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This was the third meeting on Scattering Theory to be held at
Oberwolfach (first two meetings: June 19/1, July 1974). The last
six years have seen rapid progress in this field, stimulated.
in part by scientific contacts which taok place. at these meetings.

Topics discussed this year included potential scattering (in
particular long range and periodic potentials and the inverse
problem), multi-particle scattering, non-linear scattering,
scattering theory for electric and acoustic waves an~ for the
linear Boltzmann transport equatirrn.
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Vortragsauszüge "'I

Shmuel Agmon: Schrödinger Operators with 10ng Range Perturbations

e
(i) The existence in same generalized optimal sense of the boundary.
values R(k 2.:!:.iO), k>o" of the resolvent R{z) = (H-z)-l.

let -~+V(x,D) be a formally self-adjoint Schrodinger operator on
IRn wi t h V =~ I~ t 5..2 VCf.- (x ) oOC , VoL~ 0 a s 'x 1-::'" 00. Let H be t he self 
adjoint realization of -~+V in L2. We describe in this lecture
S 0 me new res u1t s in t he s pec t r a"l' ~ nd s ca t te r i n9 t he 0 r y 0 f H in c ase V

is 10ng range (i.e. slowly decaying). The main results we discuss
are the following.

(ii) The eigenfunction expansion theorem for Hand its relations
to the asymptitic formula:

R( k 2!.i 0 ) f N C nr - ( n- 1) / 2 ex p{!. i 'r' +( r ; w, k') ) a + ( \'1; k , f) f 0 r

r = 'x t.-;. IX' ,w = x/ Ix ,. ( Her e 11'+ isa ~ erta ; n re a ,-Phase fun c t ion
independent of f).

(iii) The asymptotic completeness of the modefied wave operator
IV

W+ of H est,abli shed by means .of the formul a:
f"J t7"'-* '2:"
W+ = f+ J M(D).

Here r: are generalized Fourier maps of H,1rthe ordinary Fourier
map and M(D) is a unitary pseudo-differential operator.

Dr. earl E.Baum: The Singularity Expansion Method 'in Electromagnetic
The 0 r y: ARe c en t 0ev e10 prn en t e f Pra c t 1 Call mfiort'äii-
1 n e c t r 1 C a n9 1 ne e r 1 nCJ \., , C \alS e s mp0 r a n
Pathematlcal Questlons

Beginning from empirical observations of the tr~nsient response of
complex electromagnetic scatterers it was noted that damped sinusoids
were important parts cf the transient-response.waveforms. This led
to the .concept cf expanding the sol ution to the scattering (and"
antenna) problemes) in terms of the singularitjes of the solution
in the s plane; this is the basic concept of the si~gularity ex
pansion method (SEM). It has been further observed by analytic
examples. and numerical results that the pole terms ar'e adequate, at
least in seme cases, to describe thc complete response. An important
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aspect of the pole terms is the efficient way.they characterize the
response of the scatterer as a function of the various physical
parameters of the problem by sep~rating the dependen~es on the
various parameters. This subject appears to be one in which there
can be fruitful collaboration between the mathematicians and the
engineers.

F. Bentosela: Periodic Media: the Effective Mass Approximation

A. common method in the solid state physics to calculate the isolated
eigenvalues of the quantum mechanical operator H = -~ + V + Q (V{x)
is a periodi~ ~otential, Q(x) a potential which goes to zero as

'xr~ + 00, m the electron mass) in areal interval on the resol.vent
set of HB =- ~ + V is to replace this operator by a simpler one:
- ~~ + Q; where m*, called the effective mass is related to the
energy of HS.
We give a mat.hemafical justification of this approximation by
constrvcting a family of operators, derived fro~ ~, the resolvent
of whi~h converge to the .resolvent of - ~* + Q.
We give al so same corrections to the effective mass ap-proximation
by expressing the-eigenvalue of H in the form of asymptotic series.

