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Tag u n g s b e r ich t 26/ 197 9

FUnktionalgleichungen

l,i. 6. bis 23. 6. 1 979

Die 17. internationale Tagung über Funktionalgleichungen fapd ~.... om I"",,: 6.

bis 23.6.1979 im Mathematischen Forschungsinstitut Oberwolfach statt,

unter der Leitung der Herren J. A czel (\Vaterloo, Ontario; z. Zt. Graz),

W. Benz (Hamburg) und A. Ostrowski(Basel). Die Tagung wurde von

Herrn Ostrowski eröffnet, der die Teilnehmer im Namen der Leitung will

kOD;lmen hie ß.

Es waren 41 Teilnehmer aus 11 Ländern anwesend. Leider konnten keine

Kollegen aus Jugoslawien, Rumänien und der Sowjetunion kommen.

Der Verlauf der Tagung'gab Zeugnis von der lebhaften \Veiterentwicklung

der Theorie und Anwendungen von Funktionalgleichungen. Die Mehrzahl

der Vorträge (34 in englische'r, 2 in französischer Sprache) ließ sich in

folgenden Themengruppen zusammenlassen: Translations- und lterations

gleichunge~, allgemeine Gleichungen v'om Cauchy-T)-p, konditionale Glei-.

chungen, funktionelle Düferential- und Integralgleichungen, allge~eine

DüIerenzengleichungen, Beziehungen l.ur Algebra, G,eometrie und Topolo

gie sowie Anwendungen auf informationstheorie und auf die Theorie

metrischer \Vahrscheinlichkeitsräume.
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Die Sitzungen "Offene Probleme und Bemerkungen", deren Tradition schon

im Jahre 1962 ,mit der ersten Funktionalgleichungs-Tagung inauguriert

wurde, erfreuten sich besonders lebhaften Zuspruchs. 'Dabei konnte~ sogar

einige der hier gestellten Probleme in einer der folgenden Sitzungen voll

ständig oder teilweise gelöst werden.

Im Schlußwort dankte Herr Aczel der Institutsleitung sowie den Teilnehmern

für ihren Beitrag zum Erfolg der Tagung.

Kurzfassungen der Vorträge sowie der Problemstellungen und Bemerkungen

folgen (getrennt voneinander) in chronologischer Reihenfolge.

H. H. KAIRIES: The Jackson factorial functions and their functional equations

F. H. Jackson defined an extension of the r -function, r:. : IR+ - ffi..+-,

r' l-x
~ (x) = (1 -«)

CD

n
n=O

n + 1
-c<..

n+x
-oe..

fOrctE(O, 1),

r . l-x
CICo(X) = (oe. - 1)

x(x-l )
--2-

cl...

Cl)

'n
n=O

_~-(n+l)

-0<. -(n + x)
foret.E.{l, co}.

C. satisfies the functional equation <

(F) f(x + 1)
x

~f(x).
0( -,

It is shown that logo r:. can be. characterized as Nörlund' s principial

solution of

x

(D) 'f (x + 1) - Cf'(x)·= log : _-1'

                                   
                                                                                                       ©



                                   
                                                                                                       ©



- 3 -

\\'hich is nor~alized by <p (1) =" o. The actual computation is done by means

of Krull' ~~igue.ness th:.eorem for convex solutions of CD). This yields

analogs cf Bohr-Mollerup' s theore~ for rOt.

Two other characterization theorems are given. One involves the complete

monotonicity property cf (l~g 0 lcc,}l', the other an interpolation equation of

the form

ra: (~) Q"" (xl r: (2 xl

B. CHOCZ EWSK!.: Discontinuous solutions cf a linear functional equation

The results presented in th~ talk have been obtained by M. Kuczma

and the speaker. We consider the linear homogeneous iterative functional

equaticn

(1) ep (f(x)) = g(x) <P(x)

in an interval I = (0, b,) of reals, with the origin as the o~ly fixed .point

cf the function .f in I. For a. case where eq ua tion (1) posse sses in I the

only contmuous solution f' (x) =0, . 'X E: I, we prove the existence cf a unique

one -parameter family of solutions ~o (1), which, being .discontinuous at the

origin, are deter~ined by a particular asymptotic behaviour at this point.

K. BARON: On systems having ccntinuous solutions

Suppose that X is a compact metric space and let Y be a finite dimen

sional. Banach space. Fix a teX and denote by C the Banach space of

all continuous function~ mapping X· into Y and vanishing at ~ with the

supremum norm. Given a positive (m'x m}-scalar matrix A and a con-
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tinuous self-mapping f of X, let S be the set of all functions F ~ Cm

such tha t the sys tem cf functional equations

Cf> (x) = A Cf' [f (x)] + F (x)

has a solution f € em
•. The followmg problem is considered. Under

what conditions is the set S dense? It turns out that this is the case when

the characteristic poot5 of the matrix Aare less tha'n er equal te one in

absolute value~:'''~''"f ·'fulfills the Lipschitz condition with the cönstant one an.d

~ (f(x), ~ ) .. <. ~ (x, t> holds for all x e. X \ {~). Note that under these

conditions S += em in general.

M. SABLIK: Düfe'rential solutions of functional equations in Banach spaces

Let Cf 0 be a formal solution of the functional equa tion

(1 ) ~ (F (x» .= g (x, ~ ( x) )

m . m
wbere F ~ C (U,X)" g.f; C. (U .. V, Y),' 0 E:!ntU = UcX,

Cf' (0) E: IntV =V c Y; X, Y are Banach spaces'.
0, ....

Let r (L) denote the .spectral radius of the linear operator L. Assume
s

(2') F (0) = 0, F 1(0) is a lineal; bije ction, .
. . 1

(3) OE:IntW=wcU~~V(O~V=IntVcWAF-(V)cV) I

(4) 3 c ~ 0 (n (F-
1)(m)(x) _ (~-:1 )(m)(o)11 = 0 d\ xH c) '" " .

~ g(m1(x,Yl _ g(m1(O, <Po(~l 111 = O'dlx/l C + /I Y - <Po (0 111 Cl, x.., 0, Y~b(OII

(5) I0" (gy' (0, er (O)'))j" «r (F'(O)-l )-m., r "(F' (O»)ID) = g ,
0, s s

/-
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g(m)(x, Y-)-II S. M 11 -11 u - V)Y - Y , XE:, y, Y €. •

Under some assumptions on the norm in X (fulfilled e. g. in real Hilbert

spaces) we have

Theorem 1. Assume (2), (5), (7). Th~n (I) has a Ioeal solution in C
m

•

Theorem 2. Assume (2), (3), (4), (6), (7). Then (1) has a loeal solution CF

einem, whichfulfills IIcp(ml(x) _<p(ml(Olll =~(llxllc). Thissolution

i~ unique •

.\V. BENZ: A fWlctional equation and Liouville' s theorem on angle

preserving mappings

Given a domain D c m.n , n ~ 3, and a function f: D ~IRn

J(!) +0 in D). Then f induces a mapping

f : D)( IPn - 1 ----tP mn )( lPI) - 1

. 3
(f € C (DL

on line elements" lP
n

- 1 the projective (n - 1) -space. Angle preservance

means loeal preservance of elliptic distances in IP
n

- 1. We treat ~he
functional equation of elliptie motions conditionally obtaining two results.

