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(letzter Bericht 1978)

HALBGRUPPEN

16.12. bis 21.12.1978

Die diesjahrige Tagung war die erste Tagung iiber Halbgruppen
in Oberwolfach. Sie stand unter der Leitung von H. Jirgensen
(Darmstadt), M. Petrich (Beograd) und H.J. Weinert (Clausthal-
Zellerfeld).

‘Von den 43 Teilnehmern kamen 11 aus Deutschland, 24 ‘aus anderen

europdischen Landern (einschlieB]ich der Sowjetunion) und 8 -aus

Nordamerika. -

In 38 Vortrigen wurde eine umfassende Obersicht iiber die neuere
Entwicklung auf den meisten Zweigen der Halbgruppentheorie ge-
geben, wobei auch zusdtzliche Strukturen wie Topologie und An-
ordnung angesprochen wurden. Ebenso fanden Anvendungen der Halb-
gruppentheorie Interesse, insbesondere solche auf andere Gebiete
der Mathematik. Wegen ihrer grofen Anzahl waren die Vortrdge
hdufig leider etwas kurz, wurden jedoch durch weiterfiihrende
Diskussionen im kleineren Kreise vertieft.

Das begleitende Sonderprogramm umfaBte einen weihnachtlichen
Nachmittag, eine Wanderumg nach Schapbach, eine Diavorfiihrung
iber Trekking in Alaska 1978 und eine Diskussion "On the Develop-
ment of Semigroup Theory".
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Vortragsausziige

A. BATBEDAT: Demi-groupes inverses et y-demi-groupes

Nous rappelons les notions de demi-module et de produit demi-

direct introduites dans:
Le produit demi-direct pour les demi-groupes inverses
(@ paraitre, Semigroup Forum).

’Nous presentons une nouvelle classe: les y-demi-groupes. Ils

genéralisent les demi-groupes inverses; on leur applique des
méthodes analogues. :

B. BOSBACH: Halbgruppen mit Komplementen

Sei ¢ = (G, +,-,0, v, n ) eine abelsche Verbandsgruppe.
Sei C := {X]|X 2 0} ihr positiver Kegel. Wdhle ein Element
1 in C und betrachte S := (X | 0 ¢ X ¢ 1} beziiglich:
ao b:= 1 nn (athb)
a' := 1 -a

Dann gelten die Gleichungen

(C1) ao (boc)=1(aob)oc

(C2) aob = bo a

(C3) a oa' = 1

(C4) aol = 1

(C5) aol' = a

(C6) a o (aob')'s b o (boa')'

‘und es ist (S,o0,',1) eine Boolesche Algebra mit o in der

UFG

Rolle von u, falls zusdtzlich gilt:
(8) a oa = a

Nenne 3 .= (S,0,',1) eine Halbgrdppe mit Komplementen, falls
die Axiome C1,...,C6 erfillt. Es folgt:

Satz: Es gibt keine anderen Halbgruppen mit Komplementen als die
oben konstruierten. }

Dieser Satz 13dBt sich modifizieren fiir den nicht kommutativen

Fall.
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R. DUBREIL: Einige Zusammenhange zwischen Ring- und Halbgruppentheorie. .

Un anneau R{>5 1) est dit fragmente s'il vérifie une des conditions
dquivalentes suivantes:

1. L'ensemble E des idempotents est fini et les idempotents
commutent;

2.R =1, 8 ...8 I odles ideaux bilatres I, = Ra, = a, R sont

engendrés par les idempotents primitifs;

3. E est fini et les idempotents primitifs sont orthogonaux.

J'ai étudié le demi-groupe multiplicatif d' un tel anneau dans
mon travail: “fragmented Rings", Proc. R. Soc. Edinburgh, 78 A,
273-283, 1978. -J'ai montre ensuite qu'un demi-groupe peut avoir
les meémes propriétés sansétre le demi-groupe multiplicatif drun
anneau: "Semigroups and Rings", ibidem, 257-264.

J'ai réesumé ici une théorie systématique de ces demi-groupes,

dits fragmentés. Les décompositions d'un jdéal d'anneau en

somme directe sont remplacées par les décompositions en pseudosomme:
un idéal & gauche L du demi-groupe S(3 0) admet la décomposition

en pseudosomme L L #? I Li s'il existe un ensemble Li(ie I,
card 1 2 2) d'idéaux a gauche L, vérifiant (0) ¢ Ly © L
(strictement) et une bijection ¢ : L — '><I L, (produit
cartésien) tels que (en désignant par x:e]a composante de
g(x) dans L;):

A) si x e Ly, ona : X; =X et Xy = 0 pour j # 1i;

B) ﬁour tout ¢ € L et tout s e S, on a : (sc)i =5+ Cy.

" Etude de la structure (booléenne) d'un tel demi-groupe.

L. EICHNER: Die Obergangshalbgruppen linear realisierbarer

. Automaten. ..
Sei p eine Primzahl. Ein endlicher Automat a = (S,X,d8 ) (S und X
endliche nichtleere Mengen, &§: S x X — S Abb.) heiBt p-linear
realisierbar, wenn er isomorph zu einem Unterautomaten eines
K-linearen Automaten 1 = (Sl,X],J]) (Sy u. X; K-lineare Rdume;
é: S] x Xy S, eine K-lin.Abb.) ist.
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Satz 1: Sei H eine Halbgruppe, die isomorph zur UObergangshalb-
gruppe eines p-linear realisierbaren Automaten a ist.

