiJ:lbettung hängt - wenn n beschränkt oder 11 ein
offener, konvexer Kegel ist - bzgl. der Gewichtsfunktionen k,

. k
und ~2 nur von ihrem Quotienten k2 ab.

1
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BUSSEIN , D.: Hypoeliiptic Convolution Eguation° in Beurling
Spaces

Necessary and Bufficiento eondit~onB are given for a con­
volution operator in a Beurling space to be hypoelliptic.
Also, partial.hypoellipticity with respect to some variables
in Beurling spaces 18 considered, necessary and Bufficient
conditions"for convolution operators.to be partially hypo­
elliptie with ,respect to Bome variables are given.

These reaulte extend same work of Björck.

K~RBER, -J.: Darstellung Roumieu'scher Ultrad1stributionen
als Randwerte holomorpher Funktionen

Polgend~ Sätze wurden.bewiesen. Der Zerlegungss8tz ist" ein
Hilf'smi ttel zum. Beweis von b. .

Satz: a) Jede Ultradistribution T E .J)' f~p} 1st ein Randwert
einer ~olomorphen Funktion f, die der Bedingung

(.) VI e;c R 't/L.> 0 .3 C(K,L) > 0 , so daß

sup 1~(x+1y)1 =:;C(K.L),LP,! L~;1IYI-p
x'e K p

genttgt.

'. ob) .Jede holomorph~'Punktion f E H(C~)" die (*) erfüllt,
'hat e1ne~ Randwert in J)' {Mp} •

Zerlegungssatz: gE H(D),'D Einheitskreie, .mit

Ig(w) I :s, L pI LPM~1 (1-lwl )-p
.p ,

läßt sich zerlegen in g = ~ gp , wobei
~o

gp E H(D) und

Igp(w)I =:; C'P!'(BL)~;1(1-lwl)~P

(e,B sind von g und p unabhängige Konstanten).
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. KRAlfZLER, St. K. : Existence Theorems for Systems of Convolutlon
Equations

Let [s·1~-1 be a family of distributions, each having compact
1 1- 1 N '..

support in IR end [.0. f . be a correspond 1ng famlly of openn 1 1=0
sets in [Rn such that n i + support Si c..n. o (1 ::: i ::: N). ,
Necessary cond~tians far the system Si * u = f i ('1 ::: i ~ N)
to have a distributional solution (r~sp. a C~ solution) u

in :0 '~.no) (r~BP.t(.ao)) for (fl'f2 ,··· .,fN) in i'fr1 J)'(.Qi) e
(resp. TI e(0. » i8 exhibi ted by mak"ing use cf topological vector

~1 1 .

space methods and .some techniques developed by Lars Hörmand~r.

It is sUbsequent·ly shown that for certa.in types of differential

operators,'these same conditions are also sufficient.

The a.ssociated·problem of finding conditions on subspaces of

test function spaces which imply that every sequentially.con­

tinuous linea.r functional on the· subspace ~dmits ,8 continuous

linea.r extension to the entire space is also discussed.

LAWRUK, B. and TUL,CZYJEW, W.M.: Criteria for Partial differential

Equations to be Euler-Lagrange Equations

Let V be a bounded contractible domain in ~n and let u: V-->Rn . ~
be a Cco_ mapping. Nonlinear partial differential operators de- •

fined on such mappings ar~ considered. Of particular interest,
however, are euch opera tors which a.ppear in Euler-Lagrange equa­

tions. If the ~agrangia.n L = L('tt, ••• , 'l'Z.k, ••• ) iso a CP-function
k n, -

of "l = (11 k' • • ." '?nk)' kEIN • Ik I. = k 1+. • •+kn ::: p , then
the necessary 'condition for the functional

r . k k d Ikl uJ L(u, ••• ,D u, ••• )dx, D u = k k
V a 1 ~ nx 1 ••• " xn

to have extremum at u is
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0, X E V

for arbitrary ~Uj' snd leads to the system of Euler-Lagrange

equations

0, j , , ••• ,m; x E V,

in general of·· order 2p. The 1eft hand eide of this system 18

ca11ed the Eu1er-Lagrange operator corresponding to the La-

grangian L.

We formulate criteria for an operator A= (A" ... ,Am),

Aj =Aj(U.~ •••Dku •••• ). j = 1••••• m to be the Euler-Lagrange

operator corresponding to a LBgrangian Land also show the

possibility of constructing L' from A • Fur~h~r, ~e ~hOw that

1t every linearization of ) i8 a ·formally self-adjoint ·operator

in V, then there i8 a Lagrangian L Buch tha,t A is the EUler­

Lagra.nge operator corresponding to L.

ORTON, M.: Singular integral Equations and Distributions

dt =.g(x) on (a,b)
bI (t_x)a-1 f(t)dt

x r (a)

·.e
Singular integral equat10ns of the form

b

A(x)f(x) + B(x) i Pr f ~f~)
x a

f (x_t)a-1
a(x) - - f(t)dt + b(x)

a r {a}
g(x) on (a,b)

aa weIl- as certain mixed boundary value problems are ·formulated
ae distributionsl prQblema and shown to be' equivalent to
Hilbert-Riemann problems for analytic representations of dis­
tributions in~'(~). For such Hilbert-Riemann problems the
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following 18 shown:

Theorem 1: Let G(x) be infinitely differentiable on
m

U = IR , U {xk1 end a s sume tha t G ha s a
k=1

." /\"proper factorization" G(x) .k(x+iO) = k(x-iO).

