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Diophantische Approximationen

27.5, bis 2.6.1979

Unter der Leitung von Herrn Professor Dr. Th. Schneideér fand in
der Woche vom 27.5. bis 2. 6. 1979 wieder die schon zur Tradition
gewordene Tagung iiber diophantische Approximationen im Mathe -
matischeﬁ Forschungsinstitut Oberwoliach statt. Zahlreiche Teil -
nehmer aus dem In- und Ausland konnten sich in insgesamt 41 Vor-
trédgen iiber die neuesten Forschungsergebnisse im Gebiet der dio-
phantischen Approx‘imationen, der transzendenten Zahlen, der Geo-
metrie der Zahlen und der Gleichverteilungstheorie informieren,
.‘ Daneben kam ein reger Gedankenaustausch in zahlreichen persén -
lichen Gesprichen zust-ande, was nicht zuletzt auch der angenehmen

Oberwolfacher Atmosphire zu verdanken ist.
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Vortragsausziige

K.ALLADI:

On certain irrational values of the logarithm

Motivated by the ideas of R. Apéry, F. Beukers recently produced simpler
proofs of the irrationality of €(2) and {(3), making use of integrals in two
and three variables involving Legendre Polynomials. We investigéte com-
pletely the one dimensional analogue of Beuker’s method. This leads to the
irrationality of the logarithm at certain arguments ( involving the recipro-

. cals of algebraic integers in an Imaginary Quadratic Field) yielding mea- o
sures of irrationality for log(1+rln) , me¢€ Z+, log(l+g) for certain integers (
p and q, and n/JS'. Recently Bombieri by the use of differential equations
proved and measured the irrationality of log(l+%n) and k\/-r;-, k, me Z+.

Our approach is related to his in some respects.

H. BAUERMEISTER:

Asymptotische Wetrteverteilung von Zetafunktionen

Am Beispiel der Dedekindschen Zetafunktion CK wird dargelegt, wie man
die Bohrsche Methode zur Berechnung des Wertevorrates der Riemannschen
Zetafunktion verallgemeinern kann: Sei K C-Q' mit 2 <n = Grad [K:Q) < .
Fiira-—Reas>1g11tC (s) = n(l-'P(D) -1((P1)1N
Primideale in K ). Der quadrat]ische Mittelwert :

Abzidhlung der

T

1 .
lim = [ | ¢ (o+it) lzdt ist fiir o >1-1 endlich (Chandrasekharan,
T - 2T K n

. Narasimhan,T1963). Hieraus 148t sich u.a. folgern, daB in {s ] 1-1—11< o<1} - |
die Summe der Logarithmen der Faktoren des Produkts von "stochastisch"
gegen einen geeignet definierten logC konverglert Zusammen mit einer \
Wiederkehreigenschaft, die aus der (B ) Fastperiodizitit von € folgt 140t {
sich die Berechnung des Wertevorrates von log CK auf die Auswertung der

m
Summen - ¥ c.log(l -p
=1

-(o+it)

1 ), meN,

(pl)leN Folge der nat, Primzahlen,
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gewxsse nichtnegative ganze Zahlen, zuriickfiihren. Diese gelingt aber mit
der Bohrschen Anwendung des Kroneckerschen Approximationssatzes. Als

»

Resultat bekommt man z.B.:

Satz. 1-L<ca<l »C (AR =C
—_— n K
Quantitative Auswertungen dieser Rechnungen ergeben eine asymptotische

Verteilungsfunktion fiir die Werte von Cy

Es 14Bt sich ein Beispiel angeben mit derselben asymptoti schen Verteilungs-

* funktion wie CK ( auch fir K = Q ), fiir das die Riemannsche Vermutung

falsch ist.

D. BERTRAND

On some transcendence prperties related to Hilbert-Blumenthal Abelian

varieties

Let A be a Hilbert-Blumenthal Abelian variety, i.e. an Abelian variety whose
algebra of endomorphisms contains a totally real number field of degree )
dim A. Assume further that A is simple and defined over a number fi‘e'l'd,

and denote by ¢ (resp. cpp) a ;trongly normalized representation of the com-

plex (resp. p-adic) €xponential map on A.

Theorem. Each coordinate of a non zero algdraic point of ¢ (resp. (pp) is

transcendental. . : .

In the complex case, the proof is an easy generalization of the method elabo-
rated by Waldschmidt to deal with the C. -M. analogue of the theorem "'Safe
multiplication formulae" in the sense of Masser are needed to treat the p-adic
case. l . ) ‘

In the complex case;' the result applies to periods of ¢, and yields the

transcendency of the periods of cusp forms of weight two, for certain levels,
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F.BEUKERS

Irrationality measures

The use of Padé-type approximations for the derivation of irrationality

measures of systems of numbers 01,' ..., 9 is originally due to C. L.Siegel.

k
Take for instance a set of analytic functions fl.000, fk'
ximation is a set of polynomials ;31, cees Py of degree £ n such that

A Padé-type appro-

pl(z)f (z) + ... + pk(z)f (z) = lmE(z) where E(z) is some analytic function.
By substituting small rational values a/b for z we obtain good approximations
‘ to f (a/b), eeosf (a/b) which can be used to obtain 1rratlonahty measures,

It is possible to give explicit Padé-type approx1mat1orsto the system

1, F(al' tt ap 12),..., F(al' . ap | z) of generalized hypergeometric func-

b1+l..bq bl..bé‘Fl
tions. In pai‘ticular ohe'cban obta'in explicit Padé-type approximations to
- m K
1, Ll(z),.. L (z), where L (z) = 23 (n—:-_ﬁ'l . An application of these

approximations to the case k=2is

Theorem. Letme Z, I m | > 300. Then
10g400 |m|

-2
1. [m]/
..|x+yL(1_)+zL(—)|>cX vlog(m300)
1'm 2'm oo .

where ¢ is some explicit constant and x,y,z € Z and X = max(lxl, |y|, Iil) > 0.
A.BLJLSMA

. An elliptic analogue of the Franklin-Schneider theorem

Notation:p is a WeierstraB elliptic function with algebraic invariants. If p

possesses complex multiplication, K is the imaginary quadratic field of

complex multiplication; othefwise, K=4Q.

