
MATHEMATISCHES FOHSCHUNGSINSTITUT OBERWOLFACH

Tag u n g s b e r 1 c b t 29 /1980

Orders and their applications

22. bis 28.6.1980

Die Tagung fand unter Leitung von Klaus Roggenkamp (Stuttgart)

statt. Ein, guter Teil der Vorträge stand unter dem Aspekt von An-

wendungen der Darstellungstheorie von Ordnungen. Hier sind 1n8-

besondere zu nennen:

1.) 3 Vorträge von W.H.Gustafson über die geschichtliche Ent-

wicklung von Ordnungen, beginnend mit der Komposition qua-

dratlscher Formen über elliptischen Kurven und komplexer

Multiplikation zu Anwendungen in der Zahlentheorie,

2.) Vorträge über Anwendungen in der Galoismodulstruktur von·

A.Fröh11ch, J.Queyrut, J.Ritter, L.Scott, M.Taylor,

St.V.Ullom,

3.) Zusammenhänge mit der Topologie: Die Wall'schen Arbeiten und

neuere Ergebnisse von eh.Thomas,

4.) Quaternionenordnu~gen für minimale Modelle in der algebrai-

sehen Geometrie ternärer quadratischer Formen: J.Brzezinski,

5.) Grothendieckgrupp~n von Ordnungen, deren Studium aus der

Differentialgeometrie initiiert war: 1I.Bass,
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6~i,K~~~tallographische Gruppen: :W.Pleskert.

Daneben 'wurden "euere Entwicklun'gen in der Darstellungstheorie

der Ordnungen behandelt:

1.) Zeta-Funkt ion~~ auf Ordnungen: I. Reiner - C. Bushnell. '

2.) B~ina,he zerfallende Sequetiz~n,;:AuSlander~ReitenGraphen"
~ori,Blö~ken:undDarstellungstypen von B~acken:

M •Auslander , Ch •Bessenrodt , M.C.R. Butler-, -E.Dieteriehs, el
.R.-G.Quebbemann. Th.Theohari-Apostolidi, A.Wiedemann.

3.) K-Theorie und Klassengru~pen: B.Magurn, L.McCul1oh, M.Stein,

S.M.J.Wilson.

4.) Einheiten in Gruppenringen: G.Cliff, H.Zassenhaus; B.Sandling

hat über die bisher unveröftentli"chte', Dokto~arbeit von

G.Higman berichtet, die 1940 schon" sehr viele in 'den letzten

Jahren erneut bewiesener Resultate enthält.

5.) Projektive Moduln und Auflösungen: ~.L.Alperin, ~.F.Carlson,

P.J ..Webb.

6.) Relationemoduln und" Zerfall des 'Augmentatlonsi~eals:

W.Kimmerle, J.Wil11ams.

7 .) "Algorithmlsche Bestimmung von Erzeugenden bei Hauptidealen :

O.Taussky-Todd.

8.) Halbgruppenarithmetik in Asano Ordnungen: E.-A .. Behrens.

Zu meiner. großen Freude konnte von den .·acht eingeladenen sowieti-

sehen Wissenschaftlern Frau' L.Nazarova ka,minen, die .über Darstel­

Iun'gen von teilwel. se geordne.ten Mengen vorgetragen hat. Zu Ge~

sprächen mit Frau Nazarova sind am Dienstag P.Gabriel und am

Mittwoch-Donnerstag C.M.Ringel nach Oberwolfach" gekommen.
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Trotz der durch Vorträge ziemlich ausgefüllten Tage fanden mathe­

matisch fruchtbare Gespräche statt, und auch das gesellige Leben

k~ nicht zu kurz.

Zusammenfassend glaube ich,' sagen zu können, daß die Tagung für

die Teilnehmer sowohl Initiativen für die eigene,Forschung ent­

4It hielt. als auch einen Uberblick über die relevante~ Entwicklungen

unä Anwendungen gab".

Teilnehmer

Alperin ,. J. L., Chi~ago

Auslander, M., Waltham

Bäckström, K.-J., Göteborg
Bass, H., New York .

Behrens, E.-A., Ham11ton

Bessenrodt, Ch., Essen

Brzezinski, J., Göteborg

Bushnell, C.J., London

Butler, M.C.R., Liverpeol

Carlson, J.F., Athens

Cllff, G., Edmonton

Dennie, R.K., Ithaka

Dieterich, E., Bielefeld,

Fröhlich, A., London
van Geel, J., Wilrijk

Gruenberg, K.W., Londen

Gustafson, W.H., Lu~bock

Halter-Koch, E., Essen

Janes, A., Sao Paulo

Keating, M.E., London

Kimmerle, W., Stuttgart

Kuku, A.O., Ibadan

Lorenz, F., Münster

Magurn, B.A., Norman

McCulloh, L.R., Urbana

Meyer, J., Stuttgart

Michler, G., Essen

Nazarova, L.A., Kiev

Oliver, R., Aarhus

Plesken, W., Aachen

Quebbemann, H.-G., Münster

Queyrut, J., Bordeaux

Reiner, I., Urbana

Reiten, I., Trondheim

Ritter, J., Heidelberg

Roggenkamp, K.W., Stuttgart

Sandling, R., Manchester

Scharlau, R., Bielefeld

Schmid, P., Tübingen

Scott, L., Charlottesville

Stein, M.R., Evanston

Straoker, J.R. Utrecht

Taussky-Todd, 0., Pasadena.

