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Arbeitsgemeinschaft Aléebra : Schiefkdrper
16. 7. bis 22.7.1978

Die Tagung iiber "Schiefkdrper" stand unter der Leitung von

P.M.Cohn (London) und G.Michier (Essen) und richtete sich nicht

nur an Expérten, sondern sollte auch jilingeren Mathematikern eine
Einfihrung in das Arbeitsgebiet bieten. Demgemi8 nahmen Vortrag;
mit Uberblickscharakter, in denen die hauptsdchlichen Fragesteilun—
gen und Methoden erlédutert wurde, einen relativ groBen Raum ein.
Die Vortraée von G.M.Bergman und P.M.Cohn behandelten das Problem
der Einbettung eines gegebenenvkinges in einen Schiefkdrper. Fiir
éewisse Ringe, etwa die sog. Semifirs, wurde eine."univeréelle"
Losung diesesVProblems angegében. In den Vortrédgen von S.A.Amitsur
wurden Anwendungen der Theofie der Ringe mit Polynomidentitaten

auf die Beschreibung vonvendlich dimensionalen Divisionsalgebren
dargestelit. Dér zahlentheoretische Aspekt der Theorie stand. im
Vordergrund der Vortrige von G.J.Janusz; wo‘fﬁf éinen algebraischen
Zahlenkdérper K oder die Vervollstidndigung eines algebraischenv
Zahlénkarpers die Schur-Untergruppe der Bfauef-Gruppe Br (K) étu—
diert wurde. Diese besteht aus den Klassen, die eineﬁ K-zentral
einfachen direkten Summanden der Gruppenalgebra K{[{G] einer end-
lichen éruppe G enthalten. -

Wesentlich ergdnzt wurden diese Uberblicksvortrége durch 15 Spezial-

vortrédge, in denen liber methodische und inhaltliche Fortschritte

auf dem Gebiet der Schiefkdrper 'und ihrer Anwendungen berichtet

wurde.
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Vortragsausziige

S. A. AMITSUR : Polynomial identities and finite dimensional
division algebras

Polynomial identities have originated in division algebras
(Dehn 1921), and the fact that matrix rings over fields satisfy
identities was first given by Wagner (1936) . Some of the well
known identities which are satisfied by all central simple alge-
bras (c.s.a;) of dimension n2 are the st;ndard polynomial
82n[x] = Isggou Xg(1) ¥g(2) *°* Xg(2n) = 0 (Amitsur-Levitzki)
and the Capelli identity '
=0.

42, [X¥] = T899 Xoq)7 ¥y Xg3) Yo o0¥ 5

v .
n“+1 2

X X
-1 o(nz) n ~0(n2+1)
The central polynomials of Formanek and Razmyslov have been exten-
ded, and there is a central identity which holds for all Mn(K) :

Slxq, «.cr X 5 5 ¥qs «ees ¥ 5 ] . The identities which yield ele-
n n“-1

ments of the symmetric polynomial in eigenvalues of a matrix were
used to prove that every c.s.a. contains a separable element, and
also a generic representation of cas.a; in the matrix ring over a
maximal commutative field. ‘

The notion-of an ‘U-—pivotal monomial yields the following
characterization of division algebras of dimension n2 : (D: CentD)=n2
if n is the minimal integer such that (1 —gfn;f)1 = 1 for any
two polynomials £(A), g(\) € D[] .