L.e. Dolph: A New Cha11enqe to Scattering Theory - the Singu1arity
Expanslon rtlethod ~SEt·']_

The use of complex singularities t first introduced by lord Kelvin
[J.J.Thom·son t Proc. London Math. 50c. 15, 1884, p.197], in a dis
cussion of the free modes of osci11ations of the electromagnetic
field around a perfectly conducting sphere has led to simi1ar treat
ments for other obstac1es. [c.f., e.g. Tesche, F.M., IEEE Trans'. on
Antennas and Propag~tion Vol. Ap-21, 1973, p. 53 - this article also
'C 0 nt ~ ; ns ~ d~ s c r i pt ion 0 f t he SEM met ho d]. The pol es 0 r 11 res 0 na nc es 11

in the SEM method are determined by numerica1 methods, and their
physica1 rea1ity is oftert in doubt. Here' the results so far obtaine~

toward the resolutions of 'the many difficulties of the SEM method,
{as obtained in collaboration with C.T.Tai of the University of
r~ ich i ga n (E M)] wi 11 be s ummar ; zed .
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J. Ginibre: Existence of Solutions and Scatter;nq Theory for a
Class of non 11near $chrod,nger Equatlons·
(Joint work w;th G.Velo)

We study'a class cf non 1 inear Schrödinger equations of the form

i *= (-~+m}u + f(u) (1)

i n IR n. wh e re m isa re a"l co ns ta n t a nd f a comp1ex val ue d no n· 1 i n ea r
function. Under suitable assumptions on f. ~e pEove the existence
of global solutions of the Cauchy problem for an integral version
of the equation. in two steps: we prove the existence of solutions
in a' small time interval by a contraction method. and we extend
the solutions to all times by the use of the conservation laws of
the L2-norm and of the energy. We then study the scattering theory
for the pair of equations (1) and (2) below:

; %I = (-~ +m) u. (2)

We pro ve. t he ex; s te nce 0 f t he wa ve 0 pera tor s by sol v i n9 t hein i. t i a 1

value problem with infinite initial time. again by a contraction
methode Finally, we prove asymptotic' completeness for a class of
repulsive interactions by the use of an approximate conservation
law. which we call pseudoconformal. The previous program is implement
i n a va r i 'e t y 0 f t he0 r i es t hat di f f erby t he c ho i ce' 0 f t heb asie s pa c e
an d 0 f t he ass um pt ion S 0 n f. \-J e pres en t (1) a ge n.e ra 1 t he0 r y t hat

holds for any n ~ 2. with basic space H1( IR"). hut with same topo
logical complications. (2) Special theories for n=2 and 3, with
basic space H1( mn)nL~( ~n). free of the previous complications.
(3) A simple theory for n=1. with basic space H1{ m).
The assumptions ma.de on f cover the case of a s;ng1 e power _
f(u) =Arul p-1 u with various restrictions on A and p. We require (1)"

lower bounds on P. which range between 1 and 2 for the Cauchy problem
at finite initial time,and between 1+2/n and 1+4/n for the Cauchy
problem at infinite initial time. depending on the particular version
of the theory. (2) upper bounds on P. namely p«n+2)/(n-2) if A>O

(for n ?: 3) on'ly), (tnd p<: 1+4/n if A<:O. (3) for asymptotic complete
ness only),A.~ 0 and p:> 1 + 4/n.
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J.C.Guillot: Wave Propagation and Scattering in Stratified Media

Recent work of C.H.Wilcox and myself is discussed.
One studies the selfadjoint operat~r A = -C

2(y)tt x y in the
2 -2 ' 2Hi 1be r t s pa c e H = l (c ( y ) dy dx) wh erex = (x 1 t X 2)€ \R t YE ~ ,

C{y) :11 Co for y~OJ c{y) = cl- for 0 l..y < h,. c(y) = c 2
for y>h. We prove that A is an absolutely continuous op~rator whose
s pec t r urn i s (0)OQ). ~J e als 0 9 i ve a gen e ra 1 i zedei gen fun c t ion ex pan s ion .
Finally we prove existence and completeness of the usual wave'~

~ operators for local perturbations of the function ~(y). The physical
interpretation of the solutions of the wave equation associated
wit.~ A is given.

