
MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tag u n 9 s b e r ich t

Funktionentheorie

12. 2. bis 18. 2. 1984

8/1984

Die T.agung fand unter der Leitung der Herren G. Fr.ank:. (Dor,t-

mund) ~ K. Strebel (Zürich) und St .. Ruscheweyh: ~.(wÜr:z_Qur.g) s.tattoo

Von den 47 Teilnehmern hielten 28 Vorträ.g.e;.-d_i.e .Vort:·~.agsaa:uer

variierte zwischen 30.und 45 Minuten. Wie.· aus ~er ... 'rei)..l}~lmler-

,liste ersichtlich ist, hatte die Tagung· ~in~~. ~u~gesprQchep

internationalen Charakter.

Im Vordergrund der diesjährigen Tagung übe.r Fun~t.ionenthe.orie

. stand die geome.trische R~chtung, d. hoo kpnfo~m~ )lnq.,. quasi~.-;,

konforme ·Ab~ildungen. Neben Antworten auf alt~ ~~d~:n~~e~P~o-

bleme aus diesem. Bereich wurde eine Rei,he ·neu.~r F·~ag~_s:tel.~

lungen und Perspektiven vorgetragen. Reg~. Pisku:s~iop~'I').·~ti.I).fle-

ten den Verlauf dieser interessanten Tagung. ab •.
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vortragsauszüge"

C. Andreian-Cazacu: Eigenschaften der guasikonformen Ab­

bildungen

Sei f: Ci .. G* eine Q-quasikonforme Abbildung zwlschen zwei

Gebieten G und G* der Ebene, w = fez) , Zo ein regulärer

Punkt von f und Wo = fezo) . Wir betrachten die Transfor­

mation des Geradenbündels in Zo unter der zu f in Zo as­

soziierten affinen Abbildung und zeigen, daß das Verhältnis

der Tangenzfunktionen" der Winkel', die"" zw'ei Ri~htungen - insbe­

sondere zwei konjugierte Durchmesser der charakteristischen

Ellipse Ezo - mit der großen Achs~ dieser Ellipse bilden,

gleich dem Verhältnis der Tangenzfunktionen der Bildwinkel

ist. Diese Eigenschaft wird benutzt, um das Hyperbolische

System von linearen partiellen Differentialgleichungen erster

Ordnung zu bestimmen, das eine quasikonforme Abbildung mit f.

ü~ iri G vorgegebenen Richtungen der großen Achsen der cha­

rakteristischen Ellipsen Ezo und Ewo im verallgemeinerten

Sinn befriedigt:

sin 28 u + ·cos 28 - cos 28* u
sin 28*" x sin 28* .y"

v
Y

cos 28 +cos 26* u
. sin 28* x

gin 26

26
* Uy.=,.vx:

sin

Dabei sind 8 (z) und 6(z)*

von E z bzw. E " -und "E
0 f- 1 Wo Wo

lipse von in Wo

die Argumente der großeri Achse

ist die charakteristische"El-

R~ w. Barnard: The Omitted Area Problem

Let U = {'Z : I z I < 1} . and S = {f : f ( z) z + ..• , f. ,analytic

and ,. - 1 '"in U}. The ornitted' area problem was ·firSt stated

in 1949.by A. W. ·Goodman and has appeared in a number' of prob­

lem sets since then including D. Brannarrsmore general question
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in 1976. The question is to find the maximum area omitted

fram U by a function f in S . Letting Ao equal this

maximum, the bounds .62n < Ao < .78n were obtained by Goodman

and E. Reich in 1955. The author obtains a characterization

of an extremal domain for this domain for this problem. Using

this characterization an upper ~stimate to Ao of .760n is

faund by numerical methods which appears to be a good approxi­

mation to Aa .