Another application of identities is to describe the universal
solution of the problem of embedding R into an nxn- matrix riﬁg
over a commutative ring. There exists such a maximal embedding and

for a division ring R of finite dimension the corresponding ring

is an affine domain, whose points correspond to the splitting fields

of R .
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S. A. AMITSUR : Generic rings for classes of division rings

The ring of generic matrices k(X) 1is a genétic‘ring for all
divisior_x algebras D of dimension n2 over a center containing
k - in the sense that "for every thl(x) € k(Xx] , ahd every D
with center Kok and dimk = n2 there exists a homomorphism

¢ : k[X] » D such that o(q) +0 and @(k[X))K = D ." This homo-

morphism can be extended and induces an isomorphism between the ’
résidue field k[x]ﬁ/pk[x] of the localization of k[X] at

R = ker ¢ and a subdivision algebra of D of the same dimension.
It has been described how to use :th'is to show that k(X) has ex-
ponent nv,-and that k(x) is not a crossed éroduct under certain
conditions on n , e.g. if p3‘|n for some prime p . Other generic
rings for classes qf division algebras are : Saltman"s ring Qm,‘n y
obtained with the aid qf generic matrices and the universal domain

of‘ the embedding of k(x)“/m , is a generic ring (in the previous

sense) for the class of all division aAlgebras of dimension n2 and
exponent m . This can be used to shéﬁv that Qm,n is not a crossed
product and also.that it is not decomposable under certain re- .
strictions on m and n . The idea of a generic ring for the ciass

of division algebras which ére ‘crossed products of a fixed group G.

was suggested, and the group algebra k(F/R') seems to be ofxe,
where 1 > R+ F-> G- 1 is a representation of G i)y' a free group
F and relations R . Finally, k(X) has a normal splitting field
with Galois group G 4iff every division algebra of thé corresponding
class will have a splitting field with a Galois groué "HE G . This
as well can be deduced from the generic properties discussed above.

A corollary is that if k(X) 1is not a p-algebra, it is not even

similar to ‘a cyclic algebra.
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H. BASS : Finite dimensional representations of infinite groups:

Some problems and conjectures

Let T be a finitely éenerated group with a faithful finite
dimensional (f.d.) complex representation. Let X, denote the
isomorphism classes of irreducible representations p : T - GLn(C);
it is open in the affine variety in = X;U...UX . We ask about

‘ the group theoretic significance of representation theoretic in;-
variants. Examples: 1. Interpret the asymptotic behavior of dinl?n.
There are interesting arithmetic groups I such that dhnfgé (o}
fbr all n . I know no other kinds of examples.

2. Suppose that the Zariski closures p(I) (p €U Xn) have -
Souhded dimension. What does this imply ? E.g. is gnnfn= 0 for
all n ? ' ‘

3. Consider subfields Fc:C over which T has a faithful f.d.
representation, and let tr deg (T') ;.m;n trdengF) for such F:.

Interpret trdeg (I') . Is

tr deg (I') = max tr deg (T'')
r'

where T' ranges over solvable subgroups of I ?

G. M. BERGMAN : Constructing and understanding R-sfields

P.M.Cohn has shown that if R 1is a ring, every epic R-sfield 4D
is determined up to isomorphism by the claés of séuare matrices
over R which have singular images over D . He gives neceésary
and sufficient conditions for a class of square matrices to'corres-‘
pond to an R-sfield, and a construction fof this sfield from that

data.
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We look at the same data as telling what families of elements

n.' give an

of free modules R" become linearly dependent in D
alternative description of conditions for such "dependence-data”
to come from an R-sfield, and obtain a new and simplerconstrucfion
for this R-sfield. ' » ‘

The construction is based on considering the class of R-modules

of the form R™/K , where K is a maximal proper submodule closed

with respect to the given "dependence" séructure. It is shown that ‘
every nonzero map among such modules is injective, and the class

bf such modules has bushouts. It may be deduced that fér ahy such
module M , the category of nonzero homomorphisms M-+N (N another
such module) forms a directed partially ordered sét. If M denotes
the direct limit of this systém, one finds that nonzero endomor- .
phisms of ﬂ' are simpiy transitive on nonzero elements. One de-

" duces that this endomorphism ring is a sfield D and M a one-
dimensional D-vector space. »
As examples, we show how the universal sfield of a semifir, and
s relatively universél sfields for semihereditary rings may be ob;

tained.