Oue consequence in geometrical terms is that a given ~ngle 0 < «. < rneeds

to be preserved lIin general position" jJ-(n) times in ,order to maintain

Liouville' 5 theorem.. where fL (n) ~ lN' is a,ssociated to the dimension of(lR
n

•

It is fJ-= 5 (but not 4) in.case n = 3 and (X, = .!
2

H. SCHWERDTFEGER: Über die Symmetrie der (r+ 1}-Punkte-1nvariante

einer r-fach transitiven Gruppe

Beweis des folgenden Satzes: Sei f = f (x , X I ••• ' x ) die Invariante von
o 1· r

r + 1 Punkten der genau r-fach transitiven _Transfor,mationsg~uppeG r , die
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in dem Raum X operiert. \Venn f in Bezu"g aui die Untergruppe H der

symmetrischen Gruppe Sr+l symmetrisch ist, so muß H ein Norinal

teiler von Sr+l sein. So folgt, daß Symmetrie von f in aezug auf H nur

vorkommen kann (aber nicht muß), wenn r = 3. Sei G
3

die projektive Grup

pe der geraden Linie über einem Körper mit mehr als drei Elementen; die

Invariante. das Doppelverhältnis, ist symmetrisch in Bezug auf die Vierer-

• gruppe.

K. SlGMON: Problems on distributive topological groupoids

Considered here is the question of the structure cf a cancellative distributive

(x . yz = xy • xz and xy · z = xz · yz) topological groupoid on an n-manüol~.

Since the structure of cancellative, idempotent, and medial (xy • uv =xu · yv)

topological groupoids on any n-manilold is known, the u5ual line of attack

is to show that the distributive groupoid must actuallybe medial.

Problem. Suppose IvI is a cancellative, distributive topological groupoid

on either an n-manifold or a corp.pact n-manüold with boundary. Must M

be medial?

The problem is known to have an affirmati~e answer in case M is a compact

n-manifold. R. or an n-cell as weIl as when M has a dilferentiable multipli

cation. There remains, in particular, however, the non-compact case foren += 2. It is conjectured that M needs not to be medial for n =3.

M. A. TA YLOR: Seme greupoid identities

In his paper "Balanced identities in quasigroupsll (1 966) V. D. Belousov

characterizes quasigroups satisfying balanced identities. Through the use

of closure condition techniques .. it is possible not only to simplify considerably

the proofs ~f Belousov's results but also to generalize his work.

The generalization is effected on both the quasigroup structure and the type

of identity to be satisfied by the groupoid.

I'_.'
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J. DHOMBRES: Conditional Cauchy equations

Let G, F be graups, denoted additively, L some class of functions from G

into Fand Z be a non empty subset of the product G.K G. Ey t(Z), we

denote the set of all z in G such that z = x + y, where (x, y) 6 Z.

A Z-additive functian f : G ....,. F is such that

pairs (x, y) e Z.

f(x + y) : f(x) + f(y) far all

)

Condition Z";ls said to be C -redundant if any Z-additive function (in c: ) is

in fact G-additive. Condition Z is t:. -quasi-redundant if any Z-additive

function (in L ) coincides on t (Z) with . some' a'~diti~e function belonging to C.

Some examples of t: -redundancy and t - quas.i-redundancy are given." For .

example, a generalization cf Erdös' theorem in number theory".

If G = F ; m and M is the elass of monotonie funetions, H ~ H is an M-quasi

redundant conditien far any subsemigraup H cf IR.

Another example is a characterization cf an inner product space by a candition

of redundancy.

These examples are from a baok to' ap~ear soon: Same aspects of functional

.equations, Lecture Notes, Chulalongkorn University, 1979.

R GER: Additive funetions bounded above on subsets of graphs

We say tha t a set T c JIf belangs' to the' cla'ss A (nf)a~;~~~ded each additive

(or, equivalently, Jensen-eonv.e~) real funetional bbunded above on T is

continuous. We deal with the (unpublished~ p,roblem posed by J. Smital:
n . n n ..

find conditions o"n a set T c .A (IR ) and ~ function ~ : m -+ IR guaranteeing

that

the set
2n} 2n

Cf T : = {(t, Cf (t») E m : t E T belangs to A (IR )

In particular, we give an affirmative an~wer ta the following (unpublished)

question of A. Lasota: does any set cf positive linear Lebesgue measure

on the (uni~) circle belang to A(m?) ?

                                   
                                                                                                       ©



•

                                   
                                                                                                       ©



- 8 -

M. KUCZMA: Topologically saturated non-measurable sets

A set Tc' IFf is s~~id to be saturated non-measurable whenever
N . -

m. (T) = m. (Il \Tl =0, where m. stands for N -dimension,al inner
1 1 . 1

Lebesgue measure. As a topological analogue, a' set T in a topological

space X is said to be topologically saturated 'non-measurable whenever

neither T. Dor X \ T, contains a second category Baire set.

In the theory of Cauchy' s functional equation, saturated non-measurable

• sets occur fairly often. A~ such theorems have topolo"gical counterparts.

Example: a theorem cf Ostrowski says that if f : mN~ 'IR is a discontinuous

additive function, then for every non-dege'nerated interval J c IR, the set
-1 .

f (J) is saturated non-measurable. It turns out that, under the same

conditions, the set r- 1
(J) ist topologically satu~ated non-measurable.

N .... . N
Let X c IR be an uncountable Bore1 set:. A Hamel Qasis H of IR is

. .

. . called a Burstin basisre1ative to Xii! H intersects every uncoWltable Borel

subset of X. Theorem: Every Borel set X c 1R~ ~onta~i.ng...~ .~..~m~l basis,

contains a Burstin basis. The proof cf this theorem relies on the Zermelo .

axiom,. If Xc mN
is of full measure (i. e., m.N , X js of tneasure 0)" then

every Burstin basis relative to X is saturated non-me~sura~le·.'If Xc mN

is r~sidual (i. e ., nf '\ X is of the first ~ategory), then every Burstin basis

relative to X is to~ologically satura.ted I?-0n-me~surable.

N . ;- .
Let IR .= A vB, where A ls a GI of measure zero~ and Bis. an Fe ofe the first category (it is wellknown that such a dec.ompOSitio~ exists). Let

H
1

be a Burstin basis relative to A, and let ·.H
2
· be .a Burstin basis relative

to B. Then H
1

is topologically saturated non-measur~ble. but of measur.e

zero, whe~eas H
2
issa~urated non-measurable, but. of the first category.

T.M.K. DAVISON: When does partial homogeneity imply. bi-additivity ?

Suppose F: V x V~ k satisfies

F(x, y) + F(x + y, z) =F (x, Y + z) + F(y, z)
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far all x, y, Z E V. Suppose there are elements (fixed a, b E k)

such that F (ax, by) = ab F (x, y) for all X J Y E V. \Vhen does it follow

L'1at F is additive in each variable? T'he classical case (Jordan-von Neumann)

is when a = 1, b = -1, and F (x, y) = f (x + y) - fex) - f(y). Applications to the

theory of the equations for quadratic fornls have been noted.