Dann gilt:
iy I : = {e € H e2 = e} ist eine Rechtsnullen-Halbgruppe
ii) Die maximalen Untergruppen sind : 6% : = He, e e I. Sie

sind alle isomorph untereinander. Ferner sind sie iso-
morph zu Obergangsgruppen p-linear realisierbarer
Permutationsautomaten.

iii) Fiir das minimale zweiseitige Ideal! Q gilt: Q = eH, ee I-

Q= U He, Q ist Rechtsgruppe.
e e | A

Satz 2: Sei H - HH = g; H endlich.

i) H ist isomorph zur Obergangshalbgruppe eines p-linear
realisierbaren Automaten a = H ist Rechtsgruppe
und jede maximale Untergruppe ist isomorph zur Ober-
gangsgruppe eines p-linear realisierbaren Permutations-
automaten.

ii) Sei E ¢ H, <E) = H. Sei G eine maximale Untergruppe
von H. E ist ein fir p ausgezeichnetes Erzeugendensystenm
= Hist Rechtsgruppe und es existieren
ve G, A9 Gmit 6= (vadund A ist elementar-

abelsche p-Gruppe derart, daB E ¢ ] v A e
- eel

Satz 3: H - HH % 4.
i) es sind nur notwendige algebraische Eigenschaften bekanﬁt.
i1) E := H - HH ist einziges mogliches ausgezeichnetes Er-
zeugendensystem.

Folgerung aus Satz 2i): Ist H p- und gq-linear A-darstellbar
(p und q verschiedene Primzahlen), dann ist H fiir alle Primzahlen
linear A-darstellbar.
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FOUNTAIN: Abundant Semigroups

2% is defined on a semigroup S by the rule that
b if and only if a,b are related by Green's relation £
R* is defined and one has

J.B.

The relation
a 4*
some oversemigroup of S. Similarly
R = A¥a R* D* = LT uR* By introducing the concept of

t-ideals it is possible to define a relation 3‘ The semigroup
S is abundant if and only if each £*-class and each R* -class
contains an idempotent. On a regular semigroup, the x-relations
coincide with the corresponding Green's relations, so that the

in

class of regular semigroups is contained 'in the class of abundant
semigroups. For this class, the x-relations play a role analogous
to that played by Green's relations for regular semigroups. Using
these notions ,' one can prove aﬁ analogue of Rees' Theorem, showing
that an abundant semigroup with zero in which all non-zero idempotents
are primitive is isomorphic to a "blocked Rees matrix" semigroup.

For superabundant semigroups, that those in which each &*-class

contains an idempotent, there is an analogue of Clifford's Theorem

is,

on union of groups semigroups.

Z. HEDRLIN: Semigroups and sociology?

Consider the following sifuatjon: we want to find a representative
for a collective of people. The usual democratic way consists from
two steps: each member of the collective chooses his representative
and from this information a common representative is choosen. Mathe-
matically, the first step can be consideredasobtaining an algebra
(set = collective) with an unary operation. If we would like to use
a binary operation, the practice should be different: each couple

of individuals should agree upon their common representative. This
way we obtain experimentally a groupoid. The associativity condition
has also its meaning - it concerns representation of.triples.

Practically, these models cannot be used for larger collectives.

But even here one can obtain partial information about the groupoid
knowing only representatives of some couples. It leads to purely
mathematical duestions on reconstruction of semigroups and groupoids
from their fragments.
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K.H. HOFMANN: Kontrolltheorie und Unterhalbgruppen von Liegruppen.

Gewisse Anwendungen in der Kontrolltheorie fiihren zur Frage, welche
Unterhalbgruppen von Lieschen Gruppen als Lie-Halbgruppen zu be-
zeichnen sind. Letzten Endes sucht man eine Klassifikation oder
wenigstens eine allgemeine Theorie fiir solche Halbgruppen. Davon
ist man im Augenblick noch weit entfernt. In der Zwischenzeit kon-
zentriert man sich auf die Art der Einbettung der maximalen Unter-
gruppe einer Lieschen Halbgruppe in diese Halbgruppe und auf Fragen

.der Erzeugung von Lie-Halbgruppen durch einparametrige Unterhalb-

gruppen. Methodische Hilfsmittel entspringen aus einer Kombination
von liegruppentheoretischen (also analytischen) mit halbgruppen-
theoretischen Verfahren, sowie von linearer Algebra und Eigenwert-
betrachtungen.

E. HOTZEL: Dual D-operénds

A coordinate-free version and éeneralization of Rees matrix semi-

groups over a semigroup D with 0 and 1 is established via the
~notion of a ‘pair over D'. Such a pair B consists of operénds DMA

and Np together with a bilinear map- (m,n) +——> <m,n> from M x N

to D. Connected with B are 'the semigroups

QB = {(p,o) € End DM xEnd ND' <Xp,¥Y> = <xX,0 y> for all x,y},

Q% y {(p.o)e-ﬂB IMb and oN contained in cyclic subop's}
and 1P = {[n,m] |n e N, m e M} where [n,m] = (<-,n> m,n <m,->)

(both being ideals of QB),and NaBM, the latter being defined on
D

‘NGDM by nam.n'am' = na-<m,n'>m’'. If DM is generated by

UFG

{u e M| <u,N> = D) and Ny by {v e N| <M,v> = D) then B is called

dual; in that case NagM 2 EB = n% 1 Under the weaker assumption

<M,N> = D we have NagM ¥ ;B; the semigroups homomorphically between

SM and 2B are just the semigroups of the form S = SeS, e=e2 € S.

1f DM and ND are free then NagM is essentially a Rees matrix semi-

Na

group as can be seen by choosing bases. Assuming <M,N> = D these
semigroups can be characterized internally in terms of O-disjoint

Deutsche
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decompositions. Under successively stronger assumptions the semi-
groups of Steinfeld (1967) and of Lallement and Petrich (1969)
are obtained.

G. JACOB: Matrix semigroups, finiteness and decidability

Using. as a basic result our constructive proof of the Burnside
theorem on matrix groups, we intend to explain the proof of the
following: “One can effectively deéide, for any finitely generated
semigroup of matrices over a commutative field, if it is finite".
(Journal of Algebra, 1978)

Qur proof needs the statement of iteration and factorization
properties of “long enough" products of matrices, and leads
to defininganew structural object: The “characteristic groups"”

of a matrix semigroup.