L. A. BOKUT : Jordan division rings

Theorem 1 (Zelmanov, E.I.). Any special Jor&an divisionAalgébra
is isomorphic tovone of the following algebras: 1) An algebra"D*,

. where &£ is an associative division aigebra, 2) An algebra H (D,*)
of symmetric elements of a skew field & with involution, 3) An
aléebra of a symmetric bilinear férm.

Theorem 2 (Zelmanov, E.;.). Any exceptional Jordan division alge-

bra is a 27-@imensional Albert algebra over the center,




Theorem 3 (Bokut, L.A.). Let L, Lys --ev Ly be countable Lie
algebras, such that every algebra Liq 1<i<4 , is the union of
an infinite increasing chain of subalgebras with the factors of
dimension ¥, . Then the algebra L is embeddable into an alge-
braically closed Lie algebra & = L1 ; _— L4 , which is the sum
of the algebras Li' 1<icd .

?heorem 4 (Grishnov, A.N.). Any finite-dimensional simple binary

' Lie algebra of characteristic zero is a Malcev aléebra.

Theorem 5 (Anan'in, A.2.). Any associative algebra with the

identities [xyy ] ... [xy 1 =0, [x;,..., x Ilyq,..., y,l=0,

n>2 , is representable (by matrices over a commutative algebra).

W. BORHO : Skew fields and enveloping algebras of Lie algebras

This was an introduction for non-specialists into- some touching
points between the two topics mentioned in the title. After ex-
plaining the notions of and basic facts on Weyl fields and enveloping
fields, the Gel'fand-Kirillov conjecture (1966) was formulated :
Evéry enveloping field of an alerraic Lie algebra is a Weyl'field

. over its centre. A historical survey of the settled cases was given.
To settle-the classification of these skew fields up to isomorphism
completely, Gel'fand and Kirillov have introduced a notion of a
transcendence degree of skew fields. This is defined in a rather
complicated way, but turhs out to be extremeiy useful in various
applications. For a better understanding of this notion, some ideas
and results of a joint paper with H.Kraft (Math. Ann. 220, 1976)
were explained. E.g. the growth invariant of a finitely generated
algebra (which is an equivalence class of functions), and various‘

facts about Gel'fand-Kirillov dimension (which is a real number or
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® , and has éo be carefully disfinguished from the more compli-
céted notion of tranécendence degree). As one application it wés
expiained how knowledge on GK;-dimension may sometimes imply
Ore's condition for.a multiplicative subset of a domain. Also,
an example was given for how computations of GK-—dimenéions are
used in the'study of representations of Lie—algebras and of the

skew fields occuring in this connection.

(For an introduction into this topic, cf. e.g. Sém. Bourbaki

n® 489, Nov. 1976.)

H. H. BRUNGS : Right chain rings and the generalized semigroup

Let R be a ring with unit element and without zérd—divisors
and let H(R) ={X; O#%x inv R} where X is the mapping from
the set of all ﬁonzero principal right ideals of R into itself
defined by §(aR)==xaR . H(R) is a partially oréeredvsemigroup
that can be cénsidered as a generalization of the g;oﬁp of divisi-
bility of a commutative integfal domain. We study those rings for
which 'f{'kR) is totally ordered. They turn out to be localizations .
of right invariant right chain rings and they are right invariant

if d.c.c. for prime ideals holds.

G. CAUCHON : Skew polynomial rings and applications

If A 1is an artinian simple ring with center K , if o is an
endomorphism of A and 6 a 0-derivation, we consider the skew

polynomial ring R = Alx,0,8] in which the multiplication is
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DFG Forschungsgemeinschaft © @




| UFG

Deutsche
Forschungsgemeinschaft

defined by the condition xa = g(a)x+68(a) (Va € A). Define
k = fae K|o(a) =a and &(a) = 0} . Then, we have the following
results: (I) R is P.I.es [A:k]<+ow '

(ii) If R is P.I., then it is a free module of finite
rank n2 over its center. Moreover, if ¢ € Inn(A) ,B is an Azumaya

2

algebra with constant rank n over its center and, if o4 Inn(a) ,

then & may be chosen equal to O and, though R 1is not an

‘ Azumaya algebra in this case, the ring R':;A[x,x-1,a] is an Azumaya

algebra with constant rank n2 over its center.
These results may be used to construct central simple algebras

and give a new simple proof of a theorem of Dickson.