Taylor, M., Besan90n

Theohari-Apostolidi, Th.,TheBsalonik~

T~omas, eh., Bonn"

Ullom, St.V., Urbana

Webb, P.J., Cambridge

Wiedemann, A., Stuttgart

Williams, J., Garden City

Wilson, S.M.J., Durham

Zassenhaus, H., Columbus
                                   

                                                                                                       ©



·Vortrageauszüge

'- ·1

. ' :~ .
..':. .

J.L.ALPERIN: Pro.1ective modules and resolutions tor finite groupe

·A Burvey of recent work on complexity of modules and' related,:.top.i!-?B..

Ttie tatest· developments invotvecertain atfine algeb~ß:i~ ·vari.:eties.

which can be' attached 'to modules.

M.AUSLANDER: Preprojective lattices ovar orders over Dedekind

domains'

. The nations of preprojective partitions and preprojective .latti­

. ces were presented" together with outlines of their .ex·istence

t·heorems.' It. was also show that an orderie of finite type ''-ir

and' only If everylat.tice Is prepro.1ective aso weIl as ·the fact
, .

that therDn-preprojective lattices have no splitt,log projecti,~'~S.

aod have n~ finite cov~rB~ at least w~en the order i9 in a sim~le

algeb~a.

.e,

.~. +.

H.BASS: 'Lenstra's Calculatlon of G(n[Tl])

·Di f feomorph lsmB

and Morse-Snulle

'Let f:M .. M: .be D. difr.e~morphism of a compact -,smooth manifold.

Shub Rnd Sul11van proved: f Morse-Smale = the .eigenvalu~s ~f

f.:ß.(M,O)~ are roots cf unity. Shub and Franke foun'd an obstruc-·

tion to the, converse, which'lives in a group here'denoted SSr;

they p~posed calculating SSF. Two presentntions of SSF were

o~tRlned by myself and by Dan Grayson.' With neither of thes~ how­

eve~ cöuld .e decid~ whether SSF * 0 .' Lenstra later solved the

pro~lem, uslng the first prese.ntatlo~·, by provingthat
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Pie CZ (C , 1;n])
n

Thls 18 easily deduced from the foll0!iing beautiful formula, C.).

If R 19 a noetherian ring write G(R) for the Grothendieck

group of finltely generated R-modules (+ exact sequences). Let

n be a finite abellan group. Then there i8 an isomorphism

G(R[n ]) EB G(R(p»
pE C(n)

Here . Cen) denotes the set of eyelle quotient graups of ~ .

11 p E C(") has order n , aod generator t J then R(p)

R(p) rk] where R(p) R[p ]/cpn (t)R[p], and 'CPn i8 the n th

cyclotomic polynomial ..

E.-A. gEn~ENS: A non-commutatlve arithmetic for semigroups

and it8 application to Asano orders

Let {Ol J i E I} be the set of maximal orders, equivalent to the
~

Asano order ()1 = 0 in 1t8 quotient ring 21 The common product

AhiBjk of two normal ideals 18 normal again, but if A~ and Bjk

is integral then AhiBjk 18 integral iff i = j. Instead of

Brandtts limiting the products to a partial groupoid the author

extends the proper produets to a new multiplieation on the set ~

cf normal ideals by defining A
htO

D
jk

= Ahi ·M
ij

· Bjk , where M
ij

i8 the distance from ~i to ~j • This gives a completely simple

semigroup (~,O)' partially ordered under ~, with the set 6

of nor~al integral ideals being a subsemigroup. Then (~10 ~1) +

(l) 0 \9 1 ) = ~ 0 ~ 1 def ines a V-semilat t lee 8t ructure 011 I wh ich
k ivk

together w1th the bound functlon "()io0kO()t = (bd(i,h»()i from
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, I x I t:o the gro,up . es of the (0,,0) :-ideals de,termil)f!!,B th'~ arith~

metie cf 5 completely.

The whole theory can be generalized to a ~onvenient setting

in the theory of semigroups by replacing' the moduletheoretic

,arguments in the 'classi~al.theory by:semigroup' theoretical oO'es."

......

CH.ßESSENRODT: On blocks of finite lattlce' tyPe

Let G be a finite group, p a prime number dividiD~ IGI , R,

a finite unramified extension of .Zp .
proposition: 'If D is cyclic af'order 2p then all indecompo-

eable RD-lattices are absolutely indecomposable .

. Now suppose R/J eR) i8 a splitting fietd for G and its sub-

graupe then the following main reeult is proved:

Theorem: Let· B 'be a block of RG wJth ~ycllc defect group D,

inertial degree t '. rhen

(1) Every absoiutely indecomposable RD-lattice "induces" ex.actlY

t non-isomorphie indecomposable RG-latt.f'ces in B.

(ii) There 18 a vertex-preservlng bijection between the ,set of

n~or~1ts of absolute1y indecomposable non-projective RD­

lattices and the setof n-orbits of "induced" RG-lattices e
1n B.

(ii1) All n-orblts are finite and n-orbit~ of Induced lattices

have length t or.2t corresponding to n-length 1 'or 2

of the n~orblt of n sou~ce.

With the above'proposition we have tbe following corollary to

the theorem:

Corollary: Suppose Inl = p2 . Then
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(1) B has exactly (4p+l)t indecomposable RG-lattices which

are all generated by 2 elements.

(11) There i8 a vertex-preserving bfjection between the set of

n-orbit~ of indecomposable non-projective RG-lattices in B.

(11i) All o-orbits -of indecomposable non-projective RG-latt.ices

in B have length 2t. ODe of the orbits consists of all

RG-lattices in B with vertex of order p .