The combinatorial nature of the main tool allows us to generalize
our technique and results in some "ordered Eepresentations“ of fi-
nitely generated subsemigroups.

K.H. KIM: Generalized Fuzzy Matrices and Applications

We give a systematic development of‘fuzzy matrices. Many of our
results generalize to matrices over the two element Boolean algebra,
over the nonnegative real numbers, over the nonnegative integers,
and over other semirings, and we present these generalizations. Our
first main gpsult is that while spaces of fuzzy vectors ‘do not

have a uniqde basis in general they have a unique standard basis
and the cardinality of any two bases are equal.'Thus concepts of
row and column basis, row and column rank.can be defined for fuzzy
matrices than we studied Green's eduivalence classes of fuzzy
matrices, Next we give criteria for a fuzz& matrix to be regular
and prove that the row and column rank of any regular fuzzy matrix
are equal. Various inverses are also studied. In the next section,
we obtain bounds for the index and period of a fuzzy matrix and in

_ the final section we apply this to fuzzy automata.

Deutsche
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We also survey some applications of binary re]atfons (Boolean
matrices) to political equilibrium, automata, game theory, social
welfare theory, sociology of small groups, hierarchical clusterings
and organizational structure. We state a number of results, give
examples, and list some unsolved problems.

U. KNAUER: Kranzprodukte von Monoiden mit 0 und Endomorphismen-
monoide freier Operanden :

Kranzprodukte von Monoiden und Halbgruppen sind von verschiedenen ’
Autoren untersucht worden. Fiir Monoide mit 0 ergibt sich jedoch eine
andere Situation. Nach der Definition des lblichen Kranzproduktes

T = (R,S,A), wo R, S Monoide mit 0,A ein linkes R/Act ist, werden
vier Kongruenzen auf T und ihre Beziehungen zu dem Endomorphismen-
monoid eines freien Actes iliber einem Monoid mit 0 diskutiert. Es
wird eine vollstdndige Beschreibung der Annullatoreigenschaften
eines der Faktorenmonoide (Kranzprodukt von Monociden mit 0) gegeben
und es werden reguldre Kranzprodukte von Monoiden mit O charakte-
risiert. Als Folgerungen werden die entsprechenden Eigenschaften
fir. Endomorphismenmonoide von. freien Acten angegeben.

(Zusammen mit;A.V. Mikhalev.)

M. KUNZE: Die Halbgruppe der G;bﬁenklassen eines geordneten
lokalen Rings ’ '

Sei R,+,+,5 ein geordneter kommutativer_Ring mit 1 # 0, und die

Menge I der Nichteinheiten von R sei konvex. Dann ist R lokal .und
R/I ein geordneter Korper. Um dié Struktur von R im Bereich der
Nichteinheiten zu studieren, betrachten wir im Positivbereich P
von R die GroBenklassen «(a):= {xeP|3Jc,d e P: a ¢ cx A x s da).

Diese GroBenklassen bilden eine geordneéte kommutative Halbgruppe

S(R) mit «(0) = {0} als kleinstem und «(1) = P N1 als groBtem
Element. In S(R) gilt die Kiirzungsregel a-c =b - ¢ $# 0 => a = b,
und a +——> «(a) ist ein Homomorphismus von P,.,s auf S(R),-,sg

" Die GroBenklassen hiangen eng mit den konvexen Idealen von R zusammen.

In den konstruierten Beispielen ist die Struktur des geordneten

Rings vollstandig festgelegt durch den Restklassenkdrper einer-
seits und die Halbgruppe der GroRenklassen andererseits.

Deutsche
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S. LAJOS: (m,n)-ideal characterizations of certain classes of

Let S be a geﬁigroup. A subsemigroup A of S is said to be an

(m,n)-ideal of S if A"SA™ € A. The product of two (1,1)-ideals

is again a (1,1)-ideal. Thus the collection of all bi-ideals

of S is a semigroup with respect to set product. This semigroup

will be denoted by B(S). '

Theorem 1. S is a semilattice of groups iff B(S) is a regular
monoid.

‘ Theorem 2: S is a semilattice of left groups iff B(S) is regular

and S is a right identity of it.

Theorem 3: S is a homogroup iff B(S) is a semigroup with zero.

Theorem 4: S is the union of groups iff for every element a ¢ S
there is an idempotent e, in S so that .
{a}@’n) = {ea}(m’n),'where m,n 3 1, or, equivalently,

every principal (m,n)-ideal is a monoid.
Corollary: Let Mn_be the multiplicative semigroup of all n by n
complex matrices. An element A of Mn has a group in-

verse iff there is an idempotent matrix E in Mn so that
AMnA = EMnEu

L.C.H. VAN LEEUHEN: Semigroup extensions
A semigroup extension of a semigroup A by a semigroup S is an

ordered pair (E,B) consisting of a semigroup E, containing a sub-
{. semigroup K isomorphic with A and a congruence 8 on E such that

K is a B-class andAE/G is isomorphic with S. A particular type

of semigroup extensions are the union extensions, defined by

L.A.M. Verbeek. One requires that the semigroup E has carrier

£E=A u (SN i), i idempotent in S and that the restriction to EVA

of the isomorphism of E/8 onto S %s the identity mapping of S\ i.

Verbeek constructed all union extensions for some S and gave an

algorithm for finding union extensions using the composition of S.