J. RÄTZ: On the decomposition cf functions cf several variables by me&nse of an al&ebraic operation

Let n be a positive integer, n::: 2, Xl' •.. ' X
n

nonempty sets, (Y,·) a

monoid, and f : Xl x ••• x X
n

-+ Y. The main question is whether there

exist gk: X
k
~ Y (k = 1, •.. , n) such tha.t

f(x1,···,xn ) = gl(x,) ••· .. ·gn(xn ) (\:I(x" ..• ,x
n

) E X 1
x ••• XXn }·

It turns out that a functional equation, more precisely qnexchange identity ..

and an invertibility condition are cf central importance for the answer to the

question. Results· ef M. Kuczma (1972) and K. Szymiczek (1973) now appear

in a more gene·ral light. Fu~thermore, the decompositien cf multiadditive

f : Xl x ••• x. X
n

--..". Y into additive gk : X
k

--iJJo Y is discussed.

w. SANDER: An operator-valued Cauchy-equation

Let B denote a Banach space and let z:. (B, B) be the Banach..algebra of bounded

linear operators on B. Let X be a locally compact ;Hausderff ·space and let

(X, J:r ,/-') be a 6 -finite regular measure space. Let F : X x X ~ X be

a continuous and (/;,:Ir. J;. , J; }-measurable globally solvable function [1],

such that for all x, y 6 X the functions F x' F Y are? -preserving.

Theorem A (a) T : X ~ t:, (B, B) uniformly (strongly) measurable in X

(b) V·x,ye X: T [F (x,y)) = T(x). T(y)

===> T uniformly (strongly) continuaus in X
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The proof is based upon the following generalization of the weIl lmown fact,

that measurable, finite-valued subadditive or convex functions are bounded

above on compact sets.

Theorem B (a) f, g, h : X --+ R

(b) h is bounded above on a measurable set of positive measure

{cl V x,y E X: f (F (x,Y)] ~ g(x) + h(y)

~ f is bounded above on each compa.ct set of X

• Reference:

[1] Sander .. W.
J

Glasnik Mat. 13 (33)(1978),237 - 247.

G. L. FORTI: Existence and stability theorems for a class of functional

equations.

Consider the functional equation (1) g (F(x .. y) ] = H [g{x), g(y))..

where F : E)( E -+ E .. H : X x X -+- X are given Junctions .. g: E -. X is

the unknown function, E is a set and (X, d) is a camplete metric space. 

We put G(x) = F(x~·x), . K(u) :: H(u, u), we assume that X is a modulus set

rar K and K is invertible; for eV,ery x E E we define x
O = x, x

n = GO(x).

For every f: E ~ X a nd every x, y E. E we set

cf(x,y) = d (f [F (x,y)], H [f (x), f(y)] ) .

The fallowing theorems hold:

_ Theorem. Assume that:

- + + . \-'(i) there exists a function k: R -+ R , strictly increasing" super-

additive, such that for every u, v e X, d(K(u)" K(v) ) = k (d (u. v)"
+ .

moreover for some constant c > 1, k (t) .?: ct fo~ .every. tE. R ;-

(ii) for every u, v E X" H [H (u .. v), H (u, v) ] =H [H (u, .u)," H (v, v)] ;

CHi) H is continuous;

(iv) Cor every x, y E E, F (F (x, y), F (x .. y) ] = F [F (x, xL F (y" y) ].
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If there is a function f : E-f'X such that far every x, ye E, O(x
n

, yn)= o(c
n

)
CI) -nr n-1 n-1·' , _.

and the series L c 0 (x , x ) co~ve rges" and ror same X, y E E it
n=l

is Um in! k.-n [d (f(X n), f(y ,n»)) > 0, then the equation (1) has a non
n~+ro

constant solution..

Corollary. Under the, hypoth~ses of the previ,ous' theorem .. there exists a unique

solution g of the functional equation (1 ) such that far every x E' E,
Q) -n n n ' '

d(g(x).. fex) ) < L k . [ & (x .. x )]. Furthermore if E is a topological space ..
- n=l _

G is continuaus and sup"{ 0 (XI y) : x, y E 'E} < + cD, then the continuity of f

implies that cf g.

~. PAGANONI: On the solutions cf a conditional equation

Consider the following conditional equation _

A (*)_
a,b

f(x-+y) =f f(x)+f(y)+a ~ f (x+yt= f(x)+f(y)+b

wh:ere f :G ~ H, 'G and H semigroups and a, b ~ H~

Here I present the general solution of this equation when G is equal to N or

Z and H = Z (N is the class of the positive integers and Z the group of the

integers).

Let de be the class of solutions ,of (*)0, 1 far W~iCh f( 1) = O. Then f : G -,. Z

(G = N or Z) is a solution of (*) b if and orl1y if there existsan additive
a, '

function g: G -. Z and a function f
1

c Je. such that f = g - a + (b - a) f,.
So we haveonly to look for'the' solutions cf (~)O· 1'. For every ot..E R, define

. ..,
a function 'f'~: G -.,. Z in the following way: <Pa(. (n) = '(O(n] {here (xl denotes

, the integral part of x). If E c G, 'X E is the characte~istic function of the

set E. Then the two following theorems are true:

Th~orem 1. f : N -+ Z is a SOlu~ion of (:t: )0, 1 Ü and only if it can be re

presented in one of the following farms:

a) f = ep~ with «.e R, b) f = er. - X w,iili' cx.. = e ti Q.. (p, q) = 1, q > O.
~ qN" .q

Theorem 2. f: Z -. Z is a solution of (*)0,1 if and only if it can be' re

presented in one of the following forms a) - g):'.
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a) f = CfOlo. with <X.E R, b) f = Cfoc. - X{o}with ä.E R \ Q' or,

(p, q) = 1, q > 0, c) f =' Cfac: - ~ 'IN d) f = ep~ - X -qN

f) f = <Pa(. - j( -qZ+ g) f = <Pe(. - X qZ •

B. SCHWEIZER: Some remarks on copulas

ii C(·E Q cx. = E.,, q

e) f = fa.. - Xq Z +

e Let H be a two-dime-nsiona~ joint distribution function witn--riitr-gins

H
1
~x) = H(x, CD L H

2
(y) = H(~ .. ~) and copula C

H
, so that H(x,.y) =CH(!i1(x}, ~(y»). 

Let f 'and g be non-decreasing functions from lR to IR such that f(oo)= g(co} = 00·

and f( -00) = g( -(0) = -CD; and let G(u, v) =H(f(u»).. g(v». Then G is a joint

distribution function and Ca =-C
H

• From this and the fact that Cli(u, v)=

H(H~1
(u), H;1

(vll." it follows that any functicinal _or"property" defined ocr

the set of all two-dimension~ljoint dis'tribution fWlctions (of pa~s of randorn

variables, X and Y) which is invariant under increaSing transformations

(of X and Y) is a functional or "propertyfl of the set of copulas (and independent

of the individual distribution functions of X and V). Hence, in this sense. the

theory cf order statistics may be viewed as the theory of copulas.

·-A. SKLAR: Further work on the representation cf associative functions

The lecture consists o~ 4 parts:

1. Conditions more general than those ·previously known can be given to

.inaure t~t.. i! Tl is associative and T is defined. b~ .

T (x, y) = f. (Tl (g(x), g(y»)..'

then T is associative.

2. In the process of filling a gap in the argument given by C. -H. Ling {Publ.

Math. Debrecen 12 (l96Sl 189-212), G. Krause ha"s produced a.simpler

proof of ling" s results under much weaker conditions.

3. M. J. Frank has extended the work ef C. Kimberlin.g {Publ .. Math.

Debrecen 20 (1 973), 21 -39) and the author (Aequatienes Math .. 14{1976), 211 -21 2)

by showing that the representable associati.ve functiens of Ling and Krause
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(no. 2 above) are completely deterrnined by their behaviour on appropriate

pairs of short line segments.