J.BRZEZINSKI: Algebraic geometry cf ternary quadratic forms

and orders in quaternion algebras .

in Q are precisely the Gore.nstein

proj(A[Xo ,X
1

,X 2 ]/(f) 18 regular

If and only if the corresponding order O(f) 19 hereditary.

Let f E.A[Xo ,x1 ,X 2 ] be a quadratic form with coefficientes in

a Dedekind ring A' (ar, more generally, .L an A-lattice on a

ternary quadratic spac~ (V,q) over the fiel~ of fractions F of A).

The quadratic form f .defines two objects: a projective SpecA­

schema M = prOj(A[Xo ,X1 ,X2 ]/(f» and an A-order O(f) in a

general1zed quaternion algebra Q over F - the even part Co(f)

of f.of the Clifford algebra C( f)

Theorem 1: The orders O(f)

e orders in Q

Theorem 2: The SpecA-scheme

Theorem 3: Let Alp be per feet for each prime ideal E ESpecA,

e F (0) , aod aSSume that E does not divide the.discriminant of

the hereditary order O(f) . There 18 a ODe-to-ODe correspondence

between the k(e)-rational points of the fiber M
e and the inte-

gral (Ieft) O(f)-ideals with norm equal to e such that elemen-

tary transformations at two k(e)-ratlonal points of M
')

give
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isomorphie ,SpecA-schemc.s if and on1y if the rigl~t orders o~. th~

1eft ideals corresponding to these points.are is~morphic~

We apply these results to some arithmatical questi~nB conser­

ning integral representations by ternary and qu~ternary quadratic

forms.

C. J . BUSJINELL I.REINER: Zeta-Functions cf Orders

Let· A· be a finite-dimensional semisimple Q-algebra, and A an

order in A . SQlomon induced the zeta-functlon

1: (A: L) -8

LSA
sec, R (s) large

where the sum i9 taken over all teft ideals of h of finite in­

dex in A . SpeciRl cases ef thi~ have a leng histery, n~tablY

the Dedekind zeta-funetten and the Hey zeta-function (where A

1a simple, A is maximal) .

Usin-g a subscript p to denote. completion at p, we have

•••
'A (s) = n C

h
(s) where 'A 18 the obvious local analogtie.

P p P

of '" . ,If A' i8 a maximal order in A containing: A

'A' (s) may be computed explicitlY in terms of ttte Wedder~ur"u

'Btruct~re of A. Morerive~, we have Ap A~, and hene.

'A - 'A' , for almost all p .. The first major resutt is that
p p

the "correct ion factor" <p (s) = 'A (s) I',\, (s) is a polynomial
P p P

-81n p w1th" coefficients in Z. In the specia'l case . A ~ RG .1

R the ring of integers:ht a number field, these (pp have .. a symme­

t~y, or funetiona1 equation ~ (s) = (h':R 0)1-2S. (h-S) consistent
p p pp"

with the functional equation of 'h'

The results are prov~d by expressing the 'A ns loeal" integrals,
p
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as in Tate's thesis. It i8 easy enougb to generalize Tatets

work to .cover the problems at hand. Alternatively, ~ne may ap­

peal to the mucb more general work of Godement and Jaquet in

this d1rection.

M.C.R.BUTLER: Grothendleck graupe and almast spllt sequences

Let e denote either the category of finitely generated modules

over an Artln algebra, or the category of lattlcea overan order

over a complete d1screte valuation ring of rank 1 in a semisimple

algebra. The~ f possesses almost spli~ sequences, namely the

representat1ves of non-zero elements in the Boeles of ~ctors

1Ext (-,A) " A indecomposable. Suppose also that f has only

f1nitely many indecomposables, so that the Ext 1 (_,A) functors

bave finite composltion length. Using induction on these lengths,

I showed that tbe Grothendieck group of f may be presen~ed as

the group generated by the objects A,~,CJ ... module ooly these

relations B = A+C corresponding to sequences 0 ... A .. B .. C .. 0

which are elther split exact or almost sp11t exa~t. This means

that the combinatorial"structure alone of the Auslander-Reiten

quiver of"e suffices to define.uoiquely the composltion faetor

structure of the indecomposables in f .

J.F.CARLSON: The varieties cf a module ovar an elementary

abellan.group

Let K be an algebraically c'losed field of characteristic p>O,

and let G = <.x1", ... ,xn) be an elementary abelian p-group. To

any KG-module M , we may associate two vari~ties V(M) and WeM)
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in Kn . The first 18 the zero element together witb the set

of nIl a - (al, ... ,an )

does not act freely on

BUch ·that the unit 1 + E ~i (xi-I) E KG
1-1

M . The ideal of the variety WeM) 18

related to the annihilator in Ext~G(K,K) of t~e elaes of the

identity el'ament in Ext~G.(M,M) . It 19 shown that V(M) =. WeM) •
..

90th varieties have dimension equal tö the complexity of M .

One consequence of these results i8 arecent theorem of Kroll .~

which characterlzes' the complexity of M in" terms' cf the order

of G and of the maximal generalized Bubgroup ~f units in KG

that acts freely on M .

G.CLIFF: On units of integral group rings

Let U1 (ZG) denote the units of ZG of augmentation 1 , for a

finite group G. We consider the following problems:

1) Does 1 .. G .. VI (lG) spIlt?

2) If so, i9 the kemel torsion free?

1) was ralBe~ by K.Dennis, and 2) by D~PassmaD. We show. that 1)'

and 2) can both be answered in the affirmative, lf G 18 a meta-

belian group having an abelian normal subgroup A. with ~

Cl Al, [G:AJ) :2 1 t aod 'AI,. ,odd. CThis 1s joint work with S.K.