This program was extended by Brdock and Jiirgensen and the com-

putations Qere fiﬁished by J. van Leeuwen. Jirgensen extended the

notion of union extension of semigroups to that of union extensions

DFG Deutsche
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of sets and obtained some analogous results with the ideal ex-
tensions of Clifford, by introducing the Rees kernel. In contrast
to ideal extensions and union extensions of sets an example can be
given, due to Jiirgensen and Brock, that union extensions of semi-
groubs need not exist, even if A is finite and has idempotents.
Generally, union extensions of sets exist, which can easily be
shown. :

.E.S. LJAPIN: Teiloperationen in der.Halbgruppentheorie

Jede Untermenge einer Halbgruppe kann man als Teilgruppoid (d.h.
eine Menge mit Teiloperation) betrachten. Die umgekehrte Aufgabe
besteht in der Erkenntnis, welche Halbgruppoide auf diese Weise
bestimmt, d.h. in eine Halbgruppe eingebettet werden konnen. Eine
besondere Rolle spielt das Einbefien von verschiedenen speziellen
Typen. Von den notwendigen Bedingungen sind die Eigenschaften vom
Assoziativitdtstypus von Bedeutung. Zwischen ihnen gelten bestimmte
Abhdngigkeiten. Die Klasse der aus den Halbgruppen durch die Ope-
ration des Homomorphismus und der Beschrdnkungen bestimmten Halb-
gruppoide wird durch eine Quasiidentitat definiert. Fir einige
wichtige Klassen von konkreten Teilgruppoiden , die aus den Halb-
gruppen bestimmt werden, sind abstrakte Charakterisierungen gefunden.

J.K. LUEDEMAN: The Generalized Ring of Quotients of a Semigroup Ring.

Given an idempotent filter, I, on a commutative ring with identity,
R, and a special filter, a4, on a commutative monoid with zero, S,

.a collection of ideals, £(a), is defined on the semigroup ring R(S)

[t is shown that if every dense ideal of R and S, respectively,
contains a cancellable element, £ is the collection of all dense
ideals o R, and A is the collection of all dense ideals of S, then
r(s) is a o-set on R(S) and the Utumi quotient ring QX(A)[R(S)] is
rlng isomorphic to the semigroup ring of Utumi quotients,

R)[Q,(9)]-

Sufficient conditions are given guaranteeing that £(a) is a o-set
on R(S). When S is a semilattice with zero and 1 and £ and a are

Deutsche
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of finite type, it is proven that QZ(A)[R(S)] ~ QE(R)[S]

For M = {S,A,A,P) a Rees matrix semigroup over the semigroup S
with arbitrary index set_ A, the structure of g-sets & on M is
given in terms of o-sets {AA}AEA on S and the structures of

Q5 (M) and QE(X)[R(M)] are detgrmlned.

L. MARKI: Decompositions into unions of gquasi-ideals

Similar'yﬁto the case of semisimple Artinian rings or semisimple
rings with minimum condition on principal left ideals, several
decomposition type characterizations of primitive regular semi-
groups are known. One of them is the fo]\owiﬁg (due to 0. Stein-
feld): a semigroup with zero is primitive regular iff it is the
union of a complete system of quasi-ideals. According to a recent
result of the author, the latter notion can be characterized as
follows: it;is a system QAA.(A,x‘e A) such that ) ‘
1) QAX. is either 0 or a O-minimal quasi-idea) of the semigroup;
2) Q5 - Qe Q) s
3) Qxx' #F0 =—> Qxx'f QA.A'f 0. This shows that this notion is

a. generalization of a matrix decomposition; here # is a con-
Ay are just the 3¢ -classes with zero adjoined.
From the egg-box picture - or, equivalently, from this complete.
system - we can easily see whétﬁer our semigroup has some pro-

gruence and the Q

perties (e.g. simplicity, inverseness, finiteness conditiohs), -
Similar decomposition type results can be obtained for semiprime
semigroups. '

L. MEGYESI: Independent subsemigroups

The notion of independent subsemigroups was introduced by E.S.Ljapin
in 1969. He raised the following problem: What are the conditions

in order that a semigroup amalgam can_be embedded..in-a semigroup

S, in such a way, that the semigroups of the amalgam should be

_ independent. This problem is solved by E.S. Ljapin in the case of

Deutsche

the amalgam containing two semigroups. A generalization of
Ljapin's theorem is given for amalgams having an arbitrary set of
semigroups.
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Theorem. Let A be a weak associative amalgam of a set of semi-

groups Ag(ﬁc J, J is an index set). The amalgam A can be embedded
in a semigroup B with the property that the system of semigroups
Ai(gc J) in B is independent - iff every semigroup pair

Aa, AB (a,8 € J) fulfills the conditions in Ljapin's theorem.

T. MERLIER: Totally orderable semigroups and locally finite
semigroups

A semigroup S is called a totally orderable semigroup if there exist

a total order < on S satisfying the condition

Vx Vy Y2 e S X £y => XZ s yZ A ZX g Zy

A semigroup S is called locally finite, if its finite subsets ge-
nerate finite subsemigroups. It is well known that a periodic
semigroup (or group) is not locally finite in general (Burne-
side's Problem). ‘

A nilsemigroup S is a semigroup with zero 0, such that for every
n

x € S, there is a natural number n = n(x) such that x = 0.
Then we have the following results: '

Theorem 1: Every totally orderable nilsemigroup is locally finite.
Theorem 2: Every semigroup periodic with identity and totally
orderable is locally finite.

R. MLITZ: Normal radicals of monoids

The aim of the investigations'is to construct a radical theory
for monoids which includes the classical Kuro$-Amit¥ur-theory
for groups. For any variety V of monoids define A e V:
B9 A<= 3JS . V, epinm. ¢ S »A and a normal submonoid T of S
with 4T = B. A normal radical on V will be a radical on V as
defined by Hoehnke for universal algebras with the supplementary
condition: A semisimple iff there is no radical B o A excepted
B = {1}. The main results: ‘
1.) B ¢ A iff B is a submonoid of A - if V is not a variety of
torsion groups
B <o A iff B is a normal éubgroup of A in the other case.
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2.) To every A e V, there is a unique B maximal with resp. to
B radical and B a A. :

3.) A subclass R of V is the class of all radical monoids in V
for some normal radical iff R is closed under homomorphic
images, under unions in the lattice of all Ba A (VA e V) and
under minimal extensions (minimal means that one has to take
the smallest congruence with the considered class of "1").

