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MATHEl\·tATISCHES FORSCHUNGSINSTITUT OBER\\'OLFACH

Tag u n g s b e r ich' t 23 / 1979

Diophantische Approxizl1ationen

27. 5. bis 2. 6. 1979

Unter der Leitung von Herrn Professor Dr. Th.Schneider fand in

der Woche vom 27.5. bis 2.6. 1979 wieder die schon zur "rradition

gewordene Tagung über diophantische A ppro:dnJationen im 1\1athe ­

matischen Fors.chupgsinstitut Oberwolfi:1Ch statt. Zahlreiche "Teil ­

nehmer aus dem In- und Ausland konnten sich in insgesan1t 41 Vor­

trägen über die neu esten Forschungsergebnisse irn Gebiet der dio­

phantischen Approximationen, der transzendenten Zahlen, der Geo­

metrie der Zahlen und der Gleichverteilungstheorie informieren.

Daneben kam ein reger Gedankenaustausch in zahlreichen persön ­

lichen Gesprächen zustande, was nicht zuletzt auch der angenehmen

Oberwolfacher Atmosphäre zu ve rdanken ist.
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Vortragsauszüge

K.ALLADI:

On certain irrational values of the logarithm

l\'1otivated. by the ideas of R. Apery, F. Beukers recently produced simpler

proofs of the irrationality of C(2) and C(3). making use of integrals in t\VO

and three variables involving Legendre Polynomials. We investigate com­

pletely the one dimensional analogue of Beuker's methode This leads to the

irrationality of the logarithm at certain arguments ( involving the recipro­

cals of algebraic integers in an Imaginary Quadratic Field) yielding mea-
1 + Psures of irrationality for log(l+- ) " m e: Z , log(l+-) for certain integers
m q

p and q, and rr/J3. Recently Bombieri by the use of differential equations

proved and measured the irrationality of log(l+~) and k~ k, m € Z+.
. m

Our approach is related to his in some respects.

H. BAUERMEISTER:

Asymptotische 'Werteverteilung von Zetafunktionen

Am Beispiel der Dedekindschen Zetafunktion 'K wird dargelegt, wie man

die Bohrsche Methode zur Berechnung des Wertevorrates der Riemannschen

Zetafunktion verallgemeinern kann: Sei K C Q mit 2 sn :: Grad [K:QJ <: 00.

• . co -s -1
Für C1 =Hea s > 1 gilt: 'K(s) = n ( 1 - f'Jl(lJ

1
» ( (lJl)Ie:JN Abzählung der

Primideale in K). Der quadrat\~~he IVIittelwert

T
!im 2

1
T S I C

K
(<1+it) 1

2
dt ist für <1 > 1-~ endlich (Chandrasekharan,

T~ n
-T 1

Narasimhan, 1963). Hieraus läßt sich u. a. folgern, daß in {s 11---< a < 1 }
n

die Summe der Logarithmen der Faktoren des Produkts von C
K

"stochastisch"

gegen einen geeignet definierten log 'K konvergiert. Zusammen mit einer

Wfederkehreigenschaft, die aus der (B
2

) -Fastperiodizität von 'Kfolgt, läßt

sich die Berechnung des Wertevorrat~svon log C
K

auf die Aus\vertung der

m -(o+it)
Summen - r c

1
log( 1 - PI ' m € N, (P1)1€N Folge der nat. Primzahlen,

1=1
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. cl ge\~isse niehtneg~tive gan~e Zahlen, zurückführen. Diese gelingt aber mit

der Bohrsehen Anwendung des Kroneckersehen Approximationssatzes. Als

Resultat bekommt "man z. B. :

Satz.
1 - -'---

1 - Tl < C1 < 1 ~ 'K(C1+iR) = C .

Quantitative Auswertungen dieser Rechnungen ergeben eine asymptotische

Verteilungsfunktion für die" Werte "von ~K.

Es läßt sieh ein Beispiel a~geben mit derselben asymptoti sehen Verteilungs­e funktion wie 'K ( auch für K .. Q l,. für das· die Riemannsche Vermutung

falsch ist.

D. BERTRAND

On same transcendence prperties related to Hilbert-Blumenthal Abelian

varieties

Let A be a Hilbert-Blumenthal Abelian varietYJ i. e. an Abelian variety whose

algebra of endomorphisms contains a totally real number field of degree

dirn A. Assume further that A is simple and defined over a number fiefd,

and denote by tp (re~p. Cf'p) a ~trongly normalized representation of the com­

plex (resp. p-adic) exponential 1'!1ap on A.

Theorem. Each coordinate of a non zero algehraic point of Cf (resp. Cf ) is
P

transcendental.

.e
In the cornplex case .. the proof is an easy generalization of the method elabo­

rated by Waldschmidt to deal with the C. - M. analogue of the theorem. "Safe

multiplication formulae tt in the sense of Masser are needed to treat the ·p-adic

case.

In the complex ease,· the -result applies to periods of cpJ and yields the

transcendency of the periods of cusp forms of weight twoJ for certain levels.
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F. BEUKERS

Irrationality measures

~'he use of Pade -type approximations for the derivation of irratio~ality

measures of ~yste!J1s of n~mbers "1~ ... '."k is originally due to C. L. SiegeL

Tak~ for instance a set of analytic functions f l , .... , f
k

. A Pade -type appro-

ximation is a set of polynomials PI' . "";Pk of degree ~ n such thai

PI (z)f
l

(z) + ... + Pk(z)fk(z) = zknE(z) where E(z) is some analytic function.

By substituting smalI ration~lvalues alb for ·z we obtain good approximationse to f
l
(~/b) ••.•• fk(il./b) which ~an be used.to 'obtain irr~tional~YY measures.