Resolvent Formulas for 3 and 4 ßody Schrödinger
Operators

let.H be the Schrödinger Harnil tonian for a system of three cr four
particles with the centerof mass motion·removed. Formulas are derivE
for the resolvent (z'-H)-l, which may be used to prov~ asymptotic
completeness for a class of dilation analytic two-body potentials
when the.space dimension is greater than or equal to three.

J.Hejtmanek: Recent Results on the Scattering Theory of the
[,near Boltzmann Operator

The first part of this l~cture is a review on results of the
~ scattering theory of the neutron transport equation in lI(R3xR 3 ):

W. an S
3T = - vgradxn - h(x,V)n +'R3k (x,v',v)n(x,v',t)dv'

n(·~·,t)€ LI (R 3XR 3 )

n(x,v,o) = "o(x,v} (in~tial condition)

The wave operator .sr + and 5? - have the followi n9 properties:,......, .

1)2 - exists ~ The transport system is subcritial·. 2) 5( + exists<~
The transport system is subcritical. Sufficient conditions for the
existence of 2 -(Simen, Voigt, Protopopescu) are discussed.

The second part is a complete descri~tion of the spectrum of the
collision free neutron transport operator T in ll(R 3XR 3 ) and then
i n Lp( R3x R3 ). 1 <. p ~ oe.
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Ira H. Herbst: Topics ln the Study of Schrödinger Operators
wlth a Constan~~~netlc F1Cld

This talk is a repert ef seme recent work done in collaboration
with J.Avron and B.Simon. I will cover three disjo;nt topics:

.1. Correlation Inequalities and Propertie~ of Greund States~

Correlation inequalities from the theory of spin systems will be

used to prove that the ground state of hydrogen in a magnetic field
.-+ -+

.has L·S=O.

11. Enhanced Binding in Magnetic Fields .
.Since a constant magnetic field binds a particle in the plane

~

perpendicular to B, it effectively reduces a three dimensional
problem to ~ ~ne dimensional one ~here bin~ing is easier. Thus
it will be shown that He has abound state in an arbitrarily weak
magnetic field (although detailed calculations indicate this is not

. ~

the case if 8=0).

111. Separation of the Center of ~ass in N-Body SYstems.
Translation symmetry is r~alizcd in general hy a projective re
presentation of the translation group. Only if the total charge
i s zer 0 ist her e are a1 r e pres c n tat ion. I n t his c a. s e 0 ne c a n i n t r 0 ~

p

duce a quasi-momentum. The consequences for the HVZ theorem are
explained.

Will; Jäger: On the absolute Continuity of the Srectrum of
~cnrödlnger Op~rators-wTth lonq Range Potentlals.

Co n s i der a dom a i n Gin IR, IR n\ G ho und ed, pt; CO (G ,IR ); ass um e t hat
/\

Il:o =1i rn p( x) exis t s i n IR. We a s k f 0 r c0 ndi t ion s 0 n p s uc h t hat t he
IXI...,.::D .

S elfadj 0 i'n tex te ns ion s Hof t he 0 pera tor L =..A+p, de f i nedon
D(L} = C~(G,[), has absolute continuous spectrum in Jpw,~ [. There
are many results in the case of ordinary differential operators,
for instance proved by Tischmarsh, Neumark, Halter and Rejto.
This j~int work with P.Rejto gives a generalization to the case
of partial differential operators using the method of constructing

approximate potentials PA. with help of .approximate solutions eA.
of the equation
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Under certain assumptions on eA one can contro1 the 1imit ab
sorption using ~eight~d l2-norms and the radiation condition

)Iu r - ieAuI2r·-ld~ (r=lxl).

Choosing different appro~imat.ionsGA one gets different c1asses
of pot e nt i als p s uch t hat a b5 0 1utee 0 n t i f1 ui t Y f 0 110'I' s. The c 1ass
of 10ng range potentials treated by Lavine, Ikebe and Saito is
a subc1ass. Examp1e of an exploding potential which can be handleg:

_ p(x»-Ixl + O(lxl- 1/ 2 - 6) for \xl~o::>C •

Richard Lavine: The Scattering Cross Section.