4.) If V is a variety of commutative monoids, the normal sub-
. monoid generated by some radical B @ A is itself radical.
Herice in .this case the whole theory can be developed as an
exact analogue of the classical theory for groups.

(results obtained in cooperation with L. Marki and R. Strecker)

W.R. NICO: Extensions of monoids.and categories

The central problem is that of interpreting a congruénce on a
monoid A as an entity separate from the monoid itself. Such an
interpretation is had if one interprets a congruence as a small
category K whose objects are the congruence classes and whose
morphisms are elements of A which take one class to another
under left multiplication. A itself may be considered as a one-
object category CL. Then the natural projection « : K » Q is
a functor.K has a distinguished object 1, and the pair («,1) can
be described axiomatically so that it both determines, and is
determined by, the congruence on @

Letting 7 : .G » B be the quotient functor ,where B is

. the one-object categor} with object *, and letting
Q= 7k : K » B ,call (K ,B, a2, 1} an extension
setting. This can also be described axiomatically . Extensions
for this setting correspond to functors T : B°p -+ Cat,
called extension functors, such that T(x ) is a subcategory

w of K containing all morphisms with domain 1 and satisfying

‘ simple axioms. The extension E = E(T) is the one object cate-

‘ gory (monoid) whose morphisms are U (K(l,6) ¢ o € (K)}.

‘ Composition % is given by f ¥ g = T(ag)(f) o g, where o is

composition in K. :
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Isomorphic extensions correspond to naturally isomorphic ex-
tension functors.

L. O'CARROLL: Semilattices of E-unitary Inverse Semigroups

Let S be 'an inverse semigroup with semilattice of idempotents E.
Let ¢ denote the minimum group congruence on S.'fhen S is said
to be E-unitary if Eoc = E. The structure of E-unitary inverse
semigroups was determined by McAlister in terms of groups acting
on partially ordered sets. A congruence n on S is called
idempotent-determined if it has the property that Ufen: e ¢ E} =

Then S is said to be strongly E-reflexive if and only if there
exists an idempotent-determined congruence n oa S such that
S/n s a semilattice of groups. It is known that an inverse
semigroup is strongly E-reflexive if and only if it is a semi-
lattice of E-unitary inverse semigroups.

Thus strongly E—ref]exive‘inverse semigroups form a common ge-
neralization of E-unitary inverse semigroups and semilattices of
groups, and they have a detailed theory which reflects this fact.
There remains much to be done in this area; here we confine
ourselves to the following results.

Theorem 1. Let S be an inverse semigroup which is the union of
inverse subsemigroups Si satisfying the following properties:
(a) each 51 is strongly E-reflexive; and

(b) "D‘V,yé S'l > X € S]

Then S itself is strongly E-reflexive.

Corollary. Let S be an inverse semigroup which is a disjoint
union of strongly E-reflexive inverse semigroups. Then § itself
is strongly E-reflexive.

We remark that condition (b) is essential, and that when each

Si is a group, the theorem (and its proof) specialise to Clifford
well known results on semilattices of groups.

Previously McAlister has shown that the free product (jn'the ca-
tegory of inverse semigroups) of two E-unitary inverse semi-
groups is also E-unitary. Here we show that the free product of
two certain very elementary semilattices of groups is no longer
strongly E-reflexive. This fact gives rise to obvious open

questions.
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D. PERRIN: Groups in finite monoids

Consider a finitely generated submonoid X* of a free monoid A™
and the sy ntactic monoid M of X* :
A*_¢_)M )
~~ M = Synt(X*)
| .

For any group G in M, we may find a copy of G that meets P
(Schiitzenberger, 1956 ); let Q = P n G.
We prove the following result;

Theorem: If the restriction of ¢ to G¢'¥ may be extended to

a morphism y At 4+ G
then one has the inequality:
[G : Q] e Cird f -1

where r(G) is the rank of G, i.e. its minimal number of gene-
rators.

The proof uses Schreier's formula. This result .is related to a
theorem of Schiitzenberger asserting that [6 : Q] s k unless G

“is cyclic; the proof of the latter rests upon & FEsult on periods
of words [Cesari, Duval (1978)]. )

J;-?: PERROT: Monoides réguliers et codes préfixes finis

On ne sait pas en général quelles conditions doit vérifier un
langage (rationnel) L pour que son monoide syntactique Synt(L)
soit régulier - méme et surtout lorisque L est le sous-monoide
A* engendré par un code prefixe fini A. Dans cette direction,
nous avons &tabli le ‘ :

Theoréme: Soit A un code préfixe fini et pour un entier n soit

B = A" (qui e§t aussi un code préfixe fini). Si Synt(A*) est
régulier, alors Synt(B*) est également régulier, et réciproque-
ment.

La preuve utilise certaines propriétés des adtomorphismes des
automates finis sur lesquels sont naturellement représentés

les monoides syntactiques des codes préfixes ( cf. les
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actes du colloque de Szeged - d paraitre prochainement).

Ce résultat .permet d'obtenir une part d'un théoréme de Keenan
et Lallement (Semigroup Forum 1974) : "Soit A un code préfixe
fini et B = A™: si Synt (A*) est inversif alors Synt (B¥) est
inversif et réciproquement”.

Commes pour le résultat précédent, la partie réciproque se
déduit immediatement de ce que Synt(A*) est image homomorphe
de Synt (B*). Pour la partie directe, observons que le monoide
Synt (C*)lorsque C est un code préfixe fini est inversif ssi
d'une part il est réqulier et si d'autre part c*verifie

(x x) dans 1'automate minimal reconnaissant C* toutes les
transitions sont des bijections partielles: cette derniéere
condition ayant pour conséquence que les idempotents commutent.