It is possible to give expIicit Rade -type approximations to the system

1, F(a}" •• a p Iz), •.• , F(B I · ". ; a p 1 z) of generalized hypergeometrie fune-

b l+l. · bq bIO • betl

tions o In pa~ticular oile'~·an obtain explicit Pade -type approximations to"

m
.' z

1, LI (Z), • " • I Lk(z), where Lr(z) =" t ~1)2 . An application of these
. m=Oy...lJT

approximations to the ease k = 2 is

Theorem. Let m E: Z, I m I > 300" Then

2 log40'O Iml
X

- log( Iml/30D)
>c

wher~. c is some explicit constant and x, y, z e: Z and X"= max(lxl, 1Yl, Izh > o.

A.BIJLSMA

_ An elliptic analogue of the Frilnklin~Schneidertheorem

Notation: II ia a Weierstraß elliptic function with algebraic invariants. Ir II

possesses eomplex multiplication, K is the imagin~ry quadratic field of

complex multiplication; otherwise, .K = ~.

Theorem 1: Supp<,.se B, b e: 4: such that a aod ab are not poles of p. Then

there exists an effectively computable c E: IR, depending only on lJ, a, and b,
·3·

such that only finitely many tripies (a., B, y) E: C satisfy 'lJ(a.), 'e, l>(y) algebraic,

/
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8 ~ K and

maxI I p(a) - p(all. Ib -8 I. Ip(ab) - P(y) h< exp( _D
6

1og
6

H log;5 H)

while [Q(\>(Cl~-B.. p(y}): Q] ~ D and max(ee, H(p(a)), H(8).. H(l>(y))} S H .

Theorem 2. For every funcHon g: (N2 - IR there exist a € C, b e: C\K,

such that a and ab are not poles of ~ and such that for every c € IR there

exist infinitely ma,ny tripies (0.,8, y) e: C
3

satisfying p(a), 13, p(y) algebraic

and max( Ir<a)-p(a) I, Ib-S I.. 1p(ab)-p(y} I) < exp(-cg(D, H))

while [Q(p(a)~ S, p(y)):Q) ~ D and max(I-I(p(o.)), I-I(B), H(p(y))) ~ H.

w. D. BROWNAWELL

On the zeros of certain functions

This is areport on joint \vork with D. W 0 M~sser on ihe zeors of functions

of the form P(f1(z), .-0 • , in (z) L \vhere P is a polynomial of degree at most

D and the fi' 1 ~ i ~ n form ä solution of t.he system of algebraic differential

equations

f ... = F. (f
1

, ~ .... f ), 1:; i ~ n ,
1 1 n

where the F i are polynomials. Nesterenko h'as obtained the first useful

. general results for linear F ..
4 . 1

If f
i

is the solution of the above differentia.l equation corresponding to the

initial condition 1. = (~.1' ••. , fJ. ) € cn
for distinct '3 , .... ,3

N
and no

1 1 In o·

P(~l··) :: 0, then NI' 2- n- n-
E ord P(!.} ~ (dD)2 + .N (dD)2 .',

j=Q . z=~ J

where· deg F
i
~ d.

A generalization to polynomial ideals was also obtained. If PI' · · · ..~pK

generate a polynomial ideal of r'ank r, deg P k~ D, 1:s k~. K, then in parti­

cular

The proof 'is from commutative algebra: Cohen-Macauley Theorem, loca­

lizations, Hilbert polynomial and Bezout's Theorem for unmixed ideals

are the main ingredients.
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There are various applications to transcendence theory. An application

to abelian iunctions was obtai·ned by Flicker and l\tJasser, \vhereas we no\v

have ~ quantitative form of the general Schneider-Lang theorem.

P. BUNDSCHUH

Einige Bemerkungen über Transzendenz

1. Danilov (1971), Davison (1977) sowie Adams und Davison ( 1977) haben

reelle Zahlen gefunden, für die gleichzeitig die g-adische Entwicklung und

die Entwicklung in einen regulären Kettenbruch explizit angegeben werden

kann. Diesbezüglich soll hier ein umfassendes Resultat gezeigt werden.

11. l\.1it Hilfe der Bakerschen Theorie zeigen wir hier: IstA:=· (a ) eine
CX) m

reinperiodische Folge algebraischer Zahlen, f(s;A):1: r: a m -5 (Re s > 1)
CX) n. h ma:1 m

und F{z;A) ::0: E f(n;A) z , so 1St F(k";A) . .

n=2 2 .
entweder 0 oder transzendent für jedes (h, k) € IN mlt h < k. Einige Korollare

hierzu werden angegeben, u. a. betreffend die Eulersche Konstante und die

logarithmische Ableitung der Gammafunktion.

Ill. Bezeichnet y(n) für natürliche n ~ 2 die Anzahl der (a, b) € 1N
2

mit

b . d h" CX)r () -s . h 2a J( n, so WIr ler y n n für natürlic e s ~ arithmetisch untersucht.
n=2

D. CANTOR

An Extension of the Definition of Transfinite Diameter

Let K be a number field and suppose X = (Xl' X2 ' ..• I X ) is a finite subset
~. q

of K Ur <Xl} satisfying 0'X =X for all a e: Aut(1</K) (0 CD cCX)). Choose a set

EcK urCD} disjoint from X satisfying a E =E for all 0 e Aut(K /K ), v a
v V" vv vv

completion of K. Other conditions, too lengthy to "be stated here are also

required. We require that E = fX~K U{CXl}; lx-x. I ~l, x. EX) (and lxi < I
" v· V IV 1 v

if 0) e X ) for almost all v. We define generalized Green's functions on the

complement of E and define y.. ;;: G (X., X.) if i1j and
v . IJV V 1 J

y .. = limG (X.,y) + log('X.-y) otherwise. Put r= (y .. ') and y .. = Ey .. ·.
11 V Y-X . V 1 1 V lJV 1J v 1J V

1 .

...l\llnost all r = 0 and the value k of the matrix game r;;: (y . .) = r r is the
v " IJ V v

generalized Rabbin' 5 constant. The extended transfinite diameter is exp( -k).
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In terms of this extended definition, new versions of the Polya -Carlson

Theorem, Distribution of Algebraic Integers Theorems, and Polynomial

Approximation Theorems hold.