The differential cross section for scattering of a quantum mechanical
particle with energy operator H = -~+V{x) is traditiona11y expressed
i n te r'm s 0 fit ( k , k I ), 2 .\" her e t ist he kern ed 0 f T .= S- I, wh ereS
is the scattering operator. Although the differential scatteri~g

cross'section can be measured for the long range Coulomb potential,
T is known to possess reasonable kernel only~for potentials decaying
fa s t er" t ha n r - 2 a t oe. \~ e 9 i ve a gen e ra 1 i z ed ex pres s ; 0 n f 0 r t he

d i ff e ren t i ale r 0 s s sec t ion asam ea s ure 0 n S2 x. S 2 - {( '" , W I ); \'/6 S2}

in terms of the asymptotic in- and outmomenta p!, which are known
to exist for 10ng" range potentials, and prove that this measure is
finite on products of disjoint subsets of S2 for a class of potential
V wh ich ca n d ec ay ass 10 \'J 1y a s r -.1 / 2- f a t (;>CJ

Rolf leis: Zur Theorie elektromagnetischer Hellen in anisotropen
, nhorn 0 gen e n ~1 e cl 1 oe n

The purpose of thi s survey 1ecture ; s the. development of a theory
of b0 und ar y - a nd i ni t i a1 val ue pro h1ern s f 0 r ~, axwe11 I S equa t ion s. He
s ta r t .bY i nt rod uc ; ng t he gen e·ralt i me depend e nt equa t ion s f 0 r i n
homogeneous anisotropie media. Intending to give a Hi1bertspace
theory severa1 notations regarding solutions in the weak sense are
needed. Ne then treat the time harmonie equations. The damped case
can very easily be handled. The undamped case is more difficult.
First we deal with boundary and eigenva1ue prohlems for bounded do
mains~ Afterwards exterior boundary value problems are solved using
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the method of limiting absorption. In order to apply this method
a-priori estimates have to be derived, and for proving unicity the
principle of unique continuation has to bc verified.
These preparations being done the general time dependent case (initia
value problems) can be handled. The spectral theorem for the Maxwell
operator has to be formulated first. Initial value problems for
bounded dOmains can be solved afterwards and same aspects of a genera

theory cf wave propagation will be given.

Michael lovis O'Carroll: On the Inverse ScatterinQ Problem for the
Schrodlnger, Rleln-Gordon and.Olrac equa
tlOOS 10 dlmenS10n n~l

We treat the inverse .scattering problem associated with the Schroe
dinger, Klein-Gordon and Dirac equations in dimension n71 with a

linear potential term and with minimal coupling to a static electro
magnetic field. Far a specified class of potentials by considering
certain high energy, fixed momentum transfer limits of the scattering
amplitude we recover the potentials, show uniqueness at the inverse
function and continuity and differentiahility properties of the
inverse.

O.B. Pearson: Pathological Spectral Properties of Schrödinger
Aaml1tonans

Given a sequcnce {fn(k,y>} af functions periodic in y with period c
and satisfying. in addition to regularity conditions, ~

( i )
1 c

T(k) = c 5 fn(k,y)dy = 1
o

00

(ii) :z -mn{k) = 00,

n=1
c

where m (k) =! 5 1og f n(k,y)dy (f n :?const.70),
- neo

the measure~ defined on intervals ~ ~y

fdz) = 1im) .-r, f i ( I< • Nil< )d I: may he ex te nd e d (f0 r {N i}
n-.,.oOz: 1 =1

increasing sufficiently rapidly) to a singular continuous measure on
Borel subsets of iR.
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This result is applied to potential scattering to generate potentials
V(r) such that H = -~+ ~ V has singular continuous spectrum. Typicall
these potentials consist of a sequence of "bumps" of height 9 n separa
ted by intervals Nn (with ~gn 2 =oC) ,but potentials giving rise to
these spectral properties also arise from per~urbations of both perio
die and short-range (singular) potentials.

Rainer Picard: Zur Existenz des Wellenoperators bei Anfangsrandwert-e aufgaben vom 1·1ax~le lI-Typ.