4. Results on the representabili ty of certain discontinuous associative

function s (i\equa tiane s Ivlath. 14 (1 976). 211 - 212) ha ve been improved.

c. ALSrnA: On ruled t-norms

In 'a joint work with Abe Sklar we have proved the following:
+

Theorem. Let f be a strictly increasing continuous fWlction from IR into
+rn. such that f(O) = o. The most general solution of the functional equation

r - 1 ( fex) J+ i-I ( f(y) ] - 1 m+ L Ofex + y) f (x + y)r - , X. Y E , X + Y I ,

is the power function f(x) = xC, where c > 0 is an arbitrary positive constant.

Using this result we show that if s(x .. y) is at-norm and if the graph of

{ (x, y) I s(x, y) > o} is a ruled surface then
1

k k k
s(x,y) = IvIax (1 - «l-x) + (l-y)) '0), . k > 0'.

J. ACZEL": Generalized information functions and measures of degrees 2 and 0

In solving the generalization

f (x)+(l -X)f
2

(-lY )==f (Y)+(1-y)of..f
4

(-lX ) (x.y~[O,l[,x+y<l)
1 -x 3 -y -

. of the fundamental equation of information, and in applica tians to inset entropies

and to deviatians (divergences. inaccuracies etc. ), G( == 2 and 0 have been

unsettled exceptienal cases. In ccnsequence of work done by ~he author and

by Gy. Maksa, a~so these cases have naW been cleared: If the powers of 0

are properly defined (which is not always obvious) then the results are similar

to ather cl:. += 1 cases in most instances - but not al\vays: (~) has, for oc = 2,

solutions which are nowhere continuQus (The case 0(:: 1 has been solved first

and it5 singular behaviour has known reasons. ) The proofs are different fr~m

these far other ce .
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Z.IVIOSZNER: Solution generale de I" equation de translation sur le demi

graupe des elements non-negatifs

On peut obtenir toutes les solutions de l' equation

F (F (IX., x).. y) = F (oe .. x + y) ..

ou F : rx G+ -+ r , rest UD ensemble arbitraire et a+ est UD demi-groupe

d" elements non-negatUs d" un groupe G ordonile archiDH;dien. remplissantea condition

selen la censtruction suivante:

1) Seit f:' r-. r une fonction teIle que V'oce r: f( f ((X) = f(eX).

2) Decomposons f(f) =U r k ~ux ensembles r
k

non-vides, disjoints et
k E; K

tels que pour chaque k de K il existe une decompesition'invariante {Wok} . I
1 lE

. + z= _ k
d' UD intervalle .6

k
de G pour lequel G c. 6 k et I

k
= r k.

3)Soith
k

: {W
ik

} iE~ -+ rk UnebijeCtiOnetde(inissonshk:b.k~rk

de la manieresuivante: hk(x) = hk(W
ik

) pour x e. W
ik

•

- --1
el Posons F(ll(, xl =',h

k
(hk «((ex» + xl pour (o<)e r

k
•

La demonstration de ce theoreme est sous presse dans Rocznik Nauk. Dydak.

WSP w Krakowie. Toutes les decompositions invariantes de "ß
k

sont caracterises

dans la note de Z. Moszner IIDecomp~sitiens invaIiantes du .demi-groupe des

elements non-n~gatüs du graupe archimemen ll
" sous presse dans Tensor.

A. GRZ1\SLEWICZ: The translation equatien on the loop

The loop is a groupoid with a unit 1 such that bath equations a • x = b,

Y · a = b possess unique solution s.
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Let X be an arbitrary set, Q(.) an arbit rary loop. \Ve call a fucction
. ..

F : X x Q ---'" X the transitive solution of the translation equation if

F (F (x, f' },cx.) = F (x,o!oß) for x e X, «. f; E Q ·and i.f Jor-·ev-aq x~" y E X there

exists cx. e Q such that F (x, eX. ) =F (y, 1) •

Theorem. A function F : X x Q -+ X is a transitive solution of the translation

equation iff there exists a subloop H of the loop Q, a function f : X --7J> .X and

a bijection g : f(X) ~ {ocH : oe.. E Q} such that

a) f(x}. = x for XE. f (X),

b) ~(p(r H» = (oc..ß)(r H) for"C(,p,ö E H,
-1 .

c) F(x, c;() = g (ex· g (f (x» fo~ ~ E X, oc.e Q .

Thus the solution of the translation equation on the loop is very similar to

the solution of this equation on the group.

F. NEU'MAN: Functional and differential equations .

It was shown that under very g~neral conditions any d.ifferential sYSterrl

with one (retarded or advanced) deviating 'argument can be transformed into

a. differential system with a constant deviation. If a system is linea~, then

the transformed system is also lmear.

Connections with the translation equation we!e e~plai~ed.

e
',,-

J. TABOR: Rational iteration groups

Let I be a closed interval in IR = IR v' {-co, oo} and f:: 1 -+ 1 a strictly

increasing continuous function such that f(l) = I.

Definition. A family cf continu~~s functions {ft
:1~ I, t E m. (t e Q) }

is called a real (rational) iteration group of f whenever f t 0 fS = 'ft + s

f 0 r t, S € IR (t. S E: Q) , f
1 = f . If I f 0 r eve ry XE' 1

1
th e mapp ing f t (x ) i s

. . o. 0

con.tinuous, a real (rat~onal) iteration group. is called ccntinuous.

In the paper a construction of a rational iteration group cf f is presented.

A necessary and sufficient condition for this group to be continuous is also
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given.. It is shown, by applying these res ults that every continuous rational

iteration·group can be extended to a continuous real iteration group.
. t

Finally Zdun's problem is investigated: can every real iteration group f ,
. t - Cf(t) t

t E lR be wrltten in the form f = f , where , tE IR is a contlnuous

real iteration group and 'P : lR -.... m ~s an additiv.e function ? The answer

is Irnoll. A necessary and sufficient .condition for this .to be possible is also

given ..

e
R. LIEDL: Zentrale Ähnlichkeit auf Gruppen und die Translationsgleichung

Es wird der Begriff der zentralen Ähnlichkeit auf Gruppen mit düfere~tial

geometrischen Methoden eingefüh~t.

Mit Hilfe dieses Begrüfes wird eine Lösung der Translationsgleichung an

gestrebt ..