G. V. CHUDNOVSKY

Transcendental number theory and methods of mathematical physics

We develop effective methods of construction of auxiliary functions

F(z) c P(Z, f l (z), ... I fn(z» in the Siegel-Gelfond-Schneider method for

a) meromorphic functions f l, ... , f
n

satisfying algebraic differential equa­

tions and algebraic laws of addition~ b ) E -functions f l' ... , f
n

or

c) G-functions, satisfying linear differential equations. These methods are

based in t~e cases a) and b) on the. e,ffective (N-point) Pade approx'imation

obtained using isospectr.al transformations. For class~cal E - or G -functions
. -

satisfying linear differential equations of the second .,order the construction

of auxiliary functions involved classical orthogonal polynomials. In general

for b), el the construction of effective ~pproximations is based on defor­

mat ion equations for Fuchsian equations with fixed monodromy group. The

new measure of irrationality and transcendency is proved for numbers

f. (0.), a. E Q, 0.; 0 for 10.1 eIo_se to the origin in cases b) and c)
1

,~

"7 .~

P. L. CIJSOUW

Multiplicative dependence relations

Let 0.1 ' ... ,a be nonzero aigebraic numbers which are multiplicatively
. n b1 b -

dependent by a relation 0.1 •.. an n = 1, b 1, ... ,. b
n

E Z, (bI' ... ' bnT = 1 ..

Then, for a suitable choice 'of the branches of the logarithms, log a
1

, ... ,

log Q.n are linearly dependent. Taking the conjugations 0
1

, . · • , 0 D'

D = [~(0.1'. _., a ) : QJ , we even can see that there are values 1 °(0 (0. )f
n . UV ~ \)

of the logarithms of 01J(o.v) (~=1, •. # 0; V :;: I, •.. , n) such that

b 1 l 1(0 (0-1 ) + ... +b 1 (0 (0.» = 0 .(J,l = 1, .. -. #D).
~ IJ n ~n )J n'

By using Baker's method, Bijlsma and myself could prove in a joint work
r r

that there exists.a dependence relation 0.1 1. -0. an n ;; 1, r 1, ... , r
n

E Z,

not all zero, in which max Ir I is bounded by an expression in the heights .. \) v .
of a l , _.. , a and max 11 (0 (a » I .. In this expression, the degree 0

n ~, 'V ~'V U \)

does not oC,cur.
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T. W. CUSICK

The two and three dimensional Diophantine approximation constants

Define C(Cl,Il) to be the infimum of those C >0 such that IXi-CIJ+llzlmax(y2. z2)<c

has infinitely many solutions in integers x .. y, z with x and y not both zero.

Then the two dimensional Diophantin~ approximation constant c 2 is SU~c{C1.. 8».
where the supremum is taken over all r.eal pairs 0... 8. The three dimensional

constant c
3

is defined analogous~y. It was 'shown by Furtwängler in 1926

that c
2
~ 1//23 and c

3
:;a 1/J275 . The lower bound fo:: c 2 was improved toe 2/7 by Cassels in 1952. We give an argument (but not a proof) for the equality

c
2

=2/7 and a proof via the geometry of numbers that c 3 2. 2/J'[75· .

K.GYÖRY

On-~the greatest prime factors of decomposable forms at integer points

As a common generalization of same earlier ef.fective results we proved the

following (for simplicity we state here only a special case of the result)

Theo"rem. Let FE Z[x
1

, ..... xmJ be ~ decomposable fo~m in m :2:. 2 variables

with splitting fieid' G over Q and let [G:QJ = g. S,uppose "that the linear factor,s

in the factorization 'of, F satisf~ two conditions (which will be detailed in

my lecture) and let d ~ 1. Then there exists an effectively computable positive

number X 10: X(F, d) such that

(1) (13g + l)slog (5+1) + (g+l)logP > loglog ,"SC I.. I~I = max (Ix. I),
1 1

and

(2) P > (13g + l)-llO~lOglx.l. .

for any x E Zm with I(xl' ..... x
m

) I 5a d and !'i I ~ X, wh.ere sand P deno,te

_ the number of distinct prime factors and th~ g:eatest prime factor of F(X)

respectively.

The following classes of 'forms F E· Z[x
1
...... , x

m
J satisfy all the conditions of

our ~bove theore.m~ and so for these farms F .(1) and (2) hold:

1) F is a binary form and among the· lin,ear facfors in the fa'ctorization of F

at least three are distinct;
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n 2· • . n
m

(K:QJ

Ill)F(x) E Discrk/Q(Q2X2 + ... +Qmxm)' K =Q(a2, ... , Qm) and

1, Q2' ... , Q.m linearly independent over Q;

IV) F{x) is the index form of an integral basis of an 'order of a number field.

We establfshed our estimates (1) and. (2) for forms F e ZL[xl' ... , xmJ at

integer points x E ZL
m

, where ZL denotes the ring of integers of an arbitrary

but fixed algebraic number fieId L.

G. HELMBERG

On a theorem of Kamae on completely uniformly distributed subsequences

In the paper of Kamae "Subsequences of normal sequences" (Israel J. Math,

~ (1973), 121 - 149) the assertions·

(1) Any Q E Nor is a T-collective
P .

(2) Nor 01' cNor
p P

(3) Nor 01' = Nor
p p

under the additional 'hypothesis

(O)~ T(o)ln <.(X)
n-CD

are shown to be equivalent to

(4) a? 'f is complete1y determinis~ic.

It is sho.wn that (1) ( and therefore also (2) and (3) ) already imply (0);

thus (1), (2), (3) each are equiva1ent to the conjunction of (4) and (0). Although

unpublished as yet, however, the priority of this obse'rvation belangs to

Kamae tao.