Theorem 1. Suppose a,b ¢ € such that a and ab are not poles of p. Then

there exists an effectively computable c ¢ R, dépending only on b, a, and b,

such that only finitely many triples (a, B, v) € C3 satisfy d(a), 8, p(y) algebraic,
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8 ¢ K and
' 6 6 -5
max(Ip(a)-p(a)], [b-8], | p(ab)-p(v) ]} < exp(-D"log Hlog, H)
while [@(p(a} 8, P(v): Q) < D and max(e®, H(p(a)), H(8), H(p(Y)) S H .

Theorem 2. For every function g: N° - B there exista € €, b ¢ C\K,
such that a and ab are not poles of p and such that for every ¢ e.IR there
exist infinitely many triples (a, 8, v) € C3 satisfying p(a), B, p(y) algebraic
and  max(|Wa)-p(a)|, [b-8], | p(ab)-p(v) |) < exp(-cg(D, H))

while [Q(p(a), B, p(v)):Q) < D and max(H(p(a)), H(B), H(p(v))) < H. -

W.D. BROWNAWELL

On the zeros of certain functions

This is a report on joint work with D, W. Masser on the zeors of functions
of the form P(fl(z), e fn(z)), where P is a polynomial of degree at most
D and the fi' 1 £i < nform a solution of the system of algebraic differential
equations } A
= PR S l<i ,
fi Fi(fl, , 1n), <ign

where the F‘i are polynomials. Nesterenko has obtained ihé first useful

- general results for linear Fi'

N ) .
If fi is the solution of the above differential equation corresponding to the
initial condition 31 = (',il‘ cees oin) ¢ €™ for distinct -50, e 3N and no
P(?i,) =0, then N . ) 2n-1 . 2n—2
Z ord_P(f.) < (dD) + N (dD) .
=g 2%° 1

J
where deg Fi <d.

A generalization to polynomial ideals was also obtained. If Pl' e ,"PK

generate a polynomial ideal of rank r, deg Pks D, 1 < k < K, then in parti-

cular

N n-r r 2n-r-l

£ min.  ord P () s @M%+ N(dD")
j=0k=1,..,K zso © 3 _

The proof 'is from commutative algebra: Cohen-Macauley Theorem, loca-
lizations, Hilbert polynomial and Bézout’s Theorem for unmixed ideals

are the main ingredients.
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There are various applications to iranscendence theory. An application -
io abelian functions was obtained by Flicker and Masser, whereas we now

have a quantitative form of the general Schneider-Lang theorem.

P. BUNDSCHUH

Einige Bemerkungen iiber Transzendenz

1. Danilov (19-71), Davison (1977) sowie Adams und Davison ( 1977) haben

reelle Zahlen gefunden, fir die gleichzeitig die g-adische Entwicklung und

die Entwicklung in einen reguldren Kettenbruch explizit angegeben werden .
kann. Diesbeziiglich soll hier ein umfassendes Resultat gezeigt werden. *._,-‘
1. Mit Hilfe der Bakerschen Theorie zeigen wir hier: Izt A:= (am) eine
reinperiodische Folge algebraischer Zahlen, f(s;A) := L amm's (Res >1)

und F(z;A) := T i(n;A) 2", so ist F(%;A) me=1

n=2
2
entweder 0 oder transzendent fiir jedes (h, k) ¢ N" mit h < k. Einige Korollare

hierzu werden angegeben, u.a. betreffend die Eulersche Konstante und die
logarithmische Ableitung der Gammafunktion.
1Il. Bezeichnet y(n) fiir natiirliche n > 2 die Anzahl der (a,b) € IN2 mit

@
ab = n, so wird hier T y(n)n s filr natiirliche s > 2 arithmetisch untersucht,
n=2 .

D.CANTOR

An Extension of the Definition of Transfinite Diameter

LeLK be a numbe‘r field and suppose ¥ = [xl, Xgr oo xq] is a finite subset

of K U{=} satisfying ox = x for allo ¢ Aut(ﬁ/K) (o= ==), Choose a set

EV Cka{m} disjoint from ¥ satisfying oEv=Ev for allo € Aut(ﬁv/Kv), va

completion of K. Other conditions, too lengthy to ‘be stated here are also

requ.ired. We require that E_= {xérIZvU{w]; Ix-xilvz 1, xiex} ( and lev <1

if » € ¥ ) for almost all v. We define generalized Green’s functions on the

complement of Ev and define Yijv = Gv(xi’ xj) if i¥j and '

Yigy = lim Gv(xi' y) + log(xi-y) otherwise. Put I'v = (Yij§/) and Yij =z Yij\;"
Mt S v

Almost all 'l‘v = 0 and the value k of the matrix ga'me T= (Yij) = ‘};.”l'v is the

generalized Robbin’s constant. The extended transfinite diameter is exp(-k).
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- In terms of this extended definition, new versions of the Polya-Carlson
Theorem, Distribution of Algebraic Integers Theorems, and Polynomial

Approximation Theorems hold.