J. Becker: Univalenee criteria and Jordan domains

(joint work with eh. Pommerenke)

~,

We consider the following three univalence criteria for fune-

t ions analytic in D = {z E (t : I z I < 1} , in H = {z E CI: : Re z > 0 } ,

and in I:::. = {z E CI: : I z I > 1} respeetively:

a) (1-lzI
2

) Izfn (z)/f ' (z) I S; 1 , f' (0) * 0 (z ED)

b) 2 Re z I fn (z) If' (z) , :s 1 (z EH)

c) (I z 1
2
-1) Izfll (z)/f ' Jz) I s 1 (z EI:::.)

In ease a) the image domain fOO) is always a Jor~an domain.

In case b) and c) however. there exist exceptional funetions

whose image domains feH) and f{l:::.U{~}) respeetively are

not Jordan domains in the closed plane. These functions ean

be all determined. "Furthermore it can be proved that the con­

stant on the right side is best possible in each case, in

case a) even if the factor z is omitted. ~

B. Bojarski: Remarks on Markov and Bernstein inequalities

Various forms of Ioeal inverse Hölder inequalities, inverse

Sobolev' inequalities and averaged Harnack type inequalities ­

crueial for the study of geometr~c and analytical properties

of quasiregular mappings and weak solutions of elliptic
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equations with me~surable.eoefficientsare diseussed as

analogues of Markov, Bernstein and Nikolsky-type inequali­

ties for polynomials and entire functions of finite type. It

is also shown that these inequalities for polynomials and

their various generalisations can be obtained from an elemen­

tary reprodueing formula

fex) J _f(y)K(x,y;CJ».dy
supp cp

where K 1.
Itl:5k

. t (t) t
(et-y). <P (Y) (-1)

t! [
k+1 ).
t+1

t = (t
1

, ••• ,t )
. . n

J CJ) dy. = 1 and

-Itl Et i ' CJ) an arbitrary c~ functton,

<p(t) (y) is the usual notation for deriva~

f (ci) (x)

•

tives~ valid for arbitrary polynomials fex) of degree k

in real ~or eomp~~x} yariables x = (x 1 ' ..• ,xn ) . For the

derivatives we have

J ['f(y)-p(y}]K(a}dy for an arbitraryxsupp <P

polynomial. p(y) of order <Ietl . Minim!zing the norms of

the right hand side with respeet to p and <p, say, with

fixed supp <p = wand various pointwise or integral norms,

loeal estimates for the derivatives feet) (x) in terms of the

norms (~ I f Ip) 1/p , 0 < P :5 + co ~an' be obtained. These estimates

are invariant under linear conformal transformations and, in

particular cases, reduce to generalisations of Markov inequal­

ities, (naturally, not with optimal constants). They ean be

also used to obtain various loeal forms of Landau-Kolmogorov

estimates for intermediat~ derivatives.

D. A. Brannan: Extreme points of ablass of polynomials .

When looking at a class of functions for its extreme points

'the normalisation is·all-important. There exists some in­

formation about'extreme points of univalent polynomials and
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c....

of polynomials of positive real part in the disk. I will

diseuss extreme points of polynomials in the disk that are

bounded by M.

This represents joint work with Professor J. G. Clunie.

P. Duren: Truneation problems for univalent functions

S

Re{L}

A support point of the class

a function which maximizes

of univalent functions is

oyer ·S for some con- "

tinuous linear functional L not constant on S . It is

known tb-at each support point maps the disk onto the comple­

ment of an analytic arc. If the are is truncated by removal

of a subare at the tip, the corresponding renormalized func­

tion is again a support point which uniquely maximizes the

associated functional. For the pointevaluation functionals

L(f) =e-icrf(~) and L(f) = e-iOf' (s) it will be shown

that all support points are obtained by truncation from those

which maximize Re{L} nonuniquely. It is conjecture~ that

in general this property ·characterizes the terminal ~upport

points.

R. Fehlmann: Unique extremality of affine mappings with small

dilatation in lRn

This talk is on a joint-work with Stephen Agard (MinneaPOliS,·e

University of Minnesota) .