E.HLAWKA

Über unendliche Reihen, die von Irrationa1zahlen abhängen

Es werden Reihen von der Gestalt. E e;(h) (W+2TTi(ha.+k» -j untersucht,
. h, k lhl r

.
deren Konvergenz vom Typus der Irrationalzahl Q. abhängt. Damit werden

die von Hecke et alii eingeführten Dirichletreihen

P~la)
E--
1 18

(Pr: r-te Bernoullische Funktion) behandelt. Verallgemeinerungen werden

besprochen.
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L. -eh. K.l\PPE

Co,..n rnu tat 0 r 5 and So m e d i 0 PI;anti ne equa ti 0 n S

] -1-1
Let K(Gl = ([XI Y ::; X y xy; x) Y E G ) be the set oi con1n1utaiors and G'

ihe con1ffiutator subgroup of a group G. lt is weIl kno\vn that G' = K(G) is

not necessarily true. In the case G' abelian, G' and GIG' finitely generated

this question can be translated into a question about the solvability of dio­

phantine equations or congruences respectively. The method has been used

successfully in the' case of cyclic G' and elementary abelian G', e. g. Rodneye (1974) used the method to exhibit sufficient conditions such that G' = ( [a. bJ )

implies G' = K(G) and he gave an example to show that the condition is not

true in general. The author is currently investigating the case of cyclic G'

with an elementary abelian automorphism group acting on G'. Macdonald

(1961) and Liebeck(1974) have used the method in the case of p-groups of

class 2 anq G' elernentary abelian of small rank. The author in addition in

1978 has investigated a generalized question about higher commutators and

used variations of the method.

S. V.I(OTOV

Effektive Analysis einer Klasse von diophantischen Gleichungen des Typs

Normform

Seien all" '., Q.m ganze algebraische Zahlen, sei K
i

=Q(Ct1, ... , nil, K
o

;c Q,

und gelte rK.:K. 1J ~ 3 ( 1 Si ~ m ). Sei A f 0 eine ganze rationale Zahl.
. 1 1-

\Vir betrachten diophantische Gleichungen der Form

e' (1) Norm( xo '+ (lI X l +

in den Unbekannten xo' ... , x
m

E Z.

Satz. Für die Gesamtheit aller ganzen Lösungen x , ... ,. x der Gleichung
_ 0 m .

(1) existiert eine effektiv berechenbare Größe 0, die nur von Ql' .. '.' (lm' m

und A abhängt, so daß

m~x( Ix I, ... , Ix I) s 0
o m

gilt.
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L. KUIPERS

Ring of integral quaternions - uniform distribution

In the ring ~ 0 of integral quaternions (ho + h1 i+ h2 j + h3k I ho' h 1 # h 2 # h 3 E Z

one can define the notion of uniform distribution modulo a nontrivial ideal

(u) generated by some JJ E J with .N(JJ) ~ 2.
o .

A description of a complete residue system modula IJ can be given. 'fhe
. 2

cardinal numbe: of such..a set is (N{~)) •

A set of characters of the group J0/ (JJ). can be cqnstructed.

Relations between uniform distribution in 2, in Z(iJ and fn J resp. can
o

be established.One has: a sequence of integral quaternions (x +y i+z j+u k)
. n n n n

is u. d. in J (modulo each (~) ) if and only if the sequence (x ,y ,z ,u )
~. n n n n.

is u. d. in 2 . .

Example :;~If the real nu~bers 1. fj I' ... , ~4 ar.e linearly independent over the

rationals, then the sequence ( [n"1J + fnt? 2Ji + [n"3] j + [n114 Jk ) is u. d. in J o·

M.LAURENT

Transcendence of periods of elliptic integrals

The third of the 8 problems in Schneider's book on transcendental numbers

asks for transcendence results on elliptic integrals of the third kind. The

follawing answer has been recently faund:

Theorem 1. Let ~ b'e an elliptic differe.ntial form 'defined over Q with

rational residues. Then the nonze.ra periods of i; are transcendental.

When ~ has na residue, the result was known (Schneider) ; in this case ~

is of the first or second kind, and is associated with the extension of an

elliptic curve by the additive group. When g has nonzero residues, it cor­

responds to an extension of an elliptic curve b! .thEL?ll!!.!.iplicative graupe

The exponential map of such a group- canbe described (Severi, Serre) by

means of a function f (z) = o((z)~» e Z C(U) which satisfies f (z+w) =
U 0 Z v,u . u

fu (z) exp ( wC (u) - TlU )-. The proof ~of theore.m 1 depends on the following

Theorem 2. Let l> be an elliptic function with algebraic invariants g2' g3;

let u be a ~omplex number such that no integral multiple of u is a pole of \l
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and p(u)· is algebraic. Let w be a nonzero period of p, and "the correspon­

ding quasi-period of C. Then the four numbers 1, w, T'\, wC{u)·- TlU are 'Q .. linear­

1)' independent.

D. W. MASSER

. Mahler's method for algebraic independence

Mahler's method for transcendence"and algebraic independence has been con­

siderably extende-g in recent years"by K. K. Kubota, J. Loxton, and A. J. van der"e Poorten. We describe a further extension of the method. illustrating our

arguments by reference to Hecke's function f(z) = E [rwJ zr for areal qua-
- r=1

dratic irrationality (JJ. Let V denote the set of complex numbers z with

o < Iz I < 1. In 1929 Mahler showed th.at f(a.) is transcendental for any algebraic

a in U, and in 1977 Loxt~n and van der Poorten proved that f(a
1

), ... , f(a
n

)

are algebraically independent for any aigebr~ic 0.
1

' ..• , an in U with 10.
1

I, ... ,

'a I multiplicatively independent. It can now be shown that f(a l ), ... ', f(a )n ~ n
are algebraically independent for any distinct algebraic ~1 ~ ... , an inU.

properties are equivalent:

(i) There exists a finite field of characteristic p and a

map a: E e- K such that· (a(f )) is algebraic over K(X) (~ is identified with
" n

a subset of K((X» in the canonical wa~y).

(ii) f is the image of a fiXed point of a p- substitution.

(iii) f is generated by a p-automaton.

For exarnple, the Morse sequence is generated by any one of the following

methods
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oo

(i) Let K = (0, I}. f verifies (I+X)3 f2 + (I+X)2 f + X = o.
(ii) f is invariant under the 2-substitution 0 - 01, 1 - 10.