Sehgal aod A.Weiss.)

E.DIETERICI1: Representation types of gro':!p rings ave±- complete

discrete valuation rings

Let R be a complete discrete valuation ring with valuation v ,

a finite group, A = n~,' and C the category of A-lattices.
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.Ca!! A to be of"wild representat1.on type" 1f there exists a

full subcategory of e whi~h 18 rep~e8entation equ1valent to

the category of matrix pairs ovar some field. Cal1 A to be of

Ittame representation type", if 1t 18 neither of finite Dor of

wild type.

Examples have been given, where the representation type of A

can be determined by relat1ng C to same category of represen-

tations of aposet or a species:

1.) If A c:I RC 2 , P > 2 , 1 < ,,(p) < QO, then h is of wild
p

representation type.

2.) If A ~ RC
p

, p'> 2 , v(p) = 2 and the.p-th cyclotomic

polynom1al decomposes ioto two irredueible faetors, then A

18 of finite representation type, and has 2p + 3 indecompo-·

sable lattlces up to lsomorphism.

3.) If A c:I RC3 ' ,,(3) = 2 and If the third cyclotomic ploy-

Domial 18 irreduclble, then there are 7 1ndecomposable A-lat-

tices up to lsomorphism.

A.FßÖHLICH: Hermftian class groups

The motivation comes from the trace form on number fields or

Ioeal fields. The object of study are Hermitian modules (X;h) ,

·given by a locally free 8-module X aod a Hermitian form on

X ~b A over A, where A i8 a semisimple algebra w1th invol­

ution, D an order on A admitting the involution. The ~roblem

solved i8 the generalization of discriminants cf lattices .ta thls

situation.
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W.H.GUSTAFSON: Orders in geometry, t?pology nnd "umber theory

We diseuss the his~ory of .the theory of orders, with emphasis

on the app-lieations that caused its development. We hope to out­

line eonnectfons .of the th~ory with the classification of elliptic

curves and constructive classfield theory, with Burgery of mani-

folds, with holonomy of flnt,nffine surfaees, with chrystallogra- .

phy and with the arithmetic of.aIgebraic number Helds. ·e
W.KIMMERLE: Relative·relation modules aa.generators

Let G be a group, H < G ß'nd F a free group .admitting an .

epimorphism· A fram F * H onto G such that A restricted".

to H i8 t he ident i t y. Denote by K the kernel of ~ " ·tJien

~/[K,~] viewed via conjugation aa lG!lattice-is called a relation"

module of G relative to H .

Using this relatlvation ane obtains the fol1owing integrai-repre­

sentation theorntical characterization of finite groups. Equi-

valent are

( i ) [ G,.G J i s not nilpot en t .

(li) All relation modules of G relative to at least one maxi-_

mal subgroup are. generators.

(111) All relation modules of G relative to ai least one sub-

group are generators.

It should be noted that a characterization of finite'groups by'

considering only .ordinary relation modules (n=!) with respect

to the generator property eeems to be far from solution.
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8.A.MAGURN: Vass of units in the Whitehead group

It 18 conjectured for finite groups G, K1ZG 18 the direct

product of SK1ZG and stabilized unlts. This 18 proved for di­

bedral groups" and a simple form of repre~entative units 1s used

to solve realizability problems by Wh1tehead torsions of self­

equivalences of connected finite CW-complexes, and of finite

CW-pairs.

L.R.MeCULLOH: Sticke1berger relations in elase graups' of orders

in abelian group rings

Let G be a product of cyclic groupe of order In, and let H

be its Iargest elementary abellan Bubgroup. The group algebra QG

decomposes,as Q(G/H) X A. Let

projection QG .. A. (When G

A be tbe image of ZG

18 cycl1c, h c. Z[~n].)

under

The"

Stlckelberger relations and associated class number formulae for

cyclotomic fields are generalized to the order "A and its class

group Cl(A).' When G 1s elementary abelian, these results

apply dlrectly to CI(ZG). The Stickelberger ideal needed 18 a

relative.of one used by Kubert and Lang to describe cuspldal di­

visor class graupe of modular function fields.

L.A.HAZAROVA: Poset representations

Let ~ ~ {a1 ,Q2, ... ,an} be a finite partially ordered set (poset).

A representation S = (V,V1 , ... ,Vn ) of the poset ~ over the

fleld k 18 given by s~bspaces Vi of the finite dimensional

vectorspace V for each a 1 E ~, such that 1f a 1 ~ 0j ~ then
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Vi c:. Vj •

It 18 easy to deftne representations of posets over rings., consi-

dering finitely generated k[x)-modules instead of vect~rspaces.

Posets of infinite type (having infinitely many indecomposable

representations) are devided into two classes: tame aod wild.

A poset ~ has tarne type (over k), if it has infinite type and

for every dimension d there exists a finite set Md(~) of re-~
presentations of !R ... over k[x] (k[x]= the ring of prilynomials

in one variable) Buch that almost all indecomposable representa­

tions ev,v1, ... ,vn> of m of dimension d ov~r kare ob­

tained by a representation (V,V1, ... ,Vn > E Md(~) in the follow­

lng way: V = V~ B, Vi = Vi 0 B, for some finitely generated

k[?C]-module B

Posete of tarne type are naturally devided into two classes:

1.) finite growth, for which the number of representations in .

Md(~). 18 bounded by a fixed number N far all dimensions d;.