G.V.CHUDNOVSKY

Transcendental number theory and methods of mathematical physics

We develop effective methods of construction of auxiliary functions
F(z) = P(z, fl(z), ey fn(z)) in the Siegel-Gelfond-Schneider method for

. a) meromorphic functions fl' vy fn satisfying algebraic differential equa-
tions and algebraic laws of addition{ b ) E-functions fl' e, fn or
¢) G-functions, satisfying linear differential equations. These methods are
based in the cases a) and b) on the effective (N-point) Padé approximation
obtained using isospectral transformations. For classical E- or G-functions
satisfying linear differenﬁal equations bf the secoxid_‘o'rder the construction
of auxiliary functions involved classical orthogonal polynomials. In general
for b), ¢) the construction of effective approximations is based on defor-
mation equationsfor Fuchsian equations with fixed monodromy group. The
new measure of 'irrationality and transcendency is proved for numbers

' f(a), a € Q, o 0 for |a] close to the origin in cases b) and c) .

P.L.CLISOUW -

Multiplicative dependence relations

Let a an be nonzero algebraic numbers which are multiplicatively

1‘ LER SR |
. : . by bp
‘ dependent by a relation a, e °0.n =1, bl‘ - "bn € Z, (bl‘ e, an =1,
Then, for a suitable choice of the branches of the logarithms, log TERRY
log o.n are linearly dependent. Taking the conjugations Oyreees9py '
D= [Q(o.l. ey an) : Q) , we even can see that there are values luv(ou(av))
of the logarithms of °p(°'v) (x=1,..,D; v=1,...,n) such that
) bllpl(au(ul)) +... + bnlun(cu(an))~ =0 (u=1,...,D).
By using Baker’s method, Bijlsma and myself could prove in a joint work
r
1

r
that there exists a dependence relation Qy T an“ =1, Tpoeves T € 2,

not all zero, in which m%xlrvl is bounded by an expression in the heights

fa i i
o a and rLl‘as | luv(ou(av)) | . In this expression, the degree D

1000
does not occur,
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The two and three dimensional Diophantine approximation constants

|
|
T.W.CUSICK ' . :
Define c(a, B) to be the infimum of those ¢ >0 such that |x+ay+Bz|max(y2, 22)<c

has infinitely many solutions in integers x,y, z with x and y not both zero. ;
Then the two dimensional Diophantine approximation constant ¢, is suplc(a, B),
where the supremum is taken over all real pairs a, 8. The three dimensional
constant Cq is defined analogousl.y. It was shown by Furtwingler in 1926

that ¢, > 1/J23 and ¢y 2 1/J275 . The lower bound for c, was improved to }
2/7 by Cassels in 1952, We give an argument (but not a proof) for the equality - o

¢y = 2/.7 and a proof via the geometry of numbers that ¢, > 2/J275 .

On‘:the greatest prime factors of decomposable fdrms at integer points

As a common generalization of some earlier effective results we proved the

following (for simplicity we state here only a special case of the result)

Theorem. Let F € 2[x1. cees xm] be a decomposable form in m 2 2 variables

K.GYORY :
i
with splitting field G over Q and let [G:Q] = g. Suppose that the linear factors ;
in the factorization of F satisfy two conditions (which will be detailed in |
my>1_ecture) and let d = 1. Then there exists an effectively computable positive |
numbet X = X(F, d) such that o o |
(1)  (13g+ 1)slog(s+1) + (g+1)logP > loglog %], I=] = miax(lxil),

and N . L o

(2) L P> (13g+ 1)-110g10g]'§_| o
for any % € Z™ with I(xl, e, xm)l <dand |%| 2 X, where s and P denote

Q the number of distinct prime factors and the greatest prime factor of F(X)

respectively.

The following classes of forms F € Z[xl, s, xm] satisfy all the conditions of
our gbove theorem, and so for these forms F (1) and (2) hold:

1) F is a binary form and among the linear factors in the factorization of F

at least three are distinct; ’

X +... +a.mxm), degai = n, 2 3 over Q and

1) F(x) = aQNormK/Q(xl+a2 2

Deutsche . ’
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n2...vnm = (K:Q] ;
IMF(x) = stch/Q(azx2 +... +amxm), K= Q(o.z. e, am) and
1, a2, e, am linearly independent over Q;

1V) F(X) is the index form of an integral basis of an ‘order of a number field.

We established our estimates (1) and (2) for forms F € ZL[xl, e, me at
™ .

L

but fixed algebraic number field L.

integer points x € Z_, where ZL denotes the ring of integers of an arbitrary

G.HELMBERG

On a theorem of Kamae on completely uniformly distributed subsequences

In the paper of Kamae '"Subsequences of normal sequences' (Israel J. Math,
16 (1973), 121 - 149) the assertions ‘
' (1) Any a € Norp is a T-collective
(2) Nor_ °T < Nor »
P p
(3) Nor °T = Nor
P P
under the additional ‘hypothesis
(0) imT(n)/n <=
n—eo
are shown to be equivalent to
(4) ','r is completely deterministic.
It is shoﬂwn'that (1) ( and therefore also (2) and (3) ) already imply (0);
thus (1), (2), (3) each are equivalent to the conjunction of (4) and (0). Although
unpublished as yet, however, the priority of this observation belongs to

Kamae too.