I1 reste donc & montrer que si A est un code préfixe fini
vérifiant (x x) alors le code B = A" pour n entier quelconque
vérifie aussi (% x). Ceci peut @tre établie directement par

une analyse des automates. On propose icide 1'obtenir comme
conséquence d'un résultat de C. Reutenauer iémbﬁzﬁtre dans
Semigroup Forum) qui caractérise les sous-mono}des vérifiant

(X x) comme les sous-monoides rationnels fermés dans la topologie
induite sur le monoide libre par la topologie du groupe libre
ayént pour base de voisinage de 1'unité - les sous-groupes d'index
fini (due a M. Hall). La preuve "topologique" est-elle plus
simple que la preuve “combinatoire"?

M. PETRICH: Congruences on inverse semigroups

Let S be an inverse semigroup. If p is a congruence on S, then
p is uniquely determined by its kernel,

ker p ={a ¢ S| a p e for somee ¢ ES}

and its trace, tr = . Conversely, we can abstractly
A P DES

characterize a pair (K,r) such that there exists a necessarily’
unique congruence , on S for which K = kerp, = trp . Based

on this, one can formulate an extension problem for inverse
semigroups analogous to the extension prob1em for groups. One can
also classify certain special congruences on an arbitrary inverse
semigroup as well as characterize all congruences on ‘some special
types of inverse semigroups. The former is done by considering
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extremal properties of the kernel and the trace, and the latter

by taking, e.g., simple w-semigroups and constructing all con-
gruences on them.

G. POLLAK/L. MEGYES!:Combinatorial simple principal jdeal semi-

groups (PIS)

A semigroup is called a PIS if every left and every right ideal

is principal. In [1] the investigation of PIS-s is in a certain
. sense reduced to that of combinatorial simple ones (CSPIS).

The £ -classes of such a semigroup S form a well-ordered

antichain Lg,Ly,... and Yx 3y (xy e LO).‘L0 itself forms

a semigroup isomorphic to the additive semigroup of all ordinals
(possibly excluded 0) less than some (additively) irreducible

. - 2 a . . 0
ordinal A (L0 = {a,a",...,a ,...}Q PR possibly also a~ ¢ LO).
- B - a Y - a
Put A o = x|xa® = a%, xa' ¢ Ly for y <8} LA = (a%)
Then A . # ¢ for 1 <o <, 058 <.
The relation x ~ y iff x,y € AaB is a congruence and S/'b is

a CSPIS which is a generalization of the bicyclic semigroup
(or is the subsemigroup-of such a generalization obtained by
deleting its first R -class). The diagonal blockS_All,Aww,
.,Aoo,... (o irreducible) can be arbitrary PIS-s , are inde-

pendend from each other and determine uniquely the rest of the
Auu-s except possible those of the form AB+1 g+1 where 3 slightly
different cases can occur. The knowledge of the classes A 0o

‘ (p,o 1rreduc1b1e) and of A21’ 20> 12, 13 determines the who]e
semigroup; besides, the Apo-s are independent and if one knows

AIPthereremains a small number of different possibilities for
Aa10Raz Ay and Ayj.
{1} L. Megyesi und G. Polldk: Uber die Struktur der Hauptideal-

hauptgruppen I,
Acta Sci.Math. 29 (1968), 261-270.
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W. RUPPERT: Halbtopologische Halbgrupben auf kompakten zusammen-
hiangenden Mannigfaltigkeiten

Sei S eine kompakte, zusammenhdngende Mannigfaltigkeit. Auf S
sei eine assoziative Multiplikation p : S = S = S, (x,y) xy,
gegeben, auBerdem mdge S ein Einselement 1 enthalten. Nach
einem wohlbekannten Satz von Mostert & Shields (1959) folgt fir
stetige Multiplikation p , daB S eine kompakte Liégruppe ist.
Fiir den Fall, daf nur die Translationen xw— -xy und y— Xy
stetig sind, folgt nach Lawson (1974), daB die Gruppe der
Einheiten H(1) offen in S ist. Der folgende Satz gibt naheren
AufschluB iiber die Struktur von S fir diesen Fall:

Satz: Sei S wie oben eine Halbgruppe mit Einselement, die auf

einer kompakten, zusammenhdngenden Mannigfaltigkeit definiert

ist; die Translationen x~— xy und X~ yx seien stetig. Dann

gilt:

(i) S ist eine orientierbare Mannigfaltigkeit

(i) H(1) ist offen, zusammenhdngend und dicht in S’ )

(iii) S hat nur endlich viele ldempotente und alle Idempotenten
sind zentral '

(iv) S ist die Vereinigung der maximalen Untergruppen

s = (U H(e)
e2=eeS
(v) Flir jedes Idempotent e € S ist H(e) = eH(l) und H(e) ist
offen in eS. o

J. SAKAROVITCH: Transversale rationnelle pour les monoides

libres et les groupes libres

Soit ¢ une application .¢ : X* + E. ¢ possede la propriété
de transversale rationnelle si, par definition
V R e Rat X* , 3 T € Rat X*: T < R ¢est une bijection
entre T et $(R).
Un monoide M possede la propriété de transversale rationnelle si pour tout

monoide libre X*, tout homomorphisme ¢ : X" — M possede la
propriété de transversale rationnelle. On a le
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Théoréme 1 (Eilenberg): Tout monoide libre posséde la propriété
de transversale rationnelle.

Un ordre sur X est dit "coherent"” avec un homomorphisme

6 1 X - ¥YPsi Vx,ye X (o(x) § lyg et ¢(y) = Ly )=>x < vy.
Dans ce cas on montre que la transversale lexicographique existe
et on a _

Théoréme 2: La transversale lexicogrdphique est rationnelle.

qui precise la théoréme 1. Par ailleurs on peut montrer

Théoréme 3: Le groupe libre posséde la propriété de transversale
rationnelle. :

(.