2.) infinite growth or Gelfand's pasets for whlch the number of

representations in Mdem) increases infinitely 91th increa­

Bing dimension d.

Theorem (Zavadski, Bondarenko, Nazarova):·· A pose~ . 91 1s of

finit~ growth, If and"only If it does not contain the Bubset

G 1><1
Moreover, N = 1 for all the posets of finite growth. A domestic

criterion was given, and the complete list of faithful poseta of

tame type.
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W.PLESKEN: Algebraic Aspects cf Crystallographr

Some basis problems in the theory of. c~ystallographic graupe can

be solved by methode of the theory of o~ders. The following prob~

.lems are relevant:

(i) Find al~ sublattices of a ZG-Iattice L, which have

finite index "in Land decide isomorphism (G a finite

group).

(1i) Decide iBomorph1sm of two given ZG-lattices and construct

an isomorphism, if 1t exists.

(11i) Find a f~n~te set of generators of the u~it group of a·

given Z-order (usually the centra11ur-ring of a finite

subgroup cf GL(n,Z) in Znxn).

These problems "and tbeir background in the theory cf, Bpace groupe

were dicussed.

H.-G.QUEBBEMANN: Integral orthogonal and symplectic represen-

tations cf the eyelie grauE cf prime order

Let n be the cyelic group of prim~ order p The classifi ... '

cation of.representat~ons n ~ SP2n(Z> ie reduced to the classi­

fication of certain skew-hermi t ian forms ovar l ['], ,* 1 ,

a pth root of unity. The corresponding result for orthogonal re­

presentations 18 weaker, but allows e.g. to classify eelfduai .

lattlces L C RP+1 with the property that . p divldes lAut (L) I .

If C-- kernel of the norm map CO(')" CQ(C+C-1) (CK 1:: ideal"

class group of K) has odd order, then there 18 a bijectlon be­

tween classes of such lattlces and pairs (~,y) , where 8 18
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a reduced positive definite form

(.!) = -1·, and '( 1s an orb! t of
P

(a b) such that
b c

Au t (0 ( , ) /0 ) in

ac_b 2 = p ,

J.QUEYRUT: S-Grothendieck graupe and Galois module structure

.af rings cf integers

Let N be a number field and r a group ~f automorphisMs of" N •

The ring of integers of N. ZN hns a z[rJ-module structure. The ~
descrlptian of the structure of ZN Is achieved with the help

of new Grothendl~ck groupe. Let S be a set of primes of . ZN ;

we denote by R~(Z [r]) the Grothendieck group of t.he categ~ry

'~l:Cz[rJ) of Z-torsion free finitely generated modules M. which

are lo-cally project"ive outside of Sand we denote by [~] the

class cf such a module

wilctl.y rami f ied in N,

eider the element UNIK

M _ If S co~tains the p~imes which are

ZN is in fS:l~CZ [r 1>. eine can nowcon-"· :
. "'S

[ZN] - r[z[r]) cf the group ~o (Z[r]),'

where r

subgroup

1s the rank of ZN. Firstly,

Sio S(Z [r])' of .RaS(zCr]) . Let

UN/K i9 in ~he torsion

~EBSCt[r]), be the tor- .

s'io~ subgrouJ} 0 f the ·Grothendieck group wh ich Is ·.B.ssociated· to . ....

the category of Z-torsion free, fInitelY' ge~erated z[r)-modulus.

Rnd which 1"s defined modulo the exact sequences which split out- "e
aide of- S. There 19 a surjective homomorphism from R Bezrr ])o

,..., S
in f»EB CZ [r J) - ~he image of UNIK 1s trivial. .To show. this'

result, I-give a complete description of these.Grothendieck .

graupe and more generall3 I define and describe S-Grothendieck

graups of 'an order in a separable algebra.
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I.REINER (s.BUSHNELL)

J.RITTER: Fröhliche Klassengruppen

~ The alm of my lecture was to glve areport on Fröhllch's descrlp­

tion ~f tbe elass group CI(U) of locally free U-lattices for an

arlthmetic order D sitting in a sem1s1mple algebra A.

Denote by Z the eentre of A, by J(Z) the id~legroup of Z ,

and by U(ft) the group of un1t ide~ of n

finally denote by nr the reduced norm from

that 18 U(21) =0 21 *.
, pp'

A to Z. Then

CI(D) ~ J(Z)/Z*nrU(ft) , and, moreover, one has a cance!lation pro­

perty whlcb means that two Iattices of ~ank at least two are 180-

morphic If and,onlY If they Induce the same element in Cl(~) ,

tbis fact belng also true in eBBe of rank 1 1f A satisfies the

Eichier condition. When D = DKG which i6 the integral group

ring of a finite group G over the integers of a number fleld

K., one can nicely separate the components of Z by uSing the

characters of G to get Fröhlich's fundamental isomorphism

CICDKG) ~ Hom~(RG,J(E»/ßom0(RG,E*)Det U(21) and also to get

the correspondlng isomorphism with respect to the kerne! sub­

group whieh shows up when ~KG 1s embedded in some maximal

+ + ~order: D(~KG) = Hom4,l) (RG, U(~E) )/Hom~ .. (RG,lDE)Det U(f.l) • There

RG denotes the ring of virtual complex characters of G J E

18 same splitting fleld for G and a finite Öalois extension
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of K with group 6, aod Det(a) , for same unit Id~le a

1s the homomorphism 'which sends an irreducible character X to

det(T (a» , T be1ng the corresponding representation. The'
X· X

+'sign in the de~cription for D((!)KG) iodieates that only those

homomorphisms are to be considered whose values at tbe irredu~

cible characters of the Schur index 2 ov.er the reals. ·are poSi­

tive at each infinite place cf E. - Th~se bomom~rlih:ism graupe

reflect very nicely ·the functorial behaviour of the class groups

with.respect to field embeddinge and various group homomorphisms.