E, HLAWKA

Uber unendliche Reihen, die von Irrationalzahlen abhdngen

Es werden Reihen von der Gestalt .Z T}t—hl(w+21‘ri(ho,+k))-J untersucht,

) . h, k | . .
deren Konvergenz vom Typus der Irrationalzahl a abhingt. Damit werden
die von Hecke et alii eingefiihrten Dirichletreihen

Pdla) '
g Pl

lls

(Pr: r-te Bernoullische Funktion) behandelt. Verallgemeinerungen werden

besprochen.
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L. -Ch. KAPPE .

Comrnutators and some diophantine equations

Let 1K(G) = {[x,y) = x'lnyy; N,y € G ] be the set of commutaiors and G
the commutator subgroup of a group'G. It is well known that G” = K(G) is
not necessarily true. In the case G’ abelian, G’ and G/G’ finitely generated
this question can be translated into a questiop about the solvability of dio-
phantine equations or congruences respectively. The method has been used
successfully in the case of cyclic G’ and elementary abelian G’, e, g. Rodney
. (1974) used the method to exhibit sufficient conditions such that G* = ( [a,b]) ‘“
implies G = K(G) and he gave an example to show that the condition is not -
true in general. The author is currently investiéating the case of cyclic G’
with an elementary abelian automorphism group acting on G’. Macdonald
(1961) and Liebeck(1974) have used the method in the case of p-groups of -
class 2 and G’ elementary abelian of small rank. The author in addition in

1978 has investigéted a generaiized question about higher commutators and

used variations of the method.

S. V.KOTOQV

Effektive Analysis einer Klasse von diophantischen Gleichungen des Typs

Normform ’ o .
Seien al, PN um ganze algebraische Zahlen, sei Ki = Q(cxl, ey ai), Ko = Q,
und gelte FKi:Ki 1] >3(1gi<cm). Sei A# 0 eine ganze rationale Zahl,
Wir betrachten diophantische Gleichungen der Form
.‘ (1) Norm( X ¥ QX bt amxm) = A : -
in den Unbekannten x ,...,x_ € Z. e
. o m ]
Satz. Fir die Gesamtheit aller ganzen Ldsungen LIV , X der Gleichung
(1) existiert eine effektiv berechenbare Grofie o, die nur von Qysvnes am, m
und A abhéngt, so dafl V )

max( 'xol.-.u |xm|) s o0

gilt,
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. means of a function fu(z) =

.11 -

L.KUIPERS

Ring of integral quaternions - uniform distribution

In the ring J | of integral quaternions {h_+h i+h,j+hgk | h.hyj hyhy €2 }
one can define the notion of uniform distribution modulo a nontrivial ideal
(1) generated by some u € Jo with:N(u) > 2,

A description of a complete residue system modulo W can be given, The
cardinal number of Such..a' set is {N(u)}z. '

A set of characters of the group Jo/(u) can be constructed.

Relations between uniform distribution in 2, in Z[i) and in Jo resp. can‘

be established, One has: a sequence of integral quaternions (xn+yni+znj+unk)

is u.d. in J_( modulo each (1) ) if and only if the sequence (xn, yn, zn, un)

“isu.d. in Z",

Example:"if the real numbefs 1, 01, cees 04 are linearly independent over the
rationals, then the sequence ([nt’l] + fmﬁzji + En03]j + [m94]k )y isu.d. in Jo.
M. LAURENT )

Transcendence of periods of elliptic integrals

The third of the 8 problems in Schneider’s book on transcendental numbers
asks for transcendence results on elliptic integrals of the third kind. The

following answer has been recently found:

Theorem 1. Let € be an elliptic differential form defined over Q with

rational residues. Then the nonzero periods of £ are transcendental,

When € has no residue, the result was known (Schneider) ; in this case §
is of the first or second kind, and is associated with the extension of an .
elliptic curvé by the additive group. When & has nonzero residues, it cor-
responds to an extension of an elliptic curve by ‘the multiplicative groué.
The exponential map of such a group can be described (Severi, Serre) by
:—((z%-“u)) e wnicn satisfies f (z+w) =

fu(z) exp (w€(u) - nu). The proof of theorqm 1 depends on the following

Theorem 2, Let p be an elliptic function with algebraic invariants 8y B4i

let u be a complex number such that no integral multiple of u is a pole of p °
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oF

Deutsche
Forschungsgemeinschaft

s




. A ‘ o

| &
-12 - . .
and p(u)-is algebraic. Let w be a nonzero period of p, and n the correspon- -

ding quasi-period of (. Then the four numbers 1, w, n, wf{u)- ™ are Q-linear-

ly independent.

D. W. MASSER

*Mahler’s method for algebraic independence

Mahler’s method for transcendence and algebraic independence has been con-

siderably extended in recent years'by K. K. Kubota, J. Loxton, and A.J.van der’

—

. Poorten. We describe a further extension of the method, illustrating our
arguments by reference to Hecke’s function f(z) = :thrwj z" for a real qua-
dratic irrationality w. Let U denote the set of complex numbers z with
0 < |z| <1. In 1929 Mahler showed that f(a) is transcéndental for any algebraic

' a in U, and in 1977 Loxton and van der Poorten proved that f(al), e, f(an)
| are algebraically independent for any aigebraic‘ YRRy an in U with Iczl I, Ces
lanl multiplicatively independent. It can now be shown that f(a)), ..., f(a )

are algebraically independent for any distinct algebraic Cpsenen @ in U.