(iii) f is generated by the 2 -automaton
1

Using Cobham' s result, \ve then deduce:

Corollary. Let K and K" be two finite fields of different characteristics. Let
0) n , Q;) n

f =n~OfnX and f =nf: o fnX where f is considered to be an eI.ernent of K«X))

and f' an element of K'«X)) (same f '5). 1'hen, if f is algebraic over K(X) andn .

f' is algebraic over K"(X), we conclude that fand f"are both rational.

IIence the conjecture: Let f = E_ f X
n

an irrational algebraic element of K«X)).
f n-o n .

Ta show that r n2n is transcendental (in IR). The result is actually known if
0=0

f is the .l\'Iorse sequence ( see 1\1ahler, Loxton, Van der Poorten, K. Kubota..

Dekking, ... ).

1\1. IVIIGNOTTE

Approximation of algebraic numbers by algebraic numbers of high degree

The measure M{y) of an algebraic integer is defined by 1\1(y) =gmax(l, la(y) I),

where o(y) runs over the conjugates of y.

One carallary of our main result i5 the following:

If M(o.) ~ 2 and 0. T 1 is an algebraic integer of degree D.. then

I a - 1 I > exp ( -4 J5 logt 4D) ) .

The prüof is elementary and uses the constructi.on of a~ appropriate

auxiliary function.

B.NOVAK

Elementary methods on transcendental number theory

In 1975, th.e author proved in a very simple way that for any nonzero s. at

most one of the numbers sand eS is a Gaussian number. This result can be

generalized to same fields CQ(T)) or to other functions (e. g. Inkeri 1976). Very

simple proofs of the' transcendence of the numbers e Q. (a real" algebraic) and

Tl can be obtain·ed from a simple lemma ( see Nesterenko" Comm. l\1ath. Univ.

Carolinae 1979, No. 2).
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z. PAPP

Explicit lo\ver bounds for linear forms with algebraic coefficients

Using the Gelfond-Baker method we obtained some effective theorems far

norn1 form equations. These theorems enable us. to establish some effective

results ior linear forms with algebraic coefficients. Here we mention only

a Corollary of a general theorem.

Let 0.
1

, •••• Q.k be algebraic numbers with heights ~ Hand with degrees at

least 3 such that the degree n of K = Q(a.
1

J •••• Q.k) is dega
1
•.. dega

k
• Then

e we have for any rational integral k-tuple (xl' ...• x ) \vith Ix I = max (, x.l) > 0
k 1 1

n-o-1"

\\ a
1
xl + · .. + Q.kx k 11 > c Ix I

whel'e c = (2kH) (-2n+20 -kn-1+'1') /0 exp( -R
K

-6n), T = (c 'RK(lOgR~)2)-1,

, )15(r+3) ...
c = (25{r+3)n • CI = 1 or a = 2 accordlng as K 15 real or not and HK'

r denote the regulator and rank of I< respectively.

In particular. if k ;;: 1. this Corollary implies the effective sharpening of

Liouvil1e's Theorenl due to Feldman. with explicitly computed constants.

These results were obtained in joint work with l{. Györy.

A. PETHÖ

Über die nichtlineare Diophantische Approximation von quadratischen

algebraischen Zahlen

Bezeichne !l z 1\ den Abstand der reellen Zahl z von der nächsten ganzen

Zahl. Unter Verwendung eines Satzes von V.G. Sprindzuk (Acta Arith. ~,e (1976), 95 - 108) bewies ich:

Satz 1. Seien a. eine quadratische und c > 0 eine beliebige ~eelle Zahl. Dann

existiert eine effektiv berechenbare Konstante cl (a.. c) > 0. so daß

11 q2a !l > cl (a. e)(log Iq ht-e: Iql-2

gilt für jede ganze Zahl q mit Iq I > 1. wo t = 1/3456.

Satz 2. Seien 0.. E:. t wie in Satz 1 und (q ) die Folge der Nenner der Näherungs-
n .

brüche von a. Sei weiter. q = s2 Q • wo Q eine quadratfreie ganze Zahl ist.
n n n n

Dann existiert eine effektiv berechenbare Konstante c
2

(Q. e:) > 0. so daß

Q t/2 - e:
> n

n

erfUllt ist. wenn n > C
2

(Cl. e).
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A. REICH

Univ~-!"sal functions in "umber theory

Let 'K denote the Dedekind Zetafunction of an algebraic number field I<. It

is shown thii:t for suitable 0 K < 1 the function 'K possesses the following uni­

versal property:

Theorem. For every disk D lying in th~ strip 0K< Re s < 1•. every function r.
holomorphic in D without zeros, every € > 0 the~e exists m e N such· that

sup I f(s) - 'K(s+im) I < E •

s ED

. 1-
. In the case of the Riemann Zetafunction one can ~hoose 0Q = 2" .
From this universali!y one lias immediately

Corollary 1. Ir 0K'< R~' s < 1. then

(i) [ 'K(S~im) : m E (N } is dense in e,
(ii) ( 'K(s+im). 'ic(s+im), ...• ,r-1

)(s+im) : m E N J is dense in C
n

(for all nENl.

Corollary 2'. Y = 'K(s) does not satisfy any ( rion-trivial}diffe..rential equation
M ~ (1..1- 1 ) .

of the form r s F (Y. y'•...• y ) = 0 with continous F .
. ~=o '-J ~..

, -~ ~...- .:.~-~:.':'

(Remark: According to, Hilbert-Ostrowski 1900/i9~O}t is weIl known. that

such a differential equation is impossible, if the F are polynomials . )
. . . ~ .

A.SCHINZEL

Continued fractions for same transcendental numbers

Miroslav Kuro~ek • student of the lecturer,". proved the following

Theorem. If 6
i

=± 1. €i are positiveintegers ( i C 01 1, .•. L ·€o~3.

2
sup Ei < CD1 Qo a:: 1. Qi =€iQi-i then the transcendental number

• CD 6i
·E ­

.. i=l·Qi

has boun~ed partial quotients.