P. M. COHN : The universal field of fractions of a semifir

A semifir is a ring- #+0 in which every finitely'generated_right
(or equivalently left) ideal is free, of unique rank. These rings
reduce in the commutative c#se'té Bezout domains, but in general
include much more, e.g. free algebra$ and c0produc£s of fields.
They have the plgasant property af always possessing a field of
fractions wh;ch is universallwith respect to specialization. This
talk discussés'the form which the elements of this universal field
of fractions take, in particular, it compares the different forms
for a given element, and gives somé applications on the structure

of centralizers of elements.
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W. DICKS : Sylvester's law of nullity and subrings of skew fields

The inner r&nk_ bR(A) of an mxn matrix A over a ring R is
the least integer r such that A = BC where B is an mxr and
C an rxn ma.trix ovef R . P.M. Cohn has shown that a semifir R
has the .follt;wing properties: .

(1) R satisfies Sylvester's law of nullity :

PR (AB) Z.DR(A)'+ Pr(B) -~ n where A is mxn and B is nk‘.

(1') R is a subring of a skew field F in such‘ a way that Pr and
pp agree on matrices over R .

We show that (1) and (1') are equivalent, and that they imply
(2) 'R_ has _weak global dimension at most 2 and all flaf R ~modules

are directed unions of free submodules of unique rank.

Sucl'; rings with weak global dimension at most 1 are precisély the
semifirs we started with.
For two-sided Ore domains (2) implies (1), and beyond that,

little is known.

S. ELLIGER : Uber die galoissche Hiille einer Erweiterung einfacher .
Ringe

Seien A' 2B einfache artinsche Ringe und der (B,B)-Modul A’
B B
halbeinfach. Notwendig und hinreichend fiir die Existenz einer

duBer galoisschen Erweiterung AIB einfacher Ringe mit A'c A
und 2(A)cZ(B) =C ist :

i) das Tensorproduct T =A'®@ ... @A' mit n =(A':B) Fak-
B B B B

k k

10...&) S t S, einfach.

t S §
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- lSi.:C)

i1) A =5 ®...85  ,n < k; ., hat als

(End S;: Cc)

Endomorphismenring den Gruppenring GC , G endliche Gruppe.

iii) A besitzt in der Darstellung A'g, ... A'g  (nach i)
BB

und ii) als homomorphes Bild von T ) die Struktur eines

' n )
G—Moduls,l ndmlich ( 121 a; 94 )g = l;l a;9;9 wobei G= UHg,
. die Nebenklassenzerlegung von G nach H ={h€G , a'h = a’

UFG

fiir alle a'€A'} bedeutet.

G. J. JANUSZ : The Schur sub‘grogb of the Brauer group

The Schur group of a field K is the subgroup of the Brauer
group, B(K) , consisting of those classes which contain a K-central
simple algeﬁra which is isomorphic to a direct sumnmand of a group
‘algebra, K(Gs, for some finite group G . We are mainly interestéd
in the case in whiéh K is an algebraic number field or the.com—
pletion of an algebraic number field. In these cases the full

Brauer group is described by the Hasse invariants. One is interested

‘ : . in givivng a description of the elements of the Schur group by Hasse

invariants. We shall first describe the work of Yamada which gives
thé Hasse invariants of elements in the Schur group of a (complete)
p-adic field. This is then used to des;:ribe the elemenf;s in the
Schur group of an algebraic m._lmber field which is an'abelian ex-

tension of the rational field.
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V. K. KHARCHENKO : Noncommutative Galois Theory ’ d