M. MENDES FRANCE

A propos of the Morse sequence (joint work with Christol, Kamae, Rauzy

and myself)

We establish the following result:

Theorem. Let I be a finite set and let f = (f) € N The three-following
properties are equivalent: .
’ S (i) There exists a finite field of characteristic p and a
map a: £ & K such that‘(a(fn)) is algebraic over K(X) (KlN is identified with
a subset of K({X)) in the canonical way). )
(ii) f is the image of a fixed point of a p-substitution.

(iii) f is generated by a p-automaton,

For example, the Morse sequence is generated by any one of the following

methods .

DFG Deutsche
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(i) Let K = {0,1}. f verifies (1+X)3f2 + (1+X)2f +X =0,
(ii) f is invariant under the 2-substitution 0 - 01, 1 - 10,

(iii) f is generated by the 2-automaton

Using Cobham’s result, we then deduce:

Corollary, Let K and K’ be two finite fields of different characteristics. Let

. f =n°}§_0fnxn and f’ =n£:o ann where f is considered to be an element of K((X))
and f* an element of K{(X)) (same fn's). Then, if f is algebraic over K(X) and

f’ is algebraic over K’(X), we conclude that f and f’are both rational.

Hence the conjecture: Let f = n§=o ann an irrational algebraic element of K((X)). -
To show that li;%, is transcendental (in R). The result is actually known if
f is the Morse sequence ( see Mahler, Loxton, Van der Poorten, K. Kubota,

Dekking, ... ).

M. MIGNOTTE

Approximation of algebraic numbers by algebraic numbers of high degree

The measure M(y) of an algebraic integer is defined by M(y) = I max(1, letv)]),

where o(y) runs over the conjugates of y.

One corallary of our main result is the following-: s

If M(a) <2 and a # 1 is an algebraic integer of degree D, then
|a-1]>exp(-4./D log(4D)).

The proof is elementary and uses the construction of ép appropriate

' auxiliary function.

B.NOVAK

Elementary methods on transcendental number theory

In 1975, the author proved in a very simple way that for any nonzero s, at
most one of the numbers s and e is a Gaussian number. This result can be
generalized to some fields Q(n) or to other functions (e. g. Inkeri 1976). Very
simple proofs of theA transcendence of the numbers ea (a real, algebraic) and
m can be obtained from a simple lemma ( see Nesterenko, Comm, Math, Univ,

Carolinae 1979, No. 2).

\
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Explicit lower bounds for linear forms with algebraic coefficients

Using the Gelfond-Baker method we obtained some effective theorems for
norm form equations. These theorems enable us, to establish some effective
resulis for linear forms with algebraic coefficients. Here we mention only

a Corollary of a general theorem.

a be ailgebraic numbers with heights < H and with degrees at

) SO 4
least 3 such that the degree n of K = Q(al, e o.k) is degal. .. degak. Then

Let a

]

‘we have for any rational integral k-tuple (x,,...,x ) with Ix]| = miax(lxil) >0 ! |

‘(1976) 95 - 108) bewies ich: T

UFG

n-g-T ~- |

[og
|la1x]+,,,+akxkl|>c|x| ,

where ¢ = (ZkH)(—2n+2°'kn-1+T)/°

v %21
exp(-R_-6n), 7= (c'R_(logR.,)") °,
15(r+3) K KoK

= (25(r+3)n)

r denote the regulator and rank of K respectively.

, 0 =1oro =2 according as K is real or not and RK

In particular, if k = 1, this Corollary implies the effective sharpening of
Liouville’s Theorem due to Feldman, with explicitly computed constants.

These results were obtained in joint work with K. Gydéry.

A.PETHO . ‘ ‘ |

Uber die nichtlineare Diophantische Appfoximation von quadratischen

algebraischen Zahlen

Bezeichne ||z || den Abstand der reellen Zahl z von der néchsten ganzen

Zahl, Unter Verwendung eines Satzes von V. G. Sprindzuk (Acta Arith. 30,

Satz 1, Seien a eine quadratische und ¢ > 0 eine beheblge reelle Zahl. Dann
existiert eine effektiv berechenbare Konstante cl(a, e} > 0, so dafl

laall > e, (@, e)tog lah '€ a] =2
gilt fir jede ganze Zahl q mit |q| > 1, wot = 1/3456.

Satz 2, Seien a, €, t wie in Satz 1 und [q } die Folge der Nenner der N&herungs-
briiche von a. Sei wexter.q = Q wo Q eine quadratfreie ganze Zahl ist.
Dann existiert eine effekuv berechenbare Konstante c (a e) >0, so daB

Qn S t/2

erfiillt ist, wenn n > cz(a, €).
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. A.REICH

Universal functions in number theory

Let QK denote the Dedekind Zetafunction of an algebraic number field K. It

is shown th&t for suitable o, < 1 the function QK possesses the following uni-

K
versal property:

Theorem. For every disk D lying in the strip a]‘(< Res < 1, every function f,
holomorphic in D without zeros, every € > 0 there exists m € N such that

: : . sup | f(s) - ¢ (s+im) | <e.

) ‘ . s 6 D

In the case of the Riemann Zetafunction one can choose °Q "

From this universality one has immediately

Corollary 1. If ox' < Res <1, then

M gK(s;im) :m €N } is dense in c,

(ii) { QK(s+im), g’ (s+im), ..., C(n (s+im) im €N } is dense in C" (for all n€N).
Corollary 2,y = € (s) does not satisfy any ( non-trivial) dlft‘erentml eQUanon

M

of the form uzo uF (y, Yieon, y(u' )) =

0 with continous F .

(Remark: Accordmg to_ Hilbert-Ostrowski 1900/1'920.it is well known, that

such a differential equation is impossible, if the Fu are polynomials.)