L. REICH: Einbettung von Wurzeln formal-biholomorpher Abbildungen in

kontinuierliche Iterationen

Es sei F : x ..... Ax + 12 (x) ein ordnungs~rhaltender, den Grundkörper C

elementweise festlassender Automorphismus des Potenzreihenringes

C [Xl' •••• X I. d. h. A eine nichtsinguläre (n. n) -Matrix. X = T (xl' •••• X ).
T n n12 (x) = (12

1
(x), •. • ,12n (x» eine Spalte formaler Potenzreihen mit

ord12 i (x) ~ 2~ 9,.,· .... , 9n seien die Eigenwerte von A,../\ = (ln<?" .... , In9n)e eine feste Wahl von Logarithmen der Eigenwerte. Es wird folgender Satz

diskutiert:

F habe eine unendliche Folge konsekutiver Wurzeln,

l/r ~ ~ Vr r
F' (F ~) J. =: F 1 2

mit folgender Eigenschaft: Die Linearteile dieser Wurzeln -gehören sämt

lich einer zu 1\ gehörigen analytischen Iteration A(t) von A" an. Dann

existiert eine zu 1\ gehörige analytische Iteration (Ft)t e C yon F mit

F = F 1/rJ••• rj, j.2:. J
1/rl .... rj
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J. SCHWAIGER: Iterierbarkeit von Potenzen formaler Reihen

Es wird das folgende ,Problem untersucht: Gegeben eine formale Reihe

F = AX + P(x) mit det A 1= o. Gibt es dann eine ganzzahlige Iterierte

F
k

= F 0 ••• 0 F, so daß F
k

analytisch iterie rbar ist? Das Problem wurde

schon 1 939 von D. C. Lewis positiv gelöst. Hier wird ein neuer Be\veis ge

geben, der auf den Methoden fußt, die von L. Reich und dem Verfasser zur

Untersuchung der Frage analytischer lterierbarkeit formaler Potenzreihene angegeben wurden.

M. C. ZDUN: Convex iteration semigroups

Let {ft
, t > O} be an itera tion semigroup of continuous functions in a closed

interval I. An iteration semigroup is said to be convex if all functi~ns ft are

convex. Let x .; ~ in! LJ . ft [I], x
2

: ~ sup U ft (I]. We have the
1 t>O t>O

following oharacterization of convex iteration semigroups.

Theorem 1. An itera,tion semigroup {ft~ t > o} is convex iff for every x E I

the mappings t - ft (x) ~re continuous and there exists the derivative

aft : 1 ' 0 . tar-
I

= : g in (xl' x
2

) v \X E; I : f (x) = x}, furthermore g and f.:= 11m f
t~O

t='O

are convex.

We consider also the problem cf the existence and uniqueness C9f convex iteration

semigroups of a given functi~n f (i. e. such semigroups {f
t
• t > 0 J that fl =f).

Theorem 2. Let a convex function f: 1.-..,. I be non-constant in neighbourhoods

cf its fixed point~. If f has exactly one fixed point 'x and f' (x ) += O.
0+0

f' (x ) :1= 0 or f has more than one fixed point, then f may pos·sessat most one
- 0 .

convex iteration semigroup.

Theorem 3. Let" f : '(a, b)'" (a, b> be"a convex fu~ction and f (b) = b,

f (xl> x for x ~ (a, b). If f: is concave then f has exactly one convex

iteration semigroup.
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u. BURKART: A new prooe of a theorem cf Sarkovskii

\Ve consider a continuous function f: IR -+ IR with a k-.periodic point and its

digraph as constructed by Straffin [11 . \Ve prove the. following

Theorem: 1. If k =F 2i , j e- IN , the digraph contains non-repetitive
roO

(nr-) cycles of all lengths 2 , m E. INo' .

. m m
2. Li k > 2, the digraph contains nr-cycles ef all lengths 2 , 2 :s. k •

3. Ii k > 3, odd, the digraph contains nr-cycles ef all lengths m, m 2: k-l

(this wa~ already proven by Straffin in [lJ ) and all lengths m, m even.

4. If k = 2
j

• n, n > 3" odd, the digraph contains nr-cycles of all lengths
j - j+l

2 · v, v.::: n, v odd and 2 • w, w ~ 3, odd.

Combining our theorem with a theorem of Straffin [1 J, we construct a new,

shorter and easier ,proof of the ~ll-known Sarkovskii theorem [2.1 on periodic

points of continuous functions.

References:

["1} Ph. D. Straffin.. Jr .• Periodic points of contmuous functions.

Math. Magazine, 51 (1978), 99 - 105

[2f A. N. Sarkovskii.. Co-existence cf cycles cf a continuous mapping of the

line into itself, Ukrain. Mat. Z. 16 (1 964), 61 .:. 71 (Russian)

R. GRAW: The orbit structure of discrete limit sets of iterative sequences

Let f be a continuous self-mapping cf a Hausdorff space X satisfying thee "first axiom of countability. A limit set L(x). x e X. is the set of all cluster

.' points of the iteration splinter { ~(x)} • Dur purpose is to s~ow that in

infinite dimensional Banach spaces limit sets may have orbit structures

which cannot occur in the finite dimensional case.

In metric spaces every discrete limit set is countable. ~or 19cal1y comp.act

X we have two theorems. If a discrete limit set L(x) contains a point of an

orbit with cycle Z then L(x) = Z and x is asymptotically periodic. In [1] it

was shown that a finite limit set" is a cycle. From [2] we lmow that a countably

'" .. -
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infinite discrete limit set can have every possible orbit structure v·lithout

cycles. In a nowhere locally ,compact metric space a countable discrete

limit set (finite or infinite) can have .all possible orbit structures (inc!uding

cycles). Moreover , ~ this .case asymptotic periodicity of x i5 not necessary

for L(x) to be cyclic.

Refe rence 5:

[1] Kuczma , M. On a theorem of B. Barna, to appear in Aequationes Math.

[2] Graw I R. I Kuczma, M. I~inite discret~ sets of cluster ~oints of

iterative sequencesof continuous functions, to appear in Aequationes Math.

R. RICE: The relationsl1ip between iterative roots of f, g, f. 0 g and go {

Definition: If fand gare functions from ~ set 5 into itself and ü,for same

integer n 2: 2 I

f =hn:hoho .•. oh---...........-
n

then h is called an (iterative) root of f of ~rder n.

Theorem: Let M, N, Land K be non-negative integers.

There i5 a set 5 and fWlctions fand g mapping Sinto itself such that for

any n ~ 2

(1) f has"a root of,order n ü~nd.enly ü.nIM,

(2) g has a reot of order n if and only ü nI N,

(3) fog ha~ a root of order n if and only if nl L,'

.(4) g Q f has a· root of order n ~f ~nd only ü nl K.

,r;._: .

W. SCHEMPP:'Splinefunktionen als LösWlgen von inhomogenen linearen
, .

geometrischen Differenzengleichungen erster O~dnung .

Es bezeichne h eine feste reelle Zahl> 1. Für die inhomogene lineare geoo .
metrische Differenzengleichung erster Ordnung

F (hox) - F(x) = 1
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werden als Lösungen auf der offenen rechten Halbgeraden IR" neben
+

Cf : X ........ (log x)~og h )die f in der geometrischen Knotenfolge (h
n

) Z
o . 0 0 .. 0 ne

interpolierenden kardinalen logarithmischen Splinefunktionen Sm vom

Grad m > 1 betrachtet. Zur Diskussion des Grenzübergan'gs lim S (x)
- m. m·oo

für x E m.x sollen zwei Methoden vorgestellt werden:
+

I. Reelle Transformationsmethode (Einseitige Laplace-Transformation;e verschärfter Abel-Tauber-Satz).

11. Komplexe Transformationsmethode (Pincherle-Identität; Resid~ensatz).

Beide Methoden führen zum Nachweis des Newman-Schoenberg-Phänomens:

Die Folge (5 (x) 1 konvergiert genau daIUl gegen f (x), falls der Aui-
m m> . 0

punkt-X 6 IR)( mit einem der Interpolationsknoten (h n) zusammenfällt ..
. + . . . 0 ne Z

I. FENYÖ: On a functional integral equation

(s ~ IR)(~)