An essential example in the theory is the ring of integers .OL

cf a Galois extension LIK witb group G , viewed aa ~ DK.~-mo-
A

dule. f1 i8 locally free if and only If the extension is tamely

ramified, and in this case in CI (OxG) it 18 represented by the

homomorphism X ~ (blx)/(alx) , wbere a generates a normal ba­

sis of· L'K and (alx) i9 Fröhlic~s generalized resolvent,.na­

mely (alx> - det( ~ aV T (y-t» , aod where b 18 the Idele
veG X

giveo ~Y <OL,P= b.,()K,pG and where again '(blx-> Is Its resolvente

. :

R.SANDLING: 'Graham Higmail's thesis

The contributions of Graham Higman's 1940 thesis, Unlts in Group

Rings, are not widely knoWn: most of the results bave been redis­

covered over the ·years. In it many yet unsolved .problems are ra~­

sad for the first time such as the isomorphism problem and the

existence of zero divisors and non-trivial units for the case
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of torsion-f~ee graups. The classiflcation of group rings having

only ·trivial unlts, done for ZG in his earller pape~ of the

same title, i8 completed for RG, R an arbitrar.y ring of alge­

braie integers. ~t 18 ba~ed on a eomparison 01 U(RG) ·with

U(M). M a maximal order ~ontalniDg RG. The interpretation

of RG aa an order 18 also used for other purpose~. Most of the

significant resu~tB on units of finite order which ara known" at

present appear. They are established by methods (representation

theory, augmentation ideals) now taken for granted. The finite.

~ubgroups of U(RG) for certain finite metabelian graupe are de­

termined: for the nilpotent eRse, in which the main ideas of the

proof of the isomorphism problem far the general finite metabe­

liao group are .present; for the ease of the affine group of a

field of odd prime order, in whieh an explicit integral represen­

tation 18 constructed. For infinite graupe, the two unique- pro­

ducts condi t ion 1s' introduced aod exp10 i ted. .

L.SCOTT: Hecke actions on Pieard groups

. This work 19 joint with Klaus Roggenkamp, and was inspired' by

Robert Perlia' paper on arithmetically equivalent number fields.

We formulate Perlis'method 1n termS of functors, and ebserve'

this gives improvements in elass group theorems of Nehrkarn and

Walter. In particular we show the eIass group of an abelian ex­

tension KlO ean be computed in terms of the elaes graupe of
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K" for G~l ranging over the elementnry (in Brauer's sense)

quotient graupe cf the"Galois group of K. We show, moreover,

t~at Perlie' method 18 quite general and holds for" Plcard graupe

of commu·tative rings and usunlly even for schemes.· In" particular: ~.""

.we p~~.ve

Theorem: Let G be n group acting on a commutative ring A

Then there is~cont.ravarlant additive functor from the category

of permutation modules for G to abelian graupe, which for" an-~'

Bubgroup H of G, assigns ZG~I to PicAH .
: .......

An important ingredient in the proof 18 a relative Pica~d

group similar to the locRl1y free Picard group introduced by

Fröhlich for orders: Let (s,~s) be a ringed space and A·· a
commutative ~s-a1gebra. Define S-PicD to be" the set of 180­

mo~phism classes of ft-modules tor which there 18 an open c~ver .~.

U of S with Cßt/ti DII 21 /u for each U in U A standard ",

argument Shows S-Picft ~ H1 (S,!·) . Now the idea ~s to consider. #

tne composition of functors ZG/H ~ U*H ~ U1 (S,U*H) where- G

acts on U • and thert to use commutntive algebra to return to
. absolute Picard groupe.

M.R.STEIN: !2 cf integral group rings
. -1..-

Algebralc K-the.orists have recently developed several refinement's"

of Mayer-Vietoris sequen~e tec~niques which allow the computation

of the K2 'S of certain integral grpup rings of interest to topo-
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logists and number tbeorists. The principal new example dis~

cussed in detail was

K2 (Z[C2 x Ci]) i9 an elementary abelian 2~group of rank 6,

wbere C2 18 a cyclic group of order 2.

O.TAUSSKI-TODD: Some facts concerning integral representations

of ideals 1n an algebraic number field

An integral ~epresentation by n x n matrices given for ideals

1n an order of an algebrn1c number fleld of degrae n via a re­

gular representation cf the field referred to a basis of inte­

gers. It 18 .known that tbe ring Znxn of integral matrlces 18

ä prlnclpa~ 1de.l ring and that any set of elements in this ring

has a greatest commo"o right divisor (g erd) wbich can be obtaioed

by a routine methode This method goes back to Du pasquler. The

ger d ·18 determined up to a unimodular faetor on one aide. Let

Go be a repr~sentative of this set for an ideal Q • It was

shown by Mac~affee that Go i8 a so-called ideal matrix (a con­

cept going back to Poincare), 1.e. a matrix whieh transforms a

• basis w1 ' ~ ...• Wo

ideal

for the order ioto a basis a1, ... ,an

~Q [::1 [::]
for the

The determination of Ga· 18 of importance for findlng the gene­

rator of a prinepal" ideal. Sueh a generator 1a an äement of the

map of the ideal. However, a unlmodular faetor of Ga may pre­

vent th1s happening bere; henee further work i8 necessary to de­

termine a faetor U, wb1ch when multlplied by a part1cular ~
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commutes with all the elements of the ideal.'This leads to a

set of linear equations, which e.g. for n ~ 2 ,has a solu­

tion depending on 2 parameters. Ta ensure that U Is also uni­

modular leads then .to constructing a binary quadratic form In

these two parameters which has to assume the value +1 or -1.