In 1975 Ahlfors introduced a new dilatation for quasiconformal

mapp~ngs in space based on the Riemannian metric

ds2 = tr(y-1dyy-1dY) in the space of PQsitive definite ma­

trices. It is called Earle-Ahlfors dilatation ~ • Then in

1981 Agard showed that the affine rnapping is extremal with

respect to this dilatation for the "classical rectangular box

problem of Grötzsch" in lR 3 , provided that KE is .small,
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i .. : e.. KE :Sv~ • W,~. generalize this resul t to lR
n

and prove

th~t {~~o~tr~s~~~~ t~e nonunique extremality with respect

to the outer and inner dilatations the affine rnapping is

uniquely extremal with respect to this new dilatation.

D. Gaier: Räume konformer Selbstabbildungen - Ergebnisse

und offene Probleme

Es ,sei· ! G. ein' einfach zusammenhängendes, beschränktes Gebiet

.' und '- E (G)' " der .Raum aller konformen Selbstabbildungen <p von

'G :..;·auf -~ ~G) •.,'In~:·: E(G) kann man neben' der Gruppenstruktur eine

'..M'etrik einführen:, d(<P1~<P2) = sup {1<p 1 (z)-<P2(z) I: z EG}· ·

~ragen: Tst E(G) kompakt, vollständig, lokal kompakt? Wann

(_,.ist E (G) zu E,OO) homöomorph? Wann ist. E (G) eine topo­

logisch~ G~~p~e?~~~~. sehen die zusamme~ha?gskomponentenvon.

E(G) aus, wann ist E(G) zusammenhängend oder total unzu­

sammenhängenq?Insbesond~re:Wann ist id. in E(G) isoliert?

Zu all diesen Fragen werden Antworten gegeben, die z. T. un­

vollständig sind. Bei Kamrngebieten 1. Art ist id isoliert,

.:;be'i~ ~solcherf 2·.· :Art.und bei Schlarigengebieten nicht. Hilfsmit­

tel ·s'ind·'u. a. der Ahlforssche Verzerrungssatz und Sätze über

das harmonische Maß.

D. H. Hamilton: The existence of extreme points of S which

are not support points

- :. A new .var-f"ation based on quas'iconformal mapping is usedto

': ',inve'stigate gene'ralised linear problems on S arising' from

embedding' .: S in 'a Hilbert space. Regulari ty results, analo­

gous to the Schiffer Theory, are developed. It is' shown that

there are extreme points f of S such that the omitted area

r = er - f ( I z I < 1) has a subarc where the mapping function is

nowher;e_.N . tiines differentiable. Conseq~ently i t is shown

that there" iso no "nice" parametrisation of the class of support.

points of S .
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w. K. Hayman: Das Wachstum von quasisymmetrischen Funktionen

(Zusammenarbeit mit A. Hinkkanen)'

Es sei f(x) ein wachsender Homöom6rphismus der reellen

Achse m , sei· K > 1 und

Solche Funktionen heißen K-quasisymmetrisch (K. q. s.).

Nach einer Arbeit von Beurling und Ahlfors (Acta Math. 96 ~

(1956» sind die quasisymmetrischen Funktionen genau die, die

eine Erweiterung auf eine quasikonforme Abbildung der ganzen

Ebene ermöglichen. Es zeigt sich, daß f mindestens wie eine
0. 0.

Potenz lxi 2 und höchstens wie eine Potenz lxi 1 wächst,

wo o,,(k),a
2

(k) von Beurling und Ahlfors eingeführt sind und

o < 0. 2 < 1 < 0., gil t. Ferner existieren die Grenzwerte

)...
J

lim llilli
0..

x-+<o lxi J

j 1 ,2, <co

außer wenn (log K)/log {~(K+1)} rational ist. Entsprechende

Resultate gelten auch für die oberen und unteren Grenzen

Mo(x,K) und mo(x,K) von fex) , wenn f durch

f(-1) = -1 , f(1) = 1 normiert ist.