The Goursat". problem concerning a linear hyperbolic dUferential equation

can be reduced to the following fWlctional integral equation:

s
x(s) + V(s) x (oe. s) + "5 P (s, t) x (t) dt = f (s)

c(s

where Ioe. I < 1 holde_ If we salve (.:tC) by the method cf successive approxi

mation, then, in every step. we get ä functional equation of the form

z(s) + Z(OlS) = v(s) ._

e
If P and f are bOWlded functions, then it is proved that each of the ~unctional

equations has exactly one solution satisfying . a necessary initial-value
" .

condition. This sequence of successive approximations converges uniforql1y

in every compaet "interval to' the unique solution cf (*).
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s. l\'IIDURA: Sur les solutions de l' equa lion fonctioIUlelle

i [x + 3f
2

(y) - 3 ((xl f (y) - y] = {(xl - f{y)

ou f : ~R ~ R est'la fonetion inconnue a ete signalee dans [1]. Naus allons .

trouver la solution generale de l'equation (1) dans la classe des fonctions

impaires.
•

(1 )
2

f [x + 3f (y) - 3 f(x) f(y) - y] :: f(x) - f(y) ,

Theoreme. La solution generale de l'equation (1) dans la classe des fonc- .

tions iinp~ires est l'ensemble des fonctions qui satisfont a l'equati~n de

Cauchy:

(2) f(x + y) = f{x) + f(y)

et

(3) f (f(x) f(y» =0

On presente iei une constrüction de la solution generale de I'equation

(l) dans la familIe des fonetio.ns impaires , analogue a celle deo la solution

generale de l'equation de Cauchy.

{1] S. Midura, Sur la determination de certains sausgroupes du groupe L
1

. s
al-aide d'equations fonctiormelles, Dissertationes Math. 105 (1973)

·P. SCHROTH: A characterization of a famiIy of functions

Special solutions of the system of functional equations

p-l
V' p E:IN' V(x, y) & D : f (x, Y);: 1.. L. f(x + ky" py)

+ p k=O

'. m x
are the functlons (x, y) -+ Y B (-)., m ~ IN, Ern meaning the m-th

m. y y
Bernoulli-polynomial, (x, y) ~ y eOt. J( (eu.. _ 1), cx. E: IR \ (O}, and

(x, y)~ 'tJ (~) + log y where in the first two cases D = m. )( IR in the third
y +

D = ffi+x m+ .. \Ve introduce a characterization cf these functions as continuous

solutions of the system noted above by ~eans of certain separation types.
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B. EB_t\NKS: The branching property for measures cf vector information

m
A n1easure of vector info.rmation is a sequence of maps U n: X S. -.. G

I j= 1 Jn

(n = 2,3, ... ), where (G. +) is a commutative, divisible gz;oup, and each

s. (j;: 1, 2, ... , m} is either r (the set of complete probability distri-
Jn n .

butions cf length n) or S.n far same commutative monoid (5., j, e.l in
_ J' J J
_, a certain class. For notational convenience, we write the argument cf ~

m n / n
as an element cf {X SJ . j-t has the branching property if

j =1 J . n . ..,

far same maps 4 . (i = 1, 2, .•. I n-1), where ~ = (e 16 ••• , e ) and where
n1 .' n

y 0 y! ;: (v 11W l' . • · , vn n wn)· 1t isfeund that? n is branch~gandsymmetrie",

if and only if

for some maps erni (i.= 0, 1, •.. , n)

,-,,'
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Problemstellungen und Bemerkungen

1. Remark (ta Kannappan' s question at the 1978 meeting).

Given f: :IR~ B, satisfying Cauchy' s equation such that f(x) f(~) > 0 '
. x

holds for an x € lR~ x f O. Does this L.'"1lply f € C(IR)?

w.e have no answer to this quest ion hut we give an example cf a function

f : IR~ rn., satisfying: Cauchy~ s equation~ such that f"f C(lR) and such
, 1 "

that 1 ) fex) f(-) > 0 holds true for all x € m.~ x +o. .x "e Consider a noncantinuaus autamorphism ~. of q: and put f(x): =Re Cf (x).

Then f(x + y) = fex) + f(y) for all x, y € IR and f ~ C(R}. Moreover

1 f(x) 1.
f(x) 2 2 for a1l X€IR, x TO,

f{x) + g(x)

- 1
by putting g(x): = Im cp (x) and using ~ (x).· Cf (i) = 1.

Hence 1 ~ fex) f(!.) :> 0 for all x € lR~ x +o.
x

If, thereexists a noncontinuousautomorphism Cf of <t such that

ep (x) f i lR for all x E: lR, x +0, then this automorphism. would lead to a

counterexample 1 :;;. f(x) f(i) > 0 far all x.€ R. l' f O.

w. Benz

-,-,"
2. Problem. In connection with investigations of J. Aczel and

,coworkers, S. C. Martin, ~. Grz{lslewicz and P. Sikorski on extensions'"
, .

of homomorp~~~sm;from semigroups onte groups gener~te~ by them iil a

special manner, I have the following question: Doe~ anyone know of an

example of a gr'oup G and its subsemigroup S such that G = 55-
1

S, but at
1. -1

the same time G i 55 ? "~ .._ : '.J .~

l' 'eMore generally G = SS- S .. . st (where ~ ~ '+ 1 er €, = -1 accord~g as

the number' of f~ctors is odd" o~ even), .but '·no smaller nUp:lber of factars

is sufficie nt ?

M. Kuczma
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3.. Remark. C .. Wagner (Univ. cf TelUl .. and Center for Advanced Study in

the Behav. Sei. I Stanford, Calif.. ) has conjectured the following:

There exist constants a 1, · · · ,a f: IR with tt a. = 1 suc~ that
n n J= J

f(xI " ..... "x' ) = ~l a. x. for all Xl" ••• "x € IR if and only if f: lRn --..;. IR
n J= J J n

is continuous and t 1 x .. =s(j =1, ••• ,n) imply t
l

f(x.
I

" ...... x. ) = s.
1= 1J 1= 1 111

I have proved this even ü the last implication is supposed only for k = 2

and 3 and if f is assumed only continuous at a point or bounded fram one.

aide on a set of positive measure.

J. Aezel

4. Remark (Answer . to M. Kuczma" s question.2. )

We find a group G and a subsemigroup S such that

-1
(i) G = 5S S,

Define G: = { (a, b, C,~) I a , b, c, d €~ and ae +o} ·wi.th the multiplieation

(a, b, C, d) • (~ .. f3 ' t, <5 ) : = (a cx, a ß + b, cO--" d 0- +: d )
and d~fine S : = {(a, b .. c .. d) eG I a, b, C, d (2' } .

. 1 ;; . - 1 1 - I .
Now (I, 2' I, oH 55 ,(1,0,1, 2) f 5 5. whichpro~es (H).

Given (r l , r 2, r
3

.. r
4

) €G write r
l

= ~ ...r
2

= l .. r
3

'= ~, r =!.
'0 . . ... ~ z .W 4w

11 0

Tl:te~ (I,O .. u,v) · {z". 0 .. w.. 0) .. • (x.. y .. l ...O) = (r
l

, r 2.. ~3" r
4

)•.

Hence (i) holds als o.

w. Benz

5. Remark (0. Zup~ik" s characterization cf Cayley sets) ..

A Cayley set is the set of left inner translations ~f a semig~oup.