, 2i - 1
A proof is outlined for' the' 'spec-ial case of this theore.m, when Ö,E 1 Q =m

1 ' i
(i-l,2, ... ), m ~ 3.
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H. P. SCHLICKEWEI

Small values of diagonal forms in many variables

Applying arecent result on zeros of diagonal farms ~ith integral coefficients

by W. M. Schmidt .we obtain the' following

Theorem. Let k > 2 be an integer and e: > O. Then there exists a constant

c1(k. !:.). such that if s > cl and Al•...• As.lJ,l' ...• JJs.are any positive real

numbers. then for any N > 1 th~ inequality
k k k' k " -k+c(.) I Al x 1 + ... + ASX

S
- 1.J1Yl -.... - JJsY

s
J < MN

has a sOlutioJ:1' in nannegative integers xl' ..,.• xs.Y
l
•...• ys.satisfying

O<max('\, ...•xs'yl.···.Ys ) <N. where M.= ma?'(Al •...• AS.~l' ... '~s).

, .

This theorem implies the forementioned result by W. M. Schmidt. The

exponent -k+€ in (*) is essentially best possib~e. in the sense that, it may

not be replaced by any constant ,c~ < ~k.

A. L. SCHMIDT

Diophantine approximation' in the Eisensteinian field
. ' 1+j:"3"·

Let K c Q(.j:3), (:J = Z + Zru, (U = -2--. The ap'proximation constant C(~)

for ~ E C\K is defined as C(~) z limsup( Iqllq;_p()-I, and the set of all
p.qEo':qjlo .

approxi~ation constants is called the approximation spectrum.. A c?mplete

descripti?n' of all approximation constants less than the smallest limit

point of the approximation spectrum was given. th~s.completing earlier

work by Perron (1931) and Poitou (1953). F'or similar results in the fields

Q(i) and Q(i,JIT) see Acta Math: (1975), J. Number Th. (1978).

w. M~ SCHMIDT

Diophantine approximati9n of forms of odd degree

It is shown that if F(x l •...• x
s

) is a form of odd de'gree k with real coeffi­

cients and with s. ~ Cl (k), then there are integ~rs (Xl ~ .•. ~ x
s

) f (0•... , 0)

with !F(x 1, ...• xs ) I< 1. In fact, i.f ~~c2(k, E) and if N ~ I, ~hen there.is a'

nonzero integer point ~ = (Xl ~ •.. , x
s

) with IXi I.! N and.1 F(!) l.s IF.I N- E .

where IF I is the maximum modulus of the coeffic'ients of F. ,This re sult
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is derived from a result on diagonal diophantine equations: Ir s 2: c
3

(k, e:)
k k

where k is odd and € > 0, then a diagonal equation a 1xl + ... +. asx
s

= 0

has a nontrivial solution (xl' ... , x
s

) with lXi ISA e: where A=max(l, laI r, .. , las I).

J. SCHOISSENGEIER

Approximation reeller Zahlen durch Quadratwurzel!!

Es ist bekannt, daß es zu jedem 8 > 0 !(onstanten 0 < cl< c
2

gibt, so daß

cl < JN DN((S,!ii)) < c 2, wo ON' ~S/n}) die Diskrepanz von (8JÖ})nEN

bezeichnet. Für eine größere Klasse von 8 werden l_~f!l JN D~( (8.v'li)) und
- * N-(J)lim v"N D

N
{(~ ../ii}) berechnet. .

N-tCD

F. SCH\VEIGER

Integral formulas for invariant rreasure~

Let (B, T) be a fibered system. A .fibered system (B* .. T*) will be called

dual to (B, T) if the following condition holds:

A block of digits (k
1

, ... , k
N

) is T*-admissible iff (k
N

, ... , k
1

) is T-admis­

sible. Denote by V(k) resp. V"(k) the Ioeal inverses of T re~p. T* and by

m(k, .. ) resp. (u*(k,") their Jacobians. Suppose ( fer- sake cf simplicity) that

T~B*{k) is a union of cylinders of rank one and put

D(x) U B*(k)
T-1(x)nB(k); ~

p(x) = JK{x, y)dy

D(x)

, then

is a solution of Kuzmin's equation if K satisfies

K(V(k)x, y)w (k, x) = K(x, V*(k)Y)I,u*(k, y).

v. T.SOS

On strang irregularities cf the distribution of (Da.] sequences
. k

Let (u
n

) ~e a sequence in ~O, 1) and ON sup 16N(I) I = sup lEI - Nil I I
I I unEI

(I a subinte rval of [0" 1Jk). lsnsN
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By Schmidt' s theorem 6
N

> c 1Iog N for all N if k = 2 while for k = 1 onIy

rrm 6
N

/logN >c
2

>0 holds and we have sequences ( e. g. the {na} sequences)

fo~ which 6
N

< 1 for infinitely many N. Inspite io this fact we have

'rheoreln 1.. Let u
n

= (na}. For every E: > 0 and N> No(E:) An > c 3 logN

holds for all but at most cN values of n, 1.s n S N (c 3 > 0 abs. constant).

Fol' {na} sequences \ve also have

-1 N
Theorem 2. N r- t::, > c 4 max t::,

1 n 15nsN n

(which does not follow from theorem 1 for a's with "1arge" partial qmtients.)

The IIdual" theorem:

for a. a. 8 E [0. 1J rrm AN[O, B)/logN > c
4

(c
4

> 0 abs. constant) holds
N

also ( for {ne;} sequences ).

V. G. SPRINDZUK.

An effective version of Hilbert's irreducibility theorem

Let F(x, y) be an absolutely irreducible polynomial with integral coefficients,

de gy
F(x. y) ~ 2, F(O.O) = O. :y F(O. 0) f 0, a and b integers, (a. b) = 1.

a the maximal power of a prime p in a, max( Ja L Ib I) < C a
n

/(n-1)-,I),
p p

C > 0" 0 < ~ < n/(n-1). Then the polynomial F(~.. y) is irreducible in Q[yJ,

if a exceeds a computable value depending on C, {}. and F(x, y). It follows
p

that if (x ,y ) is a rational point on the curve F (x, y) = 0, x =~, (u, v) = 1,
o 0 . 0 v.