. A. Huber: Probleme der konformen Verheftung

Gegeben sei ein Homöomorphismus ~: e i8 - ei<P (8) der Einheits­

kreisperipherie auf sich. Durch Ident~fikation entsprechender

Punkte werden E = {z 11 z I < 1} und A = {w Ilw I > 1} u{ClO} zu

einer zweidimensionalen Mannigfaltigkeit verheftet.

Fragen: (1) Ist 4> "konform zulässig", d. h. existieren eine

Jordankurve r
f : E .. int r
für alle a ?

und zugehörige konforme Abbildungen
-8 . (8)

g : A .. ext r so, daß f (e 1
) = 9 (e 1 <P . )
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(2) (Nachdem (1) mit JA. beantwortet wurde)

Was kann über r ausgesagt werden?

Seien A
1

und A2 rektifizierbare Jord~~kurven glei~her _

Länge, p: E -+ int A1 ' q: A - ext A2 konforme Abbildunget:l ..

Eine isometrische Ve~heftun~ längs A, und A2 . induzi~~t

eine Verheftung ~ längs des Einheitskreises .. Fijr die~~
'8 .: .

gilt fast überall Ip' (eI. ) !d8 =' Iq' (el.~) I.dq> ,., ..,

SATZ (A. Huber, Conunent. Math. Helv .. ~ ,(1976». ;ES ~,ibt iso­

metrische Verheftungen längs rektifizie~barer Jordankurv~n,
. . . . . .... , ......

welche nicht ko~form zul~ssige Homöomorphismen .~ ,~~zeuge~.

Das isometrische Verheften von Fläche:nstücken is't ein' viith-"

iiges Werkzeug der Ale~andiowschen Flächent~eori~. Au~ ~~2~

sultaten von A. D. Alexandrow, Zalg~lla, Reschetnjak' (196j)

kann man schließen: Die isometrische verheftung'läng~ Kur~~n

von beschränkter Drehung ist konform zulässig, und die ent­

stehende Kurve r ist ebenfalls von beschränkter Drehung.

Auf 'fU:nktionentheoretischem weg~- unter 'i:liliiif~nahtrie:'von'-be~:

kannten Resultaten über quasikonforine' Aboi:ldungen beweist

man leicht:

SATZ (A. Huber, Comment. Math. Helv. 50 (1975» .'Die isome~

trisehe Verheftung längs Jordankurven von beschränkter Dre­

hung und ohne Nullwinkel induziert' auf der ~e~ilen -Achse--:~ine

. q~asisymmetri5che Verheftungsfunktion. Folglich ist'sie'kon­

form zulässig und T ist ein Quasikreis 0., '.'

Im Weiteren wird darauf hingew~esen,'wie der Beweis ~der~BeT

schränktheit der -Drehung von r· potentialtheoretisch.in,~­

griff zu nehmen ist. Es gibt' Fälle;' in d~nen.si9h das Pr0blem

der konfo·rmen Verheftung auf eine OrthogonalprojeKtion-' imi. ,-,

Hilbertraum zuruckführen läßt. '. =
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J. A. Hummel: Bounded univalent function's , the univalent Bloch

constant , and numerical conformal mapping

The class of bounded univalent functions can be d~vided into

subclasses of those which cover a fixed disc. Previous papers

have characterized the mappingproperties'of those functions

in the subclasses which .maximized a 2 ' but did not indicate

how the maximal function could be obtained. Upper bounds for

the univalent Bloch constant can be found by giving specific

mapping functions. The example given by R. Goodman (1945) ~

gives the best known bound to date. We show that both of these

questions can be attacked by a very simple method of numeri-

cal conformal mapping which uses only standard domain whose

boundary is made up entirely of segments of radial ares and

of segments of concentric circles and which is symmetri9

with respect to. the· real axis.

J. A. Jenkins: On the limits of moduli for functions whose

image has finite spherical area

The material for this talk is drawn form my joint work with

Kotaro Oikawa.