Let R be a domain, Rz = lim ggg(IpR) its left ring of

quotienté in the sense of Martindale and let
Q='{q€R?;| 30t+I 9« R; qI,IgcR} and € = the center of Q
(which is a field). If G s a group of automorphisms of R ,

then it can be continuated to Q and we denote by B(G) the €-

subalgebra of Q generated by elements correspondiﬁg to inner .
automorphisms of Q . We say that G is regular iff any inner

automorphism of R corresponding to an element of B(G) belongs

to G . The number dime B(G) - | G;!G is called reduced order

int'
of G which will be supposed finite.

: A suﬁring S of R is called anti-ideal if from the inclusiohs
sX€5, O+s€S, x€R it follows that X€S .

Theorem 1. Let G be a reduced-finite regular'grbup of auto-
morphisms of the domain R . Then there exists a Gaiois corres-
pondence between regular subgroups of the group G and the anti-
ideals of the domain R , containing the ring of invariants RG .

This theorem admits a generalization in the case of prime rings

and semi-prime rings. This theorem together with the fact that

Q(F) = F for any non-commutative free algebra allows us to obtain
an intereéting corollary for free algebras.

Theorem 2. Let G be a fiﬁite group of linear automorphisms of
the free algebra F . Then there exists a Galois correspondence
between all the subgroups of G and all the free subalgebras con-

taining FC .
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M. LORENZ : The heart of prime ‘ideals in group

polycyclic groups

.Let K[G] be the group algebra of the polycyclic—by-finité
group G . We'associate to every prime ideal P in K[G] a com-
mutative field H(P) , called the heart of P , which is defined
to be the center of the semisimple artinian ring of quotients
Q(x{G}/P). We show that in casé the field K is non absolute

. (i.e. not algebraic over a finite field), the primitive ideals of

' K[G] are precisely those prime ideals P in KI[G] _ suéh that the
field extension H(P)/K 1is algebraic. Using this characterization
of primitive ideals one caﬁ prove the folloQing ideal theoretic
version of Clifférd's classical restriction theoreﬁ : Given a
primitive ideal P in K[G] and.a normal subgroup N of G ;
then there exists a primitiﬁe ideal Q of K[N] such thaf

PNKIN] = n O

"X€EG )
of prime ideals P in group algebras of certain polycyclic-by- . '

. Also, one can give a formula for the height

fin}te groups G 1nvolv1n§.the transcendence degree of H(P) over
K 'apd some group theoretic term pl(G;P) .

As to the structure of‘ H(p) , we give some sufficient conditions )
that imply the équality H(P) = Q(Z(K[G]/P)) énd an example showing
that this equality does not hold in general.'At least, H(P) |is.

.' always é finitely generated fiéld extension ofA K of transcendence
degree at most h(G) , the Hirsch number of G . - The results‘pre-

sented in this talk were obtained in'joint work with D.S. Passman.

K. MATHIAK : Valuations of ordered skew fields

A valuation ring B of a skew field K is called subinvariant -

if there exists a valuation ring which is contained in B and is

DFG Deutsche
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invariant under the‘group of inner automorphisms of K . The
value group of a valuation is linearly ordered iff the valuation

ring is subinvariant. A valuation of a linearly ordered skew

field is called compatible with the order of the field if the
valuation ring is a convex subset of K . These valuations are

subinvariant.

C. M. RINGEL : Problems on division algebras arising from the

representation theory of artinian rings

Theorem: A hereditary artinian ring is of finite representation
type if and only if'a'corresponding graph is the disjoint union of
the Coxeter graphs A /B (=C.),Dy, D¢, E; Eg, F,, Gy, Hy, H,
and 1,(p) . In case of an aléebra, the cases Hy, Hy, I,(p) (P=5
or p>»7) cannot occur and it is an open problem whether these
graphs can occur at all. A ring of type H3, H, exists if and only
if there exists a division ring F with a division subring G such

that dimF,.= 2, dim ;F= 3 and dim Hom(GFF,_GG)= 1.