Iv I 5 C' lu 1, p any prime divisor of u and u the maximal power of p in u,

I I
l-(l/n)+c p .

then u « u far any e; > 0.. where the symbol « lmplies a
p

constant depending on C', e: .. and F(x,yL but not on p.

C. L. STEWART

On the representation of an integer in two different bases

Let a, b, and n be integers larger than 1 and let a and 8 be integers satis-

fying 0 ~ Q. < a, 0,$ S < b. \Ve denote by L (n) the number of digits in the
. Q. a

expansion of n to base a which differ from a and we put L 8 b(n) =a, a, ..
L (n) + L

e
b(n). We have proved the following extension of a result of

o.,a ,
H. G. Senge and E. G. Strauss:

,.
".
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Theorem. If loga/logb is irratio~al then

L (n) > loglogn . _ 1, for n > e 2,
a, a, 8, b log log log n + G

where C is a positive number which is effectively computable in terms

of a a'od b only.

Results of a similar character have been obtained concerning the radix

representation of numbers which are terms cf certain recurrence sequen-

ces.

P. SZÜSZ

On the length of finite continued fractio~s

The proof of the following theore m is sketched:

Le"t N be a given natural number; further for any 1 S a < N, (a..N) 1 set
, a

(*) -N = [O;a
1

, .. • , a J (a ~2)
r r.

We call r ;: r(a~ N) the 1ength of the continued fraction (*) and write r. = l(a).

since N is considered to be fixed. Then we have for N > N (c)
. logN. . logN 0

(1 - e; )-1--- < l(a) < (1 + E:)-l------ '2
' og y 1 og y

with the exception of at most N -f: values of a. Here y .. exp( 12~og2).

The result improves previous ones by fleilbronn (1968) and Dixon' (1970).

R. TIJDEMAN

Sets of bounded discrepancy

~et U be the unit interval [0, 1J and let tI') = (S l' S2" •... ] be a sequence of

numbers in this interval. 'For a e U and n E (N' we writ.e 2(0, a) for the num­

ber of integers i with 1 $ i ~ n and 0' ~ ~. < 0.. We put O(n, a) = I2(n, a) -no.l.
1

Mrs~ Van Aardenne-Ehrenfest. ~how_ed in 1946 that D(n) = sUPaEUD(n, Cl) ,

cannot be bounded as n - CD. W. M. Schmidt (Copositio Math. 24 (1972), 63-74)

showed that the set of a such that D(n, 0.) is bounded as n - D:l iso countable.

The opposite is also true: for every countable- set S there exists a sequeI1ce

rn such that O(n, a) is bounded for every a E S. For the set S of rational

numbers an effective bound for D(n, a) can be given which in a sense is best
, -

possible. The set S is said to be a set of bounded discrepancy when a sequen­

ce ru and a 'positive integer M exist such that O(n .. 0.) 5 M for every_ nEIN
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and a E S. Schmidt proved that the (4M+l) th derivative of S has to be

empty. This condition is not suffieient. In the talk the problem of charac­

terizing sets of bounded diserepancy will be diseussed.

K. VÄÄNÄNEN

Remarks on p - adic G - functions

Recently Flicker proved an interesting p-a~ic analogue to the main results

of Galochki-n and Nurrnagomedov eoncerning the arithmetic properties of

Siegel G-funetions. Ou'r purpose is to make this result of Flicker more ex­

plicit. Let p denote a prime number, and let P(x
1

, ... , x ) 1: 0 be a polyno-. s
mial with rational integer eoefficients of deg~ee D and height H. We con-

sider certain p-adic G-functions g1 (z), ... , gs(zL .~nd for example, find a
n n , . n .

lower bound for I P(gl (p L ... , g (p )) , where p > C (nEIN), and' here a
s. p

positive constant e = c(gl' ... , gs' s, D) is explieitly given. Dur results can

be applied to p-adic logarithms ln(1+a1 Z), .~.. ,ln(l+aszl, where al' ... , a
s

d · . 1 b· b 1 . l~ . f n 8 1are lstlnct nonze ro a ge ralc num ers. n particu ar. 1 p > e , the n.
n n n n "

h 1 + h 2 lp(l+p ) + hs In(l-p ) + h
4

ln( l+p ) l.n(~ -p .) 10 for any ratIonal lote-

ge~s ~l' h2, hs, h4, . not ~ll zero.

A. VAN·DER POORTEN

Linear forms in logarithms

This work appears to have reB:ched .a plateau and it is I10w possible to col­

leet all the various refinements and ideas so as to produee lower. bounds

that inelude all earlier result~. In the homogeneou s ease with rational eoef­

ficients we can now provein a fairly elegant man~er that if

A = b~ log a~ + .... + bnlog an then Ar 0 implies

. ·1 AJ > exp( _2 5n+ 7 (n+l 12(n+l I(n! I -?~n+2(logEI~-(n+ llyo· • · Ynlog(~n+ I~~ I) ).

Here Cl1, ... I a. E K with [K:QJ = D < a) and satisfy an independence condi-
. 1/2 n 1/2. _ n . .. . di _

t10n rK(a l ' ... , a. ). KJ - 2 ; lf a. sat1sfles a a. +... + a
d

- 0
_" 1 0 I . i

a. E Z; (a , ... , ad ) = 1, a > 0 write V. = V(Cl.) = max( J~oga..1. log!le:t.l\)
JOd' 0 1. 1 - I 1

where Hailt 1 = a
o
~max(l, 100.1) ( so loglla.ll is the'absolute logarithmie
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height); set B = maxI' Ilb.1 and E = eDn( Elloga~ IIV.) -1; finally V
51~n+7 1 2(0+1) -1 n+2 1 ~(n+l) 0

is log of the quantity 2 n (n+1) (n! ) D (logE) V 1· .. V0-1.