D. Zupnik has 0 recently ~haracterizedal1 C~yley'sets. as follows:

Let S be a non-empty' set-axi Faset of fun~tl~ns·ea~h ~apPing Sinto s.
Then F is a Cayley set ü and only i.f there exists a: au·bset A of S such

.. ·that:
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1) ü f , f? are in F and the restrietions of fand f
2

to .~ coincide,
1 _ l'

then f
1

= f
2

;

2) for any z in .~ there is a function gz mapping Sinto S such that gz

commutes with each function in F, and Ran g =[f(Z) Ir in F } ;
z

3) for every x in S, y, z in A, and f in F, we have

g (x) = f(y) if and only if g (x) = f(z).
Y z.

When .4. is a unit set, then trus characterization reduces to that announced

in A.equatianes Math. 17 (1978), 375-376,":Remark 7.

A. Sklar

6. Problem. Salve the functional equation,

f(xy) + f(x +Y) = f{xy + x) + f(y),

where the domain and range of f is a (commutative) field.

Equation (1) is obtained from the following equation by setting z = 1

f(xy) + f(xz + yz) = f(xy + Xz) + f(yz).

I can prove that (2) is equivalent to

f(x + y) + f(O) = f(x') .+ f(y)

for all fields with at least 4 elements. From this fact I would guess

that (1) is equivalent to (3).

(1 )

(2)

(3)

T. M. K. Davison

7. Problem. Consider the functional equation:
x+y

. ( .. ) f(x) f(y) = f(xy) f( -2-). (x, y E IR)

If A iB a set of reale such that:

~x, Y € A ====> xy € A and 2 € A,

then the characteristic function XA o.! A fulfills (At).

1s it true~ that every solution of ( I( ) is the characteristic func.tion

of a set of type A ?

I. Fenyö
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8. Remark (Contribution to T. M. K. Davison' 5 question).

Given a function f : lR --;... IR continuaus on lR such that

f(xy) + f(x + y) = f(xy + x) + f(y)

holds for all x, y € IR. Then f(x) = ax + b, where a, b are real constants.

n n
Proof: 1. f(x + x y) - f(x y) = f(x + y) - f(y) holds for an n € Z and x, y € lR.

x +0: by induction via .
0+1 n+1 n n n n

f(x+x y) - f(x y) = f(x+x· X y) - f(x· x y) =f(x+x y) - f(x y)

2. Consider 0 f Ix I < 1. Then n ---;. 00. yields (see 1. )

f(x) - f(O) = f(x + y) - f(y).

This holds also in the case Ix I > 1 considering 1. for n ---;.. - CD. Hence

3. f(x) ~ f(O) = f(x + y) - f(y) for an y € lR and all x f: B, x +O~·t. -1.

But 3. ist trivial for x = 0 and turns out to be true for x =.1. -1 by using

again f € C(lR) and x ---?" 1 (ar x~ - 1) in 3.

4. Hence g(x): = f(x) - f(O) i5 continuous on lR and satisfies Cauchy' s

equation. Thus g(x) = ax, i. e. f(x) = ax + f{O).

w. Benz

9. Remark (on F~nyö' s problem).

1) Let L = {xlf{x) f 0 }. Then one deduces immediately that

xeL A Yf:L

Now let L be an arbitrary subset of lR satisfying (.). Then the function

which i5 1 on L and 0 on the complement cf L satisfies Fenyö' s equation.

2) The property (1It) can be reformulated as:

3k.m €L such that x
2

- 2 kx+ m = O.

Using this l on~ can show that l except for the trivial cases

L= {O!, L= {tJ·, L mU5tbedensein(0. 00).

T. M. K .. Davison

r-~
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10. Problem and Remark. Let F and G be functions from

[0,1]. x [0 .. 1] into [0,1] such that

(i) F and Gare associative .. non-decreasing in eaeh place and eontinuous;

(ii) F(x.. 0) = F(O .. x) = 0.. G(x, 0)" =G(O, x) = x;.

(iii) F(x.. 1) =F(1 .. x) = x.. G(x, 1) = G(l .. x) = 1.

Prove or disprove that the wlique solution of the funetional e'quation

Remark. 1. If G(x, y) = 1 - ,F(l - x, - y), for all x .. y € [0, 1], the conjecture

i~ true.

2. The equation F(x,y) + G(x,y) = x.+ y, for all x,y€ [0,1] has been solved

'by M. J. Frank (Aequationes Math... 18 (1978), 266-267).

This equatio:"\ is unsolved in infinite intervals like [0, +00] or [- 00, + 00].

, C ....ljsina

11. Problem. What is the general solutio~ of the functional equation

.......-........:..;:.:..

f(z) = in! [ fIx) + f(y) I x + Y =z: . x, y > 0 J ';

where f i~ a funetion from IR+ into lR+. Note that the Dirichlet function

i5 a solution.

C. Alsina and J. Dhombres

12. Probl~m. Under what conditi~ns on fi : I~ IR .. i =I, ... , k, Ic lR,'

does there. exist a solution rp € Co, 'P' f 0, of the system of functional

equations

Ci being constants.

~he problem is connected with the transformation equation

F(F(t, uL v) = F(t, u + v), where we look for F satisfying F(t, c.) = F". (t), . .
1 ) 1 .
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. either by extending f i (i = 1, ... , k) inta a ane -paramete r group of trans

formations, or with aic:l of continuous iteration semigroups.

For some necessary conditions and for connections cf th~ problem with

transformations cf düferential systems with deviating arguments iota

differential systems with constant deviations, see F. Neuman: On trans

formations of düferential equat~ons and system~ w~th deviating argument~

to appear in Czechoslavak. Math. J.

F. Neuman

13. Remark anq. Problem (This is' areport on a joint work by J. Matkowski
. .

and W. Qgmska: Note on iteration of some entire functions).

Let f be entire or rational function. Consider the sequence of iterations

f 0 (z) = z, fn+1 (z) =f( fn (z )], n =. 0, 1, ... · . .

In. the iteration theory"an import~~ part is played b!' the set F(f) of those

points cf the complex plane cI: where {f } is not anormal family in the
.' n.

sense of Mantel. It is weil known that the set F(f) is nonempty, perfect and

completely invariant with respect to f.

In 1918 Latte constructed a rational function for which ·F(!) = et. In 1970

I. N. Baker proved that there is a 'k > e
2

such that F(kze
Z

) = cx. Matkowski

and QgiOska ·have proved the following

Theorem: F(2.~ 71"ie
z

) = Cl: for k =! 1, ! 2,

The question whether F(e
z

) =4; is still open.

M. Kuczma

14. Remark (presented by H. H. Kairies). The solutions f : lR --;.. lR of

the dif~erence equation

f(x + 1) f(x - 1) = f(x) + c, C ~ lR,

bave a remarkable periodicity property, dep~nding on the parameter c.

For example: If c = 0 resp. 1 then f has period 6 resp. 5.

A. Clausing
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Let f: IR+ x IR+~ IR+ be a continuous functien with

the following properties:

(a) f(a~ 0) = a~

(b) f(a~ bj = f(b~ a),

(c) f(a~ b) :> f(c, b), whenever a ~ c~

(d) f(a, f (b, c» = f(f(~, b), c).