Then given any g E J) '(U) which can be ex­

tended to ~'(R), there exists an analytic

repre senta.tion 1{ z) cf f E.n' (IR) whose boundary

values satisfy

(1) f'(x+iO) - G(x).?(X~iO) = g(x) in %>'(U) •

. Given g, there exists an analytic representation
A ~ /'t...
Kg{Z} Buch that G"Kg(X+iO) = Kg(X-10) on U and

all Bolutions cf the Hilbert-Riemann problem (1)

are of the form

for e (z) entire analytic B.nd arbitrary constants

8 jk •

Conditions for G to heve a proper fectorizetion are given by:

Theorem 2: Let G(x) be infinitely differentiable on U with

G = G,.G2 - Assume G1 end G2 satisfy:

for any E> 0

for any E< O.
lim ±

x->xk

(1) G1 i8 complex-valued with (G,(xY(= 1 on U.
G., end all of i ts derivatives heve limits as

x -> x; and as x -> xk •
(ii) G2 18 real-valued with G2 (X) > 0 on U. For

k = 1,2, ••• ,m and j = 0,1, ••• there exist
~

8 jk E ffi such that

Then G(x) haB a "proper factorization tl •

As an application we derive the distributional solutions of a

mixed boundary value" problem end construct generalized eigen­
functions for the finite Hilbert-tranBfo~~
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Discrete end e-additive measures

Let x be a eompletely regular and Hausdorff spaee end denote
by ~b(X) the spaee of-all continuous and bounded functions

_on X. On the space Md(X) cf all d1serete (the atomie meesures
would do the same) measures on X, put the"- topology LX cf
uniform eonvergence on all equicontinuous end uniformly bound-

- b
ed subeete of e (X). Then the following general theorem
"Le-t E be a 10e8111 convex topologica1 vector 81>8ee •. Then

the finest locally convex topology on its·dual E' Which
1s equ1valent to the w*-topology on all equicont1nuous sub­
seta cf EI 18 the tepology of uniform convergence on the
compact sets cf the completio~~ of E 11 applied to
E = [Md (X) , "rZ ] givee Whee1er I s reeu1t that 11 the spaee

~~ (X) 1e alwaye stronglyMackey". Th1s haB been done wi th
e

the coilaboration of J.Zafarani.

SPECK, F.: The character1zat1on of the Fredholm Property
ror Generalized Convolution Operators on Sobolev
Spacee by its Symbol

Let Cl be 8 elSBS of generalized convolution operators on
Sobolev BJ)8cea

A: L~ ----.'> L~ (1 < P < co, a , t e 7L) ,
whieh are cf 10e81 type, i.e. 't·A - A1· compactly for all

~. n . ~

1e C (R). Then ve have equivalence of the following facts:

(1) A 19 a Fredholm operator < >ess in! IfA I > 0
A

where A~ I A 1e a homomorphism from Ot into
L OO (Ä), 6-.e (Rn X,lRn ,

(i1) there is a er1terium of such type for the 10eal
Fredholm property for operators ef the more simple
corresponding eIses of pure convolutions in LP•
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As an example one can take an integro-differenti"a.l opera.tor

) ~~D~ whose co efficients A~ are enveloping opera tor s
~s-t ' ,

of sets fA~xl XER-rr· of singular end L
1
-convolutions.

ZIELEZNY, Z.: HlEoelliEtic convolution equations in X p e
Let Jl

p
, P > 1, be the 8pace of CCO -functions· . 'f in ffin

such that

V k ("') = sup
xeRnlal~k

The topology in Je p is defined by the seminorms "k. The dual
. "'1< Pto J(p i8 the space of distributions which grow like

eslxlP, "for some a (depending on the distribution).

Let (j C(Xp:X j,) be the space cf convolution operators in

X~. Further let tXj, be the space of CCO-functions f such

that Daf(x) = o(eblxIP) as lxi ---> 00

for all a and Borne b (depending on f).

A· distribution S E ~C(J(t:Jrp) 18 said to be hypeelliptic
" p

in ::Kp if every solution U E J<. ~ cf the convolution equatioIi.

S *u ="y is in 't3{p if Y E l"Xp . e
The distribution S E (!Je"(.X':X') 18 hypoelli.ptic in

p p ~

J(' if Bnd only if its Fourier transform S satisfies
p

the following conditions:

(I) There are sonstants A,B > 0 such that

I~( r) I· ::: Ifl-B
for SE ffin, Isl ::: ~

q .
(11) IIm ~ I _:> 00 aso ~ E (Cn 8'( ~) 0, 1t;1 -:> 00 ,

loglt;1
where 1 + 1 = 1P q •

s. Hansen (Kiel)
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