A.SCHINZEL

Continued fractions for some transcendental numbers

Miroslav KuroSek , student of the lecturer, proved the following

Theorem. If b=t 1, € are positive integers (i=0, 1,... ), 'e°>_3,

®

sup ei < o, Qo =1, Q = elQ 1 then the transcendental number

é1.
1Q;

" ";’8

has bounded partial quotients.

- . o i-1
A proof is outlined for the special case of this theorem, when bi:l‘ Q.=m2
: i

(i=1,2,...), m23.
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H. P. SCHLICKEWEI

Small values of diagonal forms in many variables

Applying a recent result on zeros of diagonal forms with integral coefficients

by W. M, Schmidt we obtain the following

Theorem. Letk > 2 be an integer and € > 0. Then there exists a constant
cl(k, e), such that if s > <, and )\1, s AS, “1' v usare any positive real

numbers, then for any N > 1 the inequality

k k k : k - -k+e
(a) |X1x1+...+).sxs-u1yl -'...-us.ysl<MN . |
has a solution in nonnegative integers Xpoores LTS STREP Vs satisfying |
0<max(x1,...,x ,yl,...,y)<N, where'M=max(A D U g My uS). |

This theorem implies the forementioned result by W. M. Schmidt. The

exponent -k+e in (%) is essentially best possible, in the sense that it may

not be replaced by any constant '°2 -k. Lo LT e AL
A,L.SCHMIDT -

Diophantine approximation in the Eisensteinian field

Let K =Q(/-3), O=2Z+ 2Zw, w= 1+2“ —= . The ap'proximation constant C(g)

for & € C\K is defined as C(&) = limsup( |ql|qg- p|) , and the set of all

p.q€d.qfo
approximation constants is called the approximation spectrum A complete

description- of all approximation constants less than the smallest limit
point of the approximation Specti'ufn was given, thus completing earlier
work by Perron (1931) and Poitou (1953). For sifnila.r results in the fields
Q(i) and Q(i/T1) see Acta Math, (1975), J. Number Th. (1978).

W. M. SCHMIDT

Diopﬁantine approximation of formé of odd degree

It is shown that if F(x ) xs) is a form of odd degree k with real coeffi-

1
cients and with s > ¢ (k) then there are integers (x e, X ) f (0,..., ) |
with IF(x ..., x )|< 1. In fact, if s>c2(k E) and if N>1, then there 1s a '

nonzero integer point x = (x x_) with lxilsN and |F(x)] < |F| NE

1
where |F| is the maximum modulus of the coefficients of F. This result
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is derived from a result on diagonal diophantine equations: If s > c3(k, €)

. k :
where k is odd and € > 0, then a diagonal equation alx1 + ... +.asx: =0
has a nontrivial solution (xl, e, xs) with lxi| < A€ where A=max(1, lal ... las ly.

J. SCHOISSENGEIER

Approximation reeller Zahlen durch Quadratwurzeln

Es ist.bekannt, daB es zu jedem 8 >0 Konstanten 0 < ¢ <¢y gibt, so daf
L ’ #* 1 i iskr
¢ < JNDN({E\/E}) <y, wo DN([S\fn',) die Diskrepanz von (eJH])HEN
. bezeichnet. Fir eine grofere Klasse von 8 werden lim J/N D;\;([Bﬁ:}) und

Iim /N D;( {8/n)) berechnet. N
N~

F.SCHWEIGER

Integral formulas for invariant mreasures

Let (B, T) be a fibered system. A fibered system (B*, T*) will be called
dual to (B, T) if .the follo;'ving condition holds:
A block of digits (k, ..., ky) is T*-admissible iff (ky, ...,k ) is T-admis- 1
sible. Denote by V(k) resp. V*{k) the local inverses of T resp. T* and by |
w(k,-) resp. w*(k,) their Jacobians. Suppose ( for sake of simplicity) that
T#B#*(k) is a union of cylinders of rank one and put '

D(x) = R U B*(k) , then

T (x)NB(k)# ¢
o(x) = [ K(x, y)dy
D(x)
is a solution of Kuzmin’s equation if K satisfies
. K(V(k)x, y)w(k, x) = K(x, V#(k)y)p*(k, y).

V.T.SOs

On strong irregularities of the distribution of {na} sequences

: . k - -
Let (u ) be a sequence in [0,1)" and b = svinp IAN(I)I sx;p ] un):ﬂl - N|1f |

(I a subinterval of (0,175, lsngN
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By Schmidt’s theorem 4, > cyllogN for all N if k = 2 while for k = 1 only

N
Iim ANllogN >c, >0 holds and we have sequences ( e. g. the {na} sequences)

fo¥ which AN < 1 for infinitely many N. Inspite to this fact we have

Theorem 1, Let u = {na}. For every € >0 and N > No(e) 6> calogN

holds for all but at most eN values of n, 1 < ng N (c3 > 0 abs. constant).
For {na} sequences we also have

-1
Theorem 2. N }].‘\I An > ¢, max An.
1 l<n<N ECN
(which does not follow from theorem 1 for a’s with ''large'' partial quotients. )

The ‘'dual" theorem:
for a.a. 8 € [0,1] Tm AN[O, 8)/logN > c,le, > 0 abs. constant) holds

also ( for {na} sequeml':qes ).