‘M. SATYANARAYANA: Complete totally ordered semigroups

Let S be a totally ordered semigiroup. S is positively ordered

(negatively ordered)in thestrict sense if ab > a,b (ab <. a,b) for

every a and b in S. S is o-Archimedean if for every x,y in S

there exits natural numbers p,q,r,s such thai xP < yq and

yrs x5, S is complete if every non-empty set which is bounded from

above, has a least upper bound. In this paper we shall characterize

o-Archimedean semigroups and find conditions when a globally

idempotent complete semigroup is o-Archimedean. This is a conti-

nuation of Holder and Huntington‘sjenquiry when a complete

commutative naturally totally ordered cancellative semigroup

(which is . positively orderedinthe strktsense) is o-Archimedean.

The “"complete" property has been utilized by Holder to obtain

that the abovevsem$groups are subsemigroups-of the additive semi-
‘ group.of positive real  numbers. o

J.-C. SPEHNER: Présentations et’ presentatIOns s1mp11f1ab]es d'un
monoide simplifiable

S.I. ADJAN a montré que pour présenter un monoide simplifiable,
il est impossible de remplacer une regle de simplification par
un nombre fini de relateurs. Il a obtenu ce résultat a 1'aide
de monoide définis par 6 générateurs et 5 relateurs. Nous
retrouvons le théoréme de S.I. ADJAN & 1'aide d'exemples plus
simples definis par 4 générateurs et 2 relateurs. Nos exemples
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sont optimaux quant au nombre de relateurs. Ils montrent, en
outre, que 1'action des deux réegles de simplification sur la
présentation d'un monoide simplifiable peut étre asymétrique.

A.I. MALCEV a donné des conditions nécessaires et suffisantes"
paur qu'un monoide soit immersible dans un groupe. Pour de tels
monoides, nous introduisons la notion de présentation;de Malcev
et nous montrons qu'ils p ouvent admettre une présentation de
Malcev finie sans admettre de présentation simplifiable finie.

J. SZENDREI: Semirings embeddings

Let T-be the set of all transformations of a semiring (S,+,:).
The transformations will be written as operators on the right.
Defining operations +,+ on T in the familiar way (T,+,+) becomes
a left seminearring. (T*,+,:) denotes the opposite left semi-
nearring. On the set A = T*x T define addition and multiplication
componentwise. On the set S o a& one extends both operations

‘of S and ~a to all mixed pairs a(e S), w = (x,1) { € 4 ) by

wt a = Vm+ uJa, a +w = wa+ w; wad = ay, dw = aT,
_where wy ( xa,pa) means the pair of left and right translation
of (S,-) induced by a. - : : -

Deutsche

Aset Su a (¢cua )'is a semiring containing S as a semiring
ideal iff the elementsof a are simu]taneously biendomorphisms
of (S,+) and permutable linked bitranslations of (S,:). Every
such a semiring is contained in a maximal one, which is called
a holomorph of (S,+,-).

The notion of semiring holomorphs can'be applied for broving
several theorems concerning semirings embeddings.

The notion of semigroup holomorphs can be defined in a similar
way and can be applied for extensions of semigroups.
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M. SZENDREI: On closed subsets of termfunctions of completely

reqular semigroups

From universal algebraic point of viewcompletely regular semi-
groups are considered as algebras with a binary operation - the
multiplication and a unary operation which to every element
corresponds its group-inverse. Of this type of }lgebras com-
pletely regular semigroups form a variety defined by the following
identities: associativity, xx 'x = x, (x'l.)'1 = x, xx be x7hx

A set of termfunctions of an algebra is called a clone if it
contains all the projections and is closed under superposition.
We term a clone idempotent if all the termfunctions in it are
idempotent, that is f(a,...,a) = a ( V a e A) holds for them.

Denote the lattice of all idempotent clones of termfunctions of
a completely regular semigroup S by LS. The following theorems
give & necessary and sufficient condition for S to have the
property that LS is a chain.

Theorem 1. Let S be a completely regula} semigroup which is not
band. Then &S is a chain iff S is commutative -and is of prime
power exponent or S is a left or right regular band of Abelian
groups and is of prime e%ponent.

Theorem 2. Let E be a band. The following three assertions are
equivalent:

(i) Z.E is a chain.

(i) Lg is finite. i

(iii) E satisfies a non-trivial identity in 5 variables.

J. SZEP: Ober eine algebraische Struktur mit zwei Verkniipfungen

Es werden die folgenden algebraischen Strukturen untersucht.
S sei eine Menge mit den Verkniipfungen "x" und ".", so daB S(x)
eine Halbgruppe und S(:) eine Gruppe ist. Dabei sollen die bei-
den Verkniipfungen durch die folgenden Regeln zusammenhdngen:

Deutsche
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Fall 1 Fall Il . Fall II}
c(axb)=(ca)x(cb) c(axb)=(ca)x(cb) c(axb)=(cp55X(cpb)
(axb)c=(ac)x(bc) (axb)c = (ac)x(bc™!) (axb)c=(act)x(acT)

fiir alle a,b,c € S und gegebene ganze Zahlen p und q.

In den Fallen I und Il werden die Strukturen vollkommen beschrie-

ben. Im Fall III wird gezeigt, daB diese Struktur eine Beziehung

zu dem Satz von Feit und Thompson (Gruppentheorie) hat. In sdmt-

lichen Fallen (I,11,111) wird. angenommen, daB S(-) eine endliche
. Gruppe oder eine periodische Gruppe ist.