G G

,L.‘RISMAN :+ Group rings and series : The arithmetic of division
algebras

We base our study of group rings on group extensions and valua-
tion theory. Let D be a division ring and T a group. Consider
a group extension 1— D*— E— T— 1, where T acts by ring
automorphisms of D . The group. ring of E is the ring whose basis

over D is {&|t€T} and in which elements df multiply as in E.

. N
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A morphism of group extensions induces a hdmomorphism of group
rings. The group ring of E is_generié w-ith respect to certain
crossed product algebras, generalizing and simplifying previous
results.

For T on ordered group, the group ring of E can be embedded
in a division ring of series. Valuation and ramification theory
characterize the structure of subfields of this division ring.

' This chéracterization is applied in proving the non-crossed product

theorems.

S. ROSSET : Group extension.and division algebras

Let T be a virtually free abelian group, i.e. T is an extension
1 A—sT —»G-»1 where A is free abelian and G is finite.
Assume G is faithfully represented on A . Let Kk be a field‘.

Then the group ring kT has a total iing of fractions k(T) .
Denote the field of fractions' of kA by L (=k(A)).. In L* , A
can be identified as the group of lﬁonomials,' G écts on L and ,
i:A—L* is a G module map. We prove i, : H2(G,A)-o u2 (G,L*)chAr(K)

G

. is injective. Here K =L~ . It is easily .seen that k(T) is central

simple over K and its’ Brauer class is i,a where aqa¢€ HZ(G,A)
represents T . Thus the order of [k(I)] in BrK equals that of a
Theoreﬁl 1. Given a finite group G , |G| =n , an integer m
such that m|n and m,n have the same prime factors, there is a
(unirational!) extension K of k and a division algebra over K

of dimension n2 of order m (in BrKk).

By the above this results from
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Theorem 2. Given G and m as above, there exists a G module A

L TR

and u€H2(G,A) such that (a) A 1is free abelian (f.qg.),
(b) a represents a torsion free extension, (c) G acts faithfully

on A, (d) order (a)=m .

M. SCHACHER : Brauer groups of function fields
We are concerned with the following question: which abelian

torsion groups can arise as the Brauer group B(F) of some field F?

One does not know, for example, whether the cyclic group of order 3

is the Brauer group of some field. A conjecture of Auslander-Brumer :
says that if B(F) has non-zero elements'of order p, 2+4p a prime,

then B(F) contains a p-divisible subgroup; this would say a finite

Brauer group must be a 2-group.

In this talk we report on some joint work with B.Fein on these

questions. We prove:
Theorem 1. Let G be a countable torsion group with 2G  divi-
sible. Then G = B(F) for some field F algebraic over the rational

field Q . _ .

Theorem 2. If k is a global field of characteristic g+p,’

p a prime, and tl""' tn are indeterminates over k , then
B( k(t,,..‘.,tn) ) contains reduged elements x of order p which
have infinite height (the equation pn Y, = % has solutions yn
for all n). We determine the Ulm length of these groups, and partial
information about the Ulm 1hvar1ants.

Finaily, we show any dj.visible torsion group whose p-rank is in-

finite for all primes p does arise as the Brauer group of some field. "

-
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- L. W. SMALL : Polynomials over division rings

The following theorems were discussed :

" Theorem 1. If D is a division ring and D[x1;...,x;] =R,
polynomials in commutating variables, then simple R-modules are
finite-dimensional over D .

Theorem 2. R and D as in Theorem 1. R is primitive, if
. and only if Mt(D) contains a subfield of transcendence degree >n
(over the center of D ).
Examples are given of division rings, D(i), such that
D(i)[x1,{..,xi] is primitive, but D(i)[x1;...,xu], u>i, is not

primitive. - The above is joint work with S.A.Amitsur.

M. Lorenz (Essen)
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