Many years aga Montel proved a result which may.be formulated

as follows. Let ~(z) be regular and bounded" in a half-strip:

a<x<b I y>O and let f(E;+iy) have a limit as Y"' oo 'for

a fixed E; I a < E; < b . The f (x+iy) has the same limit as

y ... ClO for any x in (a,b) , uniformlyon any closed subin­

terval of (a,b) • Shortly afterwards a somewhat more general

result was given by Lindelöf .. Hardy, Ingham and Polya con­

sidered the same problem for If(x+iy) I rather than f(x+iy)

and found that the existence of this li~it for one E; was

not enough but that if lim If(x+iy) I existed for x = a,ß
y ... oo 1

with a < a < B < band ß - a< '2(b-a} analogous conclusions to

Montel's result obtained. They also gave some extensions and
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further embellishments were made by Miss Cartwright and

Hayman. 'rf one replaces the condition of boundedness by that

that the Riemann image of the mapping by f should have

~~~ite spher~ca~ ,area we rea~ily see that the existence of

the limit for the modulus of f on one line irnplies the

same situation as i~ Montel's result, indeed the more gener­

al formulat~on of Lindelöf is almost immediate. Further one

can we~k~n the assumption on the set for which the limi~'~

mu.st, exi,-s~" there is a natur~l interpretation in terms ~f

clus~er setsw~~ch has interesting consequences and ~ll re­

sults are readily extendeq to quasiconformal funct~ons~

w. ~oepf: Extreme points and support points of families of

nonyanishing analytic functions

We consider subsets of No: ~ {f : D - (t If

f +o}, D:~ {zllzl < 1} ,. Subordination

ing in No ' if we identify functions f

f.(xz) , x E'X := {x!lx:i = 1} • Let be MaxF

mal elements of F with respect to < .

anal., f(o) = 1 ,

.( gives an orde'r­

and their rotations

'the set of maxi-

We call f a BCK-function: ~ f E BCK , if for ev.ery g.( f

there is a representation g(z) = J f(xz} d~(x} with a pro-
X '

bability measure ~, over X. Brannan,Clunie and ,.Kirwa·n.,

generalized'.a well-known theorem of H~rglo~2, showing that

,[ \+:zzrE BCK ....for IX ~ 1 , I x I ~ 1 , x '" -1

Theorem.. F eNo compakt, rotat·ion-invariant with MaxF CBCR .

Then

(a) the .extreme· points of the closed convex hull ,E Cö F C MaxF ,

(b) the support' points 'Spt F C co (Max~)

We. apply this theorem to many classes of.convex, .starlike,

close-to-convex and synunetric func~ions~ ,'rt, turns out that

in these cases Spt FeE. co F '.i
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J. G. Krzyz: Conjugate holomorphic eigenfunctions and quasi­

conformal reflection

~et D and 0* 3 w be simply connected domains whose common

boundary is a Jordan curve r. If r E C3- then the eigen­

values of the Neumann kernel associated with rare called

classical Fredholm eigenvalues of r. The present author

introduced the notion of conjugate holomorphic eigenfunctions

fCHE/ assoeiated with r which enables us to define Fred-

holm eigenvalues without any regularity assumptions on r ~

[Ann. Aead. Sei. Fenn., to appear]. The funetions f, F

hOlomorphic,~on-eohstant and bounded in D, 0* continuous

in D and D* , resp., whose boundary values satisfy

f(~) = LoF(E;;) on r, where L(w) = (1-A)-1(w+A:W) , are

called eHE of rand the corresponding-real constant A

has most of the well-known properties of classical Fredholm

eigenvalues of r . If r admits a K-quasiconformal re-

fleetion then the Dirichlet integrals fdlf' 1
2 , fd* IF r

1
2

are both "finite and IAI~(K+1)f(K-1) for any CHE .

S. Kung: ARemark on-Möbius Transformations