In connection with his study ef the characterization of L -norms,
. P

F. Bohnenblust [Duke Math. J. 6 (1940), 627-640] has shown that if,

in addition, f(ta, tb) = tf(a, b) for all t > 0, then either f(a, b) = (aP + b P ) ~ ,

p > 0, or f(a, b) = Max (a, b). In order tc define a well-behaved Cartesian

product of a finite number of metric spaces, one needs a function f which

·satisfies (a) ~ (d) and

(e) f(a
l

+ b
l

, a
2

+ b
2

) ~ f(a
l

, a
2

) + f(b
l

, b
2

).

Find ·a "nice" characterization of the functions f that satisfy (a) - (d) and (e).

B. Schweizer

16. Problem. The following is a paraphrase of a problem posed by

Mourad Ismail of McMaster University. Determine the asymptotic behavior

as n --;.. co of the fun~tion defined by

P lex) = x· P (ax+b) + (1 - x)· P (ex +d), n = 1,2,3, ... ,
n+ n n

o < x < 1 an:i a, b, c, d given constants. The initial conditions of interest

are (i) P (x) =x and (ii).P (x) = 1 - x. A solution is known when
o 0

a = C or b = d = 0:.

T. M. K. Davison

17. Remark. Dr. J. Schwaiger has posed at this symposium the following

probleql. Let r
l

, r
2

, ... I be a sequence cf positive integers. Consider a
ri -.:L -::L -..:L...:!....

sequence f 1 , (f 1'1 ) r2, I ••• ' ( ••• (f"1 )... ) '"'" of fractional iterates
~ 4 ~

(here (f r, ) r2 iS. an iterative root cf order r
2

of the f r, etc.). Let us
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introduce the following shorter notation .

"1 ....:L i -1

f r 1 1'"2." • r n : = (... (f r f ). r Z ...),..n •

1 -f . *'1

Wh d th f rf fr1rZ. f~ (ben oes e sequence , , ... I ~ generat.e y

composition) a rational iteration semigroup?

The answer to this question is given in the following

Theorem. The ·sequence f?:; I ••• I f riO :'Tn. generates a rational iteratione semigroup of f Uf for every positive integer n there exists a positive integer

i such that n Ir1 · r 2 · .. r r
Praaf cf this theorem will be published shortly.

J. Tabor

18. Problem. Let S be a non-empty set and f a function mapping 5

•

into itself~" No regularity conditioos whatever are imposed on f. If f has

iterative roots of an orders (i. e. J if for every positive integer n, there

is a function g .": S~ S such that g n = fL can f be embedded into a
n n

rational iteration semigroup? I conjecture that the answ7r in g~neral"is no,

but counterexamples seem to be difficult to construct.

A. Sklar

19. Problem. Die Translationsgleichuog F(F(x, u), v) =" F(x, u + v)

Vu, V € IR hat nicht für alle F(x, I) =G(x) eine Lösung. Unter welchen

Bedingungen kann man aber zu gegebenem G weitere Funktionen G(1),G(2? .. ,:.

G(n) finden, so daß G = 0(0) 0 0(0-1) 0 0 G(l) und die Translatioos-

gleichu~g für F(x, 1) = G (k) (x) (k = 1, J n) l~sbar ist?

R. Liedl

20. Remark. lnconnection with a problem by Professor Liedl, 'I am

reminded cf an eId problem by Professor Moszner (Aequationes Math. 1

(1968), 150) which has remained open fi:r several years oow. Let, for any
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positiv.e integers n, k, D
k
n denot~ the class of th~se mappin.gs f: lR

n~ lRn
k .

which are of cl~s C ' in IR
n

and have ·a positive Jacobian throughout the

whole jRn. Let Q~ denote the class of those f € D~ for which there exists
n 2. 2

a Cf' € D
k

such that q' = f (where e:p = cp.. 0 <p is the second iterate

of Cf' ). It is known that n: f Q~. The problem is as follows: Can every

function f € p~ be represented as a superposi~io~ cf a finite number cf
n .

functions from Qk ?

n
f i € Qk ' i = 1, •.• p.

A positive an5wer to this .qUestion i5 known for n.= 1 .(M. Kuczma:

On squares of differ~Qtiable ~~nctions, Ann. Polon. M;ath. 22 (1969),

229-237).. .where it has been proved that p ~ 4,. But for general n the pr~blem..

is still open.

M. ·Kuczma

21. Remark and Problem. Let the set S be fixed and f fR ü f has
n

an n-th iterative reet. The theorem ef Dr. Rice can be interpreted as

follows. If f ER , gER there exist bije.ctions cx.. and ß of S such that
-1 ' n -1 n

~ 0 f 0 cx... 0 f3 0 g 0 {3 E: Rand similarly for the· othe~ seven cases.
.. n. .

. Since me,mbership in R depeflds 'on certain f~atures of the ~r,bit structure,
n . '.' ._'. ,.,,_~.,;..:

but does not determine the struc~r~ entirely (theore~s of R. Isaacs and

G. Zimmermann, S. Lojasiew!c~, M. Bajr~arevic, A. Sklar) the foll~.

wing questions offer th,emselves (they may lead to results stronge.r than the

Rice-theorem):

1) Under what conditions on f, g, h: S~ S da there exist bijections
-1 . -1 ß -1

cx I ß ' 0 : S~ S such that Q., 0 f 0 cx. 0 ß' 0 g 0 = ö 0 h 0 r ?

In the class of functions where this is true , an arbitrary orbit structure

can be· produced composing suitable functions with given orbit structure~.

2) Given two arbitrary orbit structures'on S, do there exist mappings f, g:

S~ S such that fOg has one orbit structure and gOf the . other ?

Gy. Targonski
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Let A' be an arbitrary set. Suppose that a function

f : A~ A has ~~rative' roots of an orders. Prove or disprove the follo

wing.

For every positive integer n there exists an iterative reot of f of orde"r n

which has again iterative roets of all orders.

The problem -1 8. ef A. Sklar can ~e- reduced to this problem.

J. Tabor

23. Remark and Problem. Clelia Marchionna could prove several regularity

theorems about generalized. Cauchy equations,' which give a partial solution

to a problem, posed by mys~lf on the 16
th

Sym:posium on functional·equations

1978 in Graz. For simplicity we only consider a special case of her results ..

which will appear in Boll. Unione Math. Ital. .

Theorem

(a) f,g,h: IR~ lR

(b) F.H: R,XlR~ lR

(e) for all x, y €:IR the .partial derivates F", F' are continueus, dUferent
x y

from 0, and F 18 surjective for all'XE:]R (F .(y): =F(x,y))x x
(d) Hf: Z(IR) -~ tOR) '.' - ·

(e) g'is measurable or has the Baire-property

~ f continuous.

Tne class Z(lR) contains, for in~tance, all continuous functions H, such

that for a1l .y (lR the partial derivate H' is continuous and different from O.
'. ., .y _. . ...

Question: Is the conclusion of the above theorem also true for all H € e (lR.) ?:;. . ,

W. Sander

I·

24. Remark. Results reported in my lectu~e ~an be used to prove that all

ß-recursive inset entropies ([3 +0,1) whieh are symmetrie have the form
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1: (3 n

J
"=l t(E.)p. - o( ~l E.)

J J J= J

far same arbitrary map ö: B ---?- IR, where E. € B, a ring of sets,
J

ror all i = 1,2, ... ,n, and E.n E. = ep for all i fj. For (3= 2. this
1 ]

proves a conjecture cf Aczel and Kannappan.

This conjecture has also been proven in another way by Aczel.

B. Ebanks
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