Es wi"rd das folgende Anfangsrandwertproblem betrachtet:

(v/t+ i -&) rE(t~: = i r~~ldiV H(t) +ir E(t)l = 0

lH(tJ It lrot E(tl + cft H(tU

in einem Außengebiet GCIRdj

E( t) = 0 auf aG, te [0 t 00) ;

[(0) [ot H(o) = Ho •

Hi~rbei ist E{t) q-FQrm, H(t) (q+l)-Form, Eo ' Ho e~tsprechende

Anfangsdaten, rot die Cartan-Ableitung, div die Co-Ableitung,
t,!'- s ; nd 1 i neare Ab b i 1dun gen von" q - F0 r me n bz \>1. (q +1 ) - F0 r men ; n
sie h. Für den 0per a tor"~ \tl i. r d i m Rahmend er H; 1be r t raumt he0 r ; e

die Existenz und Vollständigkeit der Wellenoperatoren W+ in Bezug
auf ein passendes Anfangswertproblem im md naehget/iesen.

• Yoshimi Saito: Spectral Representations for the Schrtidinger Operators
- Ll +Q(y) \'/ 1 t h 10 nq - ra nqe Pot ent 1 a , s Q(y) = 0( t y, - f. )f. >(

let us consider the Schrödinger operator

S = -.d + Q( y ) ( Y€ IR N)

\-/ith a long-range potential Q(y) = O(ryl-C) t t,>Ot as 'yl~ oe • The
purpose of this report is to develop a spectral representation theory

""':t.f 0 r S. F; r s t wes ha 11 c0 ns t r uc t t he e ; gen 0 pera tor "''1 ~ ( y, k) t Ye [0, oe") ,
k~ IR - {o} t \'1 hich isa b0 und ed 0 pera tor 0 'n L2( SN- 1) f 0 r fix edY a nd k.

cO ± """ + N- 1 " 2 J) +Fur t her t T0:.. (y , k) =~ - ( IY I , k)~ {ct.,eL2(S » s a t ; s f i es (S - k )'fcL- = o.

By the use of the eiaenoperator the generalized Fourier operatorsSh~
can be defined. The main tools are the lillliting absorption principlc
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for Sand the asymptotic behavior of the solutions v of the equation
(S-k 2

)v = f. For the details s~e the papers to appear in Osaka J.Math
14(1977).

Israel M.Sigal: Scatteri~g Theory for Many Quantum Systems with

· (e)· 2~ • () 2~ \. 21"\.'s-lim e 1H e t e- 1Ha ,m e e t H (8) ="a,m]1+T -
t-;r+oc ' a,m a e

We consider a n-hody quantum system with local, two-body, dilation
a na 1y t i c pot e nt i als \,/ h ; c h, e s sen t i all y, have t heL 2- 10 calb e ha v i 0 r _

and fall off at infinity faster than Ixl- 2• In the formulations of •
the results we use the notions of quasibound state and resonance
which we don't define here. If the potentials satisfy the conditions

.' n(n-l)

then the set of all g€(R 2 such that n(n-!l

!lijVij has no quasilJound states is nondense in IR~

~escribed above

H( g) = Ho + ~
i.t::j

If in addition, no subsystem has quas;'bound states then (a) number
of bound states of Dur system is finite and r~sonances havc no real

accumulation points, (b) the set of ch~nnel wave operators is complete
The proofs of these statements arebased on the spectral and scatterin0
t he0 r ; es f 0 r t he Co m~ es - Bals 1c v fa m; 1y H( e). The c ha nne 1 \'1 ave 0 per a tor
in the scattering theory fo~ H(8) are defined as follows

+
11 ;,r.l(9)

wh er e A. a , m ist hein te rnale ne r gy .an d Tat he 0 pe r.a tor 0 f kin e t i c

energy in the channel C?,m).