If the ideal 18 not principal then for all unimodular U'e tbe

product of U and Ga will not cömmute wlth all the elements e
of' the map of the ideal. Renee G generates as one-sided prin-

Q'

clpal ideal in Znxn In the' case n -- 2. Ga for a ~on-priD-

cipal prime ideal has eigenvalues in Some quadratie field In

which the corresponding rational prime number splits ioto prlD-

cipal ideal factors.

ST. V. TAYLOR: Fröhlich's conjecture and logarithmic

methode

The talk started with a statement of the theorem that Fröhlich's

conjecture holds for any ring of integers of E of a Galois ex­

tension of M with the property that the prime divisors of CE:.)

are non-ramified in EIO·. The remainder of the lecture was devoted

to a description of the algebraic tecbnique used in the proof e
of this result. Io.particular the usa of a'new "integral" loga-

ri thm on the group of determlnan ts of 10cal group·· riitgs was des-

cribed.

TH.THEOHARI-APOSTOLIDI: On Integr~l representations o~

twisted group rings

Let R be a complete dlscrete valuation ring with quotient fleld
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a Galoie extension of finite degree w~th Ga101s group

G , the valuation ring of Land P (resp.P)
o.

the.pri~e

idealof R (resp.S).

The purpose of this lecture 18 to give some r~sults about the

representation type of the ~wisted group ring It a SOG. Thls iS
in

e . weIl knownVfhe eaBe of tame extensions, but here the general ease
ramified

18 examined, ineluding the Wildlyvextensions. The· main theor~m

18 the following:

A 18 of finite representati6n type If and only if tbe first
. GI

ramifieatiOD group--of the prime ideal P in ·the extens'lon L/K

18 of order 1 or 2 . If G a G1 aod 'GI~2 the integral repre­

sentations of Aare eharacterized by the three non-isomorphie

indecomposable A-lattices A, S, P . In this la$t ease radh~'

radr, where

containing

of A •

r 'ia the intersectlon of maximal order~ In LoG

tM
A . This permits aaslly the computatibo of C-function

••
CH.THOMAS: Integral representations in the study of finite

Poincare complexes

Let r be a finite group and D(Zr) the subgroup of the pro­

jective class group consist1ng of elements [p] such that p

becomes free over a maximal order mr S or. If (r,t) denotes

the rank 1 projective module generated by r (coprime with Ir,>

aDe E , the surn of the group dements, the classes [(r,E)] form

a subgroup T(Zr) of D. Under favourabl~ hypotheses' (8u~h as

H CY) nilpotent over Zr), the Wall finiteness obstruction oCr>..
for a finitely dominated CW-complex lies In D(Zr) - provi~ed
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we al10w multiplie~tion by the.Artin exponent Aer) , when r

18 no~ nilpotent. furthermore there are circumstances'in which

the module (r,E) can be used to modify the homotopy type of Y.

In one direction this ean be used to test whetheJ: ,<z:,E) maps

to 0 in 1(0 (Zr>, thus using representatlon theory overC

for the group n* 2 the extension of a cyclic'group ~f order
pq

pq by one of order. q • we ean show that (r.~) ~ 0 -if 4It
r E s~ (mod ,p) 11 r == S~(mod q2) In the-other direction algebra

can be used to prove non-trivial topological results - thus when

'h+(p} 19 odd, there exists a free action of n;p (q=2 above) on,

S4k-l (~2)· . such that the orbit manifold' i8 not homotopy equi­

valent to aspace of constant positive curvature. (Besides know­

ledge of .the subgroup T(Zrl in this ease, on~ needs to have
. S

the structute of the,surgery obstruction group L3 (Zr).)

ST.V.ULLOM: Galois module strueture for intermediate extensions.'

We compare the GaloiB module'structure of the ring of i~tegers

of tamely rnmified extensions N and Nt of F satisfying

(1) Ga.l(N/Fj 0- Gal(N'/F) Cf. quat'ernion gx:oup H4n aod

(2) N and. N' are quadratic over a field K eontaining F •Le E be a quadratie extension of F Buch that K/E 18 eyelle;

6: cyelie group of order 2°, 0:::1 integers of E ~ iot E . The

eIaes of the ratio (int N') (int N)-l in the ·cIass. group Cl(06)

iso related to the ratio of.Artin raot numbers WN,/WN .for.qua­

ternion eharacters.
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P.J.WEBB: Restrietion to elementary subgroups for lattices

We describe a theorem which bounds the ranks of ZG-lattiees,

wbere G 1a a finite group, in terms of the ranks of their 000-

projective cores on restrietion to elementary abellan p-subgroups

of G.

Theorem: Let G be a finite group. There exiate a constant B

4It with" the property that if M 18 a ZG-lattice there 1s a prime

pi IGI Bod an elementary' abellan p-subgroup E of G for whicb

rankz core(M) S rankz core(MI E).

Tbis result i8 an integral version of arecent theorem of J.Carl-

SODe It can be'used to prove an integral version of a theorem of

Alperin and Evens concerning the complexity of modules.

A.WIEDDIANN: Auslander-Relten graphs of orders Bad blocks

of eyelie deieet two

Let R be a complete Dedekind domain and let A be an R-order

io a separable algebra over.the" quotient field of R.