V. G.SPRINDZUK

An effective version of Hilbert’s irreducibility theorem

Let F(x,y) be an absolutely irreducible polynomial with integral coefficients,
deg, Flx,y) 22, F(0,0) =0, aa—yF(O, 0) # 0, a and b integers, (a,b) = 1,

2, the maximal power of a prime p in a, max(|a], |b|) < C a:/(n-l)'s,
C>0, 0 <5 <n/(n-1). Then the polynomial F(Z,y) is irreducible in Q[y],
if ap exceeds a computable value depending on C, 6 and F(x,y). It follows
that if (xo,yo) is a rational point on the curve F(x,y) = 0, x0 = 1‘_.:: (u,v) =1,
|vl < C’|ul, p any prime divisor of u and u; the maximal power of p in u,

1-
then u, << Y (1/n)+e for any € > 0, where the symbol << implies a

constant depending on C’, ¢, and F(x,y), but not on p.

C.L.STEWART

On the representation of an integer in two different bases

Let a, b, and n be integers larger than 1 and let a and 8 be integers satis-

fying 0 € a<a, 0 <3 <b. We denote by L.c1 a(n) the number of digits in the

0 a8b™M
(n). We have proved the following extension of a result of

expansion of n to base a which differ from a and we put L
Ly, 2+ Lg b
H.G. Senge and E. G. Strauss:

o®
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. Theorem. If loga/logb is irrational then
loglogn .
Lo., a,s, b(n) > logloglogn+ C ~ 1
where C is a positive number which is effectively computable in terms

2
, forn>e,

of a and b only.

Results of a similar character have been obtained concerning the radix
representation of numbers which are terms of certain recurrence sequen-

ces,

@ posziszo R 4

On the length of finite continued fractions

Tﬁe proof of the i‘ollowing theorem is sketched:
I_;e’t N be a given natural number; further for any 1 £a < N, (a,.N) = 1 set
*) IERACEW ca) (@ 22)
We call r = r(a, N) the Iength of the contmued fraction (#) and write r.= 1(a),
since N is considered to be fixed. Then we have for N > N (e)
(1-¢) 8N ja)e(1+e )1°gN , 4
. logy l-e logy n2
with the exception of at most N values of a. Here y = exP(_lZlogZ)‘

The result improves previous ones by Heilbronn (1968) and Dixon (1970).

R.TIJDEMAN

Sets of bounded discrepancy

Let U be the unit interval {0, 1] and let u = {%l. §2,v. ..} be a sequence of
numbers in this interval, For @ € U and n € N'we write Z(n, @) for the num-
ber o.f integers i with 1< i £ n and O‘S §. < a, We put D(n,qa) = IZ(n, a)-na|.

. Mrs. Van Aardenne- Ehrenfest showed in 1946 that D(n) = sup EUD(n a)
cannot be bounded as n - », W, M Schmidt (Copositio Math. 24 (1972), 63-74)
showed that the set of @ such that D(n, a) is bounded as n = = is” countable.
The opposite is also true: for every countable set S there exists a sequence

N m such that D(n, a) is bounded fox: every a € S. For the set S of rational

numbers an effective bound for D(n, a) can be given which in a sense is best
possible., The set S is said tb be a set of béunded discrepancy when a sequen-

ce wand a pos;nve integer M exist such that D(n, a) < M for every.n € N

'
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and a € S. Schmidt proved that the (4M+1) th derivative of S has to be
empty. This condition is not sufficient. In the talk the problem of charac-

terizing sets of bounded discrepancy will be discussed.

K. VAANANEN

Ll

Remarks on p-adic G-functions

Recently Flicker proved an interesting p- adxc analogue to the main results

of Galochkin and Nurmagomedov concerning the arithmetic properties of

. Siegel G-functions. Our purpose is to make this result of Flicker more ex-

plicit. Let p denote a prime number, and let P(xl, e xs) # 0 be a polyno-
mial with rational integer coefficients of degree D and height H. We con-
sider certain p-adic G-functions gl(z), e By (z), and for example, find a
lower bound for | P(gl(pn), e gsb(pn)) lp‘ where p > ¢ (n€MN), and here a
positive constant ¢ = c(gl, cees By s, D) is explicitly given. Our results can
be applied to p-adic logarithms 1n(l+a1z), v 1n(1+asz), where a_, ..., as
are distinct nonzero algebraic numbers. In particufar, if pn >e ,then.
h) +h, 1n(1+pn) + hg 1n(1-p") + h, 1n(1+pn)ln(1_ -pn) ;‘ 0 for any rational inte-

gers h h ,ho,h ,‘not all zero.

1’ 34

A, VAN-DER POORTEN

Linear forms in logarithms

This work appears to have reached a plateau and it is now possible to col-

lect all the various refinements and ideas so as to produce lower bounds

that include all earlier results. In the homogeneous case with rational coef-

‘ ficients we can now prove in a fairly elegant manner that if

UFG

A= blloga.1 + ...+ bnlogan then A # 0 implies

5n+7 2(n+1)(n -1 n+2 (n+1)

- 1A) > exp(-2”" 0+ 1) -1 D™210gm ™y v 10gE + It

n 1

Here a ,a_ € K with [K:Q] = D < = and satisfy an independence condi-

°.1/2)

e
tion I'K(a /2, K] = 2", 1fa. satisfies aocxl1 + ...+ ad =0

a, €2, (.. ..ag) =1, a >0 write Vi = V() = max(lloga. I, log“a 1)

where ||a |l = a, Imax(l, loa]) ( so logllall is the absolute logarithmic
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height); set B = max |b.} and E = eDn(£]loga. I/Vi)'l; finally V

| is log of the quantityl$; r:‘;17(n:r1)2("+1)(n! )-an+2(l;gE)'(n+l)V1. Vo
‘ We know we can obtain a similar result in the p-adic case. The present
work depends actually on inputs actively from Loxton, Waldschmidt,
Mignotte and myself as well as from Stewart, Shorey, Cijsouw,... and

many earlier workers in the field.