G. THIERRIN: Decomposition of subsets in a semigroup

Let S be a semigroup, let A be a subset of S and let
rad(A) = [x|xn e A}. A is said to be (1) c-prime if ab ¢ A
implies a ¢ A or b ¢ A. (2) cs-prime if a"e A implies a € A
(3) rc-prime if rad(A) is c-prime. ]
If p is a compatible preorder relation on S, then A is said
to be p-closed if apx, a € A, implies x € A.
We have the following results:
If A is p-closed, then-rad(A) is p-closed and rad(A) is the
intersection of c-prime p-closed sets. )

2. A p-closed set A is cs-prime iff A is the intersection of
c-prime p-closed sets.

Tn the special case where . p is the identity, then every subset
A of S is p-closed and A is the intersection of rc-prime sets.

W. THOLEN: Einige kategorielle Bemerkungen iiber Amalgamierungen

Halbgruppenkategorieh zeichnen sich i.a. durch einige negative
Eigenschaften aus, z.B.: 1. Es existieren ‘echte epimorphe Erwei-
terungen. 2. Saturierte Objekte sind nicht notwendig absolut
abgeschlossen (Isbell). 3. Es existieren i.a. keine freien
Produkte mit Amalgam (Amalgamierungen). Im allgemeinen katego-
riellen Rahmen, der auch topologische Kategorien einbezieht,
wird gezeigt, daB die Eigenschaften 1 und 2 daraus folgen, daB
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die existierenden Amalgamierungen i.a. nicht (wie in der Kate-
gorie der Gruppen) die Durchschnittseigenschaft erfiillen. Ei-
genschaft 2 hat zur Folge, daB fiir keine (noch _so_ geschickt
gewdhlte) Monomorphismenklasse alle Ama]gamferungen mit Durch-
schnittseigenschaft existieren kdnnen. SchlieBlich werden
einige hinreichende Bedingungen fiir die Existenz von Amalga-
mierungen diskutiert.

-

. E. VALKEMA: On some relations between formal languéges and groups

Let X be a finite set, L € X*, define i to be the smallest
congruence on X*, such that L is contained in one uL-c]ass; -
since X* can be embedded into F(X), (the free group on X), 0
can be defined to be the smallest congruence on F(X), such that
L is contained in one YL'-class. Denote X‘*/‘J = JoC(L),

L
F(x =: L). '
F( )/YL 0 (L)
Theorem 1: If L (L) is a group, then Jp (L) ¥ g (L).
Let G = (V,X,0,P) be a grammar, G is called reduced iff
Vae V Jw € X*: o5 w and if V (u,v) ¢ P

avfl.fz €e (Vu X)*: o

'0“ * 'v" *

> fl u f2. Dgnote <V v X|P> =: q (G).

Theorem 2: If L is generated by a reduéed grammar G, then

g ¥ g .

.» Corollary 1: (Hotz, 1978) If 61,62 are reduced grammars and if
= L(G}) = L(Gp), then ‘?}(Gl) 2 ()

L ¢ X* is called a group language :<=>JJI(L) is a group and ¢'1(1)=L
(¢ being the canonical homomorphism from X* onto 1 (L))

9 is a context-free group : <= J contextfree language L € X*:Jil(L) ;'g

Corollary 2: (Anisimov, 1972) If g is a contextfree group,
then q’ is finitely presented. °
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H.J. WEINERT: On S-sets and semigroups of quotients

Let S be an arbitrary semigroup and MS a (right) S-set without
any assumption on fixed elements. Extending concepts and results
of F.R. McMorris, C.V. Hinkle and M.M. Botero de Meza, we défine
Qr—filters F of MS and right quotient semigroups Qr(MS,F.K) of

MS with respect to two such Qr-filters F and K. Also dense,
intersection-large as well as weakly intersection-large S-subsets
of MS are introduced and investigatéd in this general manner. let

. us denote by Mé the Qr-fi]ter of all dense, by Mg the Q -filter

of all intersection-large S-subsets of MS' Then Qr(MS’MS) or

Qr(Sé,Sg).correspond to the right quotient ring Qr(R,RA) of
. L A A ) 3

Y. Utumi and similarly Qr(MS’MS) or Qr(SS’SS) to the right

quotient ring Qr(R,Rk) of R.E. Johnson. As examples of results,
* we consider the well-known ring theoretical theorem

(#) RY = R* <—> Q.(R,R®) is regular <=>. J(R) = (D).

This situation is known to become rather complicated if one
deals with semigrohps S instead of rings. R, even in the case

S = SQ only investigated so far. Now let S be any semigroup,
and denote by 0L the set of all left zeros of S, which may be
empty. Defining two (right) singular ideals J*(S) and J(S) of S
such that 0L € J*(S) & J(S), we obtain:

Q,(s,s") is regular > J%(S) = J(S)
Q,(5,8%) is regular == 0 = J(S)
0, = J(S) and [0 | 1 =—> Q,(s,5") is regular.

. In particular, if |0L] < 1 and % = s* , then Qr(S,SA) is re-

gular iff J(S) = OL’ and these statements are in fact all of (&)
what remains true for semigroups.

There will appear an article in the Semigroup Forum on this
matter, containing also a detailed bibliography.
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R. WIEGANDT: Semisimple classes of semigroups with 0

A subc]éss S of all semigroups with 0 is a semisimple class

{in the sense of Kurosh and Amitsur) iff S is closed under

extensions and subdirect products and satisfies: (1)

IfA € S, then every nonzero ideal of A has a nonzero Rees-

factor semigroup in S. S is a semisimple class and the upper

radical US is hereditary iff S is closed under subdirect pro-

duct and satisfies (1) and:(2) If L is a large ideal of A

and L € S, then also A € S. It is remarkable that for associa-
‘ tive rings the validity of the corresponding characterizations

is.not'known.‘Further, a hereditary radical R is supernilpotent

iff the semisimple class SR is "weakly closed" under Rees-

factor semigroups.

Berichterstatter: M. Kunze
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