Cr1terion for finite lattice type: Assume A to be twosided

indecomposable. If ~ 18 a finite compooent of the Auslander­

4It Reiten graph DCA), then h has finite lattice type, and

~ = D(I.) •

The components of stable Auslander-Reiten graphs w1th a periodic

vertex were descrlbed. Mnreover, a classlficat10n of those orders

witb loops in their Auslander-Reiten graph,was given in ease

R/radR 18 finite.

Let G be a finite group, R the p-adic integers. In the second
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p~rt, the Auslander-Reiten graph of a block 8 of RG w1th· cyc­

lic defect group of order p2 was indieated. Using tbe above

criterion one gets immediately the number (4p + l)-e of indecom­

posable 8-1attices Ce - Hsimple ~-modules).

---:----------_.-._---

are simple graups of K-type, then the following are equivalent:

(a) Z i~el1er (b). $ ,.. tbe augment~tioti ideal·, .deeomposes

(c) n(G) has more than one component Cd) G eontains an 180-

lated subgroup.

S.M.J.WILSON: Miyata's Theorem on the transfer map fram the

class group of ~ dihedral group to that of a

ereIle group

Miyata has proved the followlng theorem:

•
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"Let G be a cyclic group Bnd Do::J Co )(J r be the corresponding

dihedral group then the restrietion map Cl(ZDo ) ~ Cl(ZCo ) i~

injective."

.In thls. talk I indicated a proof of a generalization of this re­

Bult wbere Co 18 assumed ooly to be finite abelian with cyc:;lic

2-torsion (the conclusion remalning the same), r Beting by 10-

~ version.

My proof, which"1s, reputedly, shorter than that of Miyata, io-

volves some simple facta about tWisted group rings; uses the ide-

l1c formula for tlJ,e class graups aa given in my paper "Reduced

norms in the K-theory of orders" J.Alg.1977, aod employs tbe

inclusion ZD c AD e ZD
o -

corresponding to the cartesian squ~re

Z Do

A D

.. lD

.. (VnZ)D

t
Do

where D i8 the Sylow 2-subgroup of D ,n = Inl ando
D

A = Z( o/n)/(E groupelts). (Mlyata's proof also uses this diagram).

Am0ng other applications, one ean use this result to deduce that

every Da-extension L/K of algebraic number ffelds has anormal

~ ·integral Z-basis. (This uses the result of Taylor for abelian

extensions.)

ß.ZASSENHAUS: On F.C.subrings cf rings

A theorem of A.Williamson (1978) "The supercentre of a group G

defined as SC(G) = {xix E G: Ix U(ZG)I <co} isa characte~lstic

subgroup of G containing the centre C(G) of G. It COD-
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tains CCG) properly preclsely if there i8 an element x of

order 4 and another element c of G Buch that c 2 = x 2 ~ "CCy) 2

far all Y of CG~x) . In thls event e!ther G = SCCG) 18 a .

hamiltonian 2-group or else SC(G) = (x,C(G»" suggested to ~he-"·

sp~aker jointly with Sudarshan K.Sehgal the definition of the

F-.C'.Bubring cf an arbitrary ring A as Fe(A) = (xix E I\'

Ix~(A +l)r~ oo} "here A +Z 18 the unital ring gen~rated bY A •

FC(A). 18 a charac·teristic subring of A containing ~he ~centre

C(h) cf A If A Is finite or commutative then FC(A):= h ~'.""

If A ls fnlf1nite simple then FC(A) c C(A) ~'~C(IIl~cl Al) -
s -

ED 1=1 FC(A i ) ·

Theorem 1: . If h 19 R' Z-order then the maximal ideal (AsFC(A)] ~

[FC(A ):A] of A contained in FC(A) 18 the intersection of the

kernele of the irreducible representations A cf .A over·e

-tor which 0 6 A Is a totally definite quaternion' algebra, and

FC(A)~:FC(A>l-= C'(At{A!FC(I\)l) FC(A) 18 commutatlve

~ (U(h) U(C(A» < 00, otherwise the unitgrou~ U(A) of A

contains a free subgroup on 2 generators. The proofs use only

Dirichlet'e u~it theorem, in particular the"remark that the

number of fundamental units of an algebraic number field E ·.e
and a pr9per Bubfleld F coincide preciseiy if" F 19 total1y

real with E aB totally complex quadratic extenslo~.

Theorem 2~ If A 1s the group ring ZG of a fini~~ ~~oup G

then -the kerneIs occuring in theorem 1 a;re in .1-1-correspondence

with" the faetor graupe of G of the form (a,b) with defining

~elntor seta a 2 ~ tim - (~b)n and representations 6 defined by
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6 (a)
[

rr.
cos _~ +

-cos n

cos *+ bi ]

bi , cos !!.m

1)(b real, b2 + cas~ ~ + cos2 ~
'm n

such that

I. m ~ 2 n = 2 (projective dihedral graupe), 11.- IV. m = 3,

n = 3, 4 or 5 projective tetrahedral (SL(2,3», octahedral

or icosahed~al (SL(2,5» groups. - As a corollary an order-

theoret1c proof of Wl11iamson l s theorem 1s obtained. An ·alter­

native specially group ring theoretic argument was sketched -

already in S.K.Sehgalls book on group rings.

In this connection a simplyfied.proof characterlzing _SL(2,5)

aa nontrivfal finite group such that every subgroup of order p q

15 cyclic - p and q rational pr~mes

1934).

1s given (Zassenhaus

A.Wiedemann (Stuttgart)
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