G. WAGNER

} . Solution of a problem of Erdés on diophantine approximation

P. Erdds mentioned the following problem in 1974 at a conference in

Marseille: Consider an arbitrary sequence STEPYRRY of points on the

unit circle C: [z} = 1, not necessarily distinct. For each N define the

function f_ (z) = RI | Z-2. |, z € C, and letd__ = max f_(z). Does there
N i=1 i 2€C N

exist a sequence [zn] for which the sequence {dN} is bounded?

The speaker has shown that the answer is negative by proving that there
exists a constant & > 0 such that, for any sequence [zn], there are infi-
nitely many dN > (logN)a‘ The proof is based on a modification of a
method introduced by W. M. Schmidt.

1t is conjectured that there e)'(ists a y > 0 such that one always has dN >N

for infinitely many N.

M. WALDSCHMIDT

Baker’s theorem by Schneider’s method in several variables

‘ Let logal, ..., log an pe Q -linearly independent logarithms of algebraic
numbers; then log 0.1, ey log'an, are Q-linearly independent. This result
was proved by A, Baker in 1966 by means of a generalization of Gel’fond’s
solution of Hiibert’s seventh problem. The auxiliary function used by '
Baker was a polynomial in uz, PN a:; it involves only one variable and
the derivatives played an important role. .

Here we use a generalization of Schneider’s solution of Hilbert’s seventh

problem to prove that logul, ..., log a are linearly independent over QNR.
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z z
) 1 -1
Our auxiliary function is a polynomial in Zyseees zn 1 and o .- a® .

LAy
and there is no derivative ( Recently, J.C. Moreau succeeded to exr:end

the proof to the linear independence of 1, logal, R logun over QNR; of
course he uses derivatives). The main step is a Schwarz lemma in seve-
ral variables which rests on a lemma on polynomials due to Masser and
Moreau, and on Schmidt’s generalization of the Thue-Siegel-Roth theorem.
This method enables one to study the algebraic points of the graph of an
n-parameter subgroup of an Aalgebraic group. Finally we describe a gene-

ral conjecture on Schwarz lemma concerning finitely generated subgroups

of Cn.

R. WALLISSER

A generalized Liouville theorem in function fields

Let k be an arbitrary field, k[X] the ring of all polynomials in X, k(X)

the field of rational functions in X and k(X) the field of all formal 'series

z 3 aan +a_ IXH'1 + ... . In k(X) one has the nonarchimedean valua-

tion |z| = e" if a 7 0. Then we have the following generalization of the
Liouville theorem in the field of power series:

Let z z, be power series, which are algebraically dependent over

R
k(X), f € k[X, Xl‘, s XnJ, f # 0, be a polynomial in the variables Xl' .o X
with coefficients in k[X] and (X, Zysees zn)=0. Then there exists a con-
stant c(zl, RN f), such that for all polynomials Py» 9y e P q-n with
qp---9, 7 0 we have either f(X,p,/q,..... pn/qn) =0 or

) -d1 -d
m\:)ax|zv-pv/qv|?c(zl,....zn,f)lqll Iq |

where di denotes the degree of f in Xi' As a corollary, we have the al-

gebraic independence over the field of rational functions of certain power

-k; .
series with gaps, for example z, * £ x MV < v <n, where ki v is
. - i=1 U ! '
a strictly increasing sequence of ! positive integers such that
. o . . - 1 .
;1:: (ki, v+1/ki, V) © and %1m (Ki+1‘ v/ki, u) o(l<cwv, M<n ) '
- -

© @




DF Deutsche
Forschungsgemeinschaft ©



N " .23 .

G.WUSTHOLZ . o een

Zur algebraischen Unabhingigkeit von Werten von Funktionen, welche

algebraischen Differentialgleichungen geniigen

Sei L = Q(8, v), 8 transzendent, 9 algebraisch iiber Q(6). Wir wollen die
folgende Fragestellung betrachten. Gegeben seien die meromorphen
2 f3 einer Wachstumsordnung < o , ‘welche den algebraischen
Differentialgleichungen mit Koeffizienten in L geniigen mogen:
- {=1
L Pyl T, £) =0, 1= 1,2

’ Palfy. fy. 15, 13) = 0.

Dann betrachten wir die Menge S = { s € C, fi(s) €L, i=1,231}.

Funktionen fl‘ f

Satz. Seien gl(z), gz(z), gs(z) ganze Funktionen,‘so daf} gifi ganz fir
i=1,2,3 ist. Es gelte
() typle(s)) &< R®, s €Sg = SNB(O, R),
(i) log |g,(s)| >> R™% sesg,
(iii) Ru<<#SR <<R™, uE€R, u>0.
Dann gilt u < 8o.

Dieser Satz verallgemeinert in gewisser Hinsicht einen Satz von Th, Schneider,

und als Anwendung wollen wir das folgende Korollar geben.

Korollar. Sei p(z) die WeierstraB’sche p-Funktion, u ein algebraischer
Punkt von p(z). Ist a € 6 vom Grad 16, so sind mindestens zwei der Zahlen
) . 15
p(ua), ..., plua ")

algebraisch unabhéngig.

. Dieses Resultat ist ein elliptisc‘heﬂs Analogon eines Ergebnisses von Gel fond

3 = iber die algebraische Unabhéngigkeit von Werten von Exponentialfunktionen.

Berichterstatter: H. P. Schlickewei
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