C.G.Simader: Essential self-adjointness of Schrödinqer operators
bou nd ed from f'eTO\"

He cons;der Schrödinger operators

f
Lu • - - A u + q u 0 n 0 ( L) : = C:'( IR tl ). wh e r e q c:; L ~ 0 c < I'R N)

(H.I) and assume them to be bounded fram below; without 10ss of
gen e ra 1i t y \-/ e ass urne (L u , u) > t\u n? f 0 r u E. 0 ( L) .
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He s pli t t he pot ent i a1: q = q 1+q 2' q 1t: L ~ 0 C ( rn N), .\'1 her e q 1 L 0

and q2 ~ O. Jhen we as~ for conditions on q2 guaranteeing to~ether

\'1ith (tl.l) essential self-adj'ointness of l. For q2 \oJe assume:

F0 r k€N 1e t q k ( x) : = q 2 ( x) i f Jx I ~ k an d q k ( x ): = 0

otherwise. Then we assume:

( H• 2 ) i) LkU : = - L1 u + q1u + q kU' 0 ( Lk) : = Ce; ( IR N) ; ses s. s. a •

; i) F0 r every ke N t her e ex istsO< a k <. 1 an d Ck :z 0 s uc h

that I(Qku .u)/ =:: akll"Vu//2 + Ck /luil 2- for UECo€( (RN).

( H• 2) ; s sa t i s f i e d i f e. g. q 2~0'Ol, 10 c 0 r q 2 i s (l 0 Call y) 11 P- c a non i c a 1 11

or q2 satisfies Kato's (Israel J.Math. 13(1972)} mild Stummel-type
condition. We prove the following

Theorem. Assume (H.l) and (H.2). Then L is essentia11y self-adjoint.

This theorem generalizes Hienholtz's famous result (.1958) and those
of Stetkaer-Hansen (1966) and J.Walter (1969). Its elementary proof
f 0 11 0 VI s f rom Hi enhol t z I S 'iIO nder f u1 ce cut - 0 f f It - i d ea ( VI i t h s 0 me 1; t t 1e ,

but essential c~anges in the arguments used) and is in our situation.
basea on the fol1o\oJing lemma, replacing \tJien.h~ltz's use of 1'1eyl's
1em-ma:

lemma. Let gel
2

( mN
) and assume that there is a· k€N and a constant

C > 0 such that

I(9 , Lku)f ~ C( UuU+n'vu U) f 0 r ue C0ce ( RN)

where Lk is d~fined ~s 'in(H.2). Then, 9€H 1 { RN) ..
The proof of -the lemma ;5 very easy.

Barry Simon: Geometrie Methods in Multi-Partiele Systems

Ideas in seatteri~g and spec~ral theory which emphasize the geometrie
sepa~ation in eonfigurat;on space are presented. App1ieations include
the HVZ theorem, completeness of scattering in the two-e1uster energy
range, and conditions for the finiteness of thc number of bound states.
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Lawrence Thomas: Planchered Theorem for Ground State Representation
of the Re1senberq Chaln

In its ground state representation, the infinite spin 1/2 Heisenberg
Chain provides a model for spin wave scattering that entails many
features of the quantum mechanical N-body problem. A complete eigen
function expansion for the Hamiltonian of the" chain in this represen
tation will be described, for all numbers of spin waves scattering

will be discussed.

Jürgen V~igt: Scattering Theory for the Linear Roltzmann Equation;
a iiO n1 formly Absorb1 nflli Resul t.

We consider the linear Bo1tzmann equation

~i (t,x,v) = - v.gradxf(t,x,vl+~k(X'VI'Vlf(t,x'VI)dV·-Sa(X,Vlf(t,x,vl
i ~ LI ( ,Rn x (R"). let (Wo (t); t{; m) be -the strongl y cont i nuous group of

free motion (i.e., k~o, sa=o), and let (W{t); t ~ 0) denote the s.c.
sem i 9 r 0 U P des c r i b ; n9 t he per tu r bed mo t ion. let s up ~ H( t )ii<: 00 • ~J e
motivate and prove: t~o

If there lS a convex compact set DcfR n such that k(x,v' ,v)=o,sa(x,v)~o
for all x€lRn\O, and if there exist (3)0,.0<.> 0 such that