Let fez) be an analytie function in Izi < 1 . The explicit

formula f (~) - I gn(Z)l;n is given when 1l;1< 1 . The
1+Zl; - n=o

.explicit formula of the relationship between the derivatives

f(n) and the covariant derivatives Vnf is given too. 4It
Besides these results we generalized the Landau theorem and

prove that the Bieberbach conjecture, the estimations of

Ign(z) I , the estimations of If(n) (z) land the estimations

of IVnf(z) I of univalent functions are mutually equivalent

to each other. There are lots of applications of these re­

sults. For exarnple, we can give" a differential geometrical

meaning of Ja 3 , S 3 , where a 3 is the third coefficient

of fez) ES . The several complex variables case and the

several -real variables case are discussed, if the domain
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is a complex or real ball and the function is analytic in

the ball. Using Möbius transformations and'expandrngthe func­

tion, we find that the coefficients cif s;econd order in <the

expansion can be expressed as the covariant deriva~i~e~~ .

of the second'order of the function. The covariant deriv­

atives are formed with respect to the corre~pondi~g in­

variant differential metric.

M. Lehtinen: The maximal dilatation of the Beurii~g­

Ahlfors extension

The best-known explicit construction of:~:ijrlasicoriformaif

extension f of areal k-quasisymrnetric functi~~. h 1s the

one given by A. Beurling and L. Ahlfors in ~95~. ~eurling

and Ahlfors showed that f can be so: chosen that it 1S

k 2-quasiconformal, and T. Reed showed' in 1966 that k i :·' can

be replaced by. 8k . A more detailed ~tudy bf th~ i~plica­

tions of k~quasisYmmetry allows one to lower the< exponent 2

to values less than<. 3/2 al!d repl~ce.the coefficient·.. ,~<,_, by

2 • On the other hand, the Beurling-Ahlfors extension always

has a maximal dilatation at least k -." - ... ', '-

Y. J. Leung: Geometry of the coefficient region of univalent

functions
- .: J •.:'

2 n
Let S be the class of functions f (z) = z+·a-2 ? ~~~.~ ~~+'~n'?: _,+., ••
analytic and univalent in. I z I .< 1 • Let·· Yn be~ the··.s~t:·:- ~f

points a = (a2 , ... ,an ) corresponding to functions in S .

We ca,ll a in 'Vn a support..point if it supports a hyper­

plane with ,normal direction A:::;. (A 2 , ~ .-. , An) ' .. , J:n '9th~r~

n n
words, Re L Akak 2:: Re L .Xkbk f'or "all b in Vn

k=2 k=2
set of support po~nts in Vn is denoted by Kn
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....
A point, a in Kn supporting a hyperplane with direction

~ can be embedded into an analytic Löwner curve

a(t) = (a2 (t) , ... ,an(t» in Kn satisfying the Löwner

equation

a
1

(t) 0 0 0

a
2

(t) 2K 1 0
d 2K 2
dt 4K 2

an(t) 2Kn - 1 •

wi th ~ (0) = ~ (a 2 ' · · · , an) , a 1 (t) == 1

one and is an analytic function of t

~(t) by the adjoint Löwner equation

K(t) has modulus

in [0,00) Define •
A1 (t) 0 2K 2K 2 2Kn - 1 I A1 (t)

A
2

(z) 0 A2 (t)
d

dt'

An(t) 0 0 n-1 An(t)

with X = X(o) (A 2 (O), ••. ,An (O» and A
1

(0) = 0 .
Theorem 1. Each a(t) , for t > 0 , 1s the unique point in

K
n

that supports the hyperplane with direction

(A 2 (t), .•• ,An (t» ·

It is known that a(t) can be analytically continued for

same t in (-00,0) • We have

Theorem 2. ~ach a(t) in Kn , when continued analytically

backward for negative t, has to leave Kn eventually.

T. H~ MacGregor: A peaking and interpolation problem for

univalent functions

Suppose that (l, < (l2 < ••• < (ln < (l,+21T and

6 1 <8 2 < ••• <Bn<61+21T and let 6 = {z:lzl <1} . There i