\Ve know we can obtain a similar result in the p-adic case. The present

work depends actually on inputs actively from Loxton, W'aldschmidt.

Mignotte and myself as well. as from Stewart. Shorey, Cijsouw, ... and

many earlier workers in the field.

G. \VAGNERe Solution oe a problem oe Erdös on diophantine approximation

P. Erdös mentioned the following problem in 1974 at a conference in

Marseille: Consider ,an arbitrary sequence z I' z2' .•• of points on the

unH circle C: Iz I = 1, not necessarily distinct. Für each N .define the

function fN(z) = f11 I Z-2. I, z E C. and let d = max f (z). Does there
i=l 1 N zEC N

exist a sequence [ zn J for which the sequence (d
N

) is bounded?

The speaker has shown that the answer is oe gative by proving that there

exists a constant ö >0 such that, JOT any sequence {z J. there are infi-
n

nitely many d
N

> (log N) ö. The proof is based on a modification of a

method introduced by W. M. Schmidt.

lt is conjectured that there exists a y > 0 such that one always has d
N

> NY

for infinite ly m any N.

M. WALDSCHMIDT

Baker's theorem by Schneider's method in several variables

Let log 0.
1

' ... , log Q.n ~e Q -linearly independent logarithms of algebraic

numbers; then log 0.
1

, ...• log.a
n
. are Q-linearly independent. This result

was proved by A. Baker in 1966 by means of a generalization of Gel'fond's

solution 0 f lIilbert' s seventh prable m. The auxiliary function u sed by

Baker was a polynomial in a;, .... a:; it involves only ~ne variable and

the derivatives played an important role.

Here we use a generalization of Schneider' s solution of Hilbert' s seventh

problem to prove that logal' ... , log aare linearly independent over QnR.
n .
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Z1 z_l
Dur auxiliary func~ion is a po.lynomial in z l' ... , Z 1 and a1 ... a °1 '

. n- n-
and there is no derivative ( Recently, J. C. 1\1oreau succeeded to extend

the proof to the linear independence of 1, log a
1

, ... , log a. overQ nR; of
n

course he uses derivatives). The main step is a Schwarz lemma in seve-

ral variables which rests on a lemma on polynomials due to IVIasser and

lVloreau, and on Schn1idt"s generalization cf the 1....hue-Siegel-Roth theorem.

1.... his method enables one to study the algebraic points of the graph of an

n-parameter subgroup of an algebraic group. Finally \ve describe a gene­

ral conjecture on Schwarz lemn1a concerning finitely generated subgroups

of (;n.

R. \VALLISSER

A generalized Liouville theorem in function fields

Let k be an arbitrary field, k [X] the ring of a11 polynomials in X, k(X)

the field of rational functions in X and k (X) the field of all formal series
n 0-1

z :: anX + an_IX + . . . In k(X) one has,the nonarchimedean valua-

t ion Iz I = e
n

if a 1 o. Then we have the following generalization of the
-n

Liouville theorem in the field of power series:

Let z1' ... , zn be po~er series, \vhich are algebraically dependent over

k(X), f e k[X, X;..... , X
n
], rIo, be a polynomial in the variables Xl' ... , X

n
\vith coefficients in k(XJ and f(X J z1' ... , Z )=0. Then there exists a con-

I n
stant C (zl' ... , zn' f), such that for all polynomials Pi' Q1' .. " " , Pn' q"n with

q1··· qn 1 0 we have either f(X J Pl/Ql'···' Pn/Qn) =0 or

_ -d
1

rn.Jx I z\) - p\)/q'Jl ~ c(zl'···' zn' f) Iqll .

\vhere d
i

denotes the degree of f in Xi" As a corollary, we h!:lve the al­

gebraic independence over the field of .rational functions 9f certain power
• cx> -ki \J . . '

series with gaps, for example Zv = EX' 1 .5 \) ~ n, yvherek
i

\) i~

·-1 '
a strictly increasing sequence of 1- positive integers ~uch that

lim (k. l/ k . )- = CI)
i-CI) l,V+ l,V

and lim (K.· 1 /k. )
1+ ,\J 1, IJ

i-CXl
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G. WÜSTHOLZ

i

I.
!
I

Zur algebraischen Unabhängigkeit von Werten von Funk-tianen, welche

algebraischen Differentialgleichungen genügen

Sei L = Q(8, "), 8 transzendent, f) algebraisch über 'Q(B). Wir wollen die

folgende Fragestellung be~rachten. Gegeben seien die meromorphen

Funktionen f
1

, f
2

, f
3

einer Wachstumsordnung ~ 0. ' 'welche den algebraischen

Differentialgleichungen mit Koeffizienten in L .genügen mögen:

J Pi (f
1

, f
2

, f~) = 0, i = 1, 2

P3(f1, f2, f3 , f~) = o.
Dann betrachten wir die Menge S = { sEC, fi(s) e L, i = 1,2,3 ).

S.atz. Seien gl (z), g2 (z), g3 (z) ganze Funktionen, so daß gifi ganz für

i = 1, 2, 3 i 5t. Es geIte

(i) tyP(f i (5)) « R 0 , s E ~R = S n:a(0 ~ :H),
(ii) log Igi(S) I » R -0, 5 E SR'

(iii) R~ «~SR «R~, ~ e R, ~.. > o.
Dann .gilt .~. < 80.

Dieser Satz verallgemeinert in gewisser Hinsicht einen Satz von Th. Schneider,

und als Anwendung wollen wir das folgende Korollar geben.

Korollar. Sei p(z) die Weierstraß'sche p-Funktion, u ein algebraischer

Punkt von 1)(z). Ist Q eQ vom Grad 16, so sind mindestens zwei der Zahlen
. . 15

l>(uQ). ... , l>(ua )

algebraisch unabhängig.

Dieses Resultat ist ein eiliptisc'h~'s Analogon eines Ergebnisses von Gel'fond

über die algebraische Unabhängigkeit von Werten von Exponentialfunktionen.
. .

Berichterstatter: H. P. Schlickewei
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