Sa ( x , v l - fk ( x , v , VI )dv· > oe:. f 0 r a 11 XE: 0, Iv I<: f '
then the wave operator

s - 1im Wo(-t)W(t)
t~~

exists.

ehr; s t i an \~ e be r: A Co mp8 C t ne s s The0 rem f 0 r Ma x \., e11 • 5 Equa t ion s

The talk deals with the fo11o~!ing compactness statement: Let GER 3
be abo und ed d om a i n a nd {rn}~ l 2( G) 3 S II C h t hat ~tn~~C, ~ c ur 1 -Fn~~C,

Udiv(ßFn)~:::: C, and either ~xFnlaG=o ·or rt. (fJtnlloG=O: then {rn} has

3 3a l2(G) -convergent subsequencc. (Norms refer to l2(G) or l2(G) ,
derivatives are understood in the sense of distributions, 0=ß(x)
should be tensor-v~lued, real, symmetrie, hounded, and uniformly
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positively definite, and the houndary conditions are meant in a
generalized sense). This compactness statement has several application
to Maxwell's equations (if ß = dielectricity constant or ß = permeabi

1 i ty) •
The talk gives an approa~h to this theorem (assuming that G has the
restricted cone property) which is different fram a previous one
9 i ven by N. \~ eck (1 97 2) \'1 h0 ass urne d t hat Gis a .11 c 0 ne dom a ; n11 ( a

property distinct from the IIrestricted cone propertyll).

C.H.Wilcox: Sonar Echo Analysis

Pulse mode sonar operation is analyzed under the assumption that
the scattering object ['1 ies in the far fie1ds of both the trans
mitter and the receiver. It is shown that, in this approximation,
the sonar signal is a plane wave s{x·So-t) near r t where 80 is a
unit vector directed from the transmitter toward r, and similarly
t he ec ho isa p1ane \'1 ave e ( x •9- t) neart he. rece i ver, \'J her e eis a
unit vector directed fram r towa~d the. receiver. Moreover, if r
iss tat ion a r y \'1 i t h res pe c t tot he s 0 na r sy s tem t hen i t rs s h0 Wn t hat

e e(t) = Re{ [>tc..> ~(. )T+(w9. (9
0

)dc.;}
o

where $'(w) is the Fourier transfor~ of s('t) and T+(w9,<.J8 o ) is the
scattering amplitude in the direction e due to the scattering by r
o f a tim e - ha r mon; c p1a ne wa ve \oJ ; t h fr equency c..J and pro pa 9a t ; 0 n
direction 8

0
• A generalization of this relation is derived for

moving scatterers.
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Clasine van Winter: Seni~roups Generated by Analytic Multiparticle
HamfltOi1Tä-n s

The Hamiltonian' of a multiparticle system with analytic interactions
is continued analytically in the dynamical variables. A study is made
oft her esol ve nt R()\ ) 0 f .t h oe C 0 ntin ue d 0 per a tor ,H. Und e r s u i ~ a b1e
assumptions ~n the two-body interactions, there is an operator Z such
that ZR{A)Z remains bounded if A tends to the continuous spectrum of H.
This suffices to show that H generates bounded semigroups in one-to-onE

co r res po nd enc e \~ i t h t he scatt e ri ngeha nn e1 s. The sem i 9 r 0 ups are us ed e i
t 0 co ns t ru c t Jr/ ave 0 p.e rat 0 r s) 't/ h ich .are re 1a ted top r 0 j e c t ; 0 ns 0 n t 0 

invariant subspaces of H. The wave operators can be continued analyti
cally and appear to t~nd to limits'as the dynamical variables return

. to real values. Preliminary resu1ts indicate a relation to physics,
but the precise interpretation ;5 not yet understQod.

Kenji Yajima: An Abstract Stationary Approach io Three-body
Scatterlng

The completeness cf wave operators for non-relativ;st;c quantum
mechan;ca1 three-body systems ;5 discussed. The abstract stat;onary
method wi 11 be used.

P. Werner (Stuttgart)
C.H.Wi1cox (Salt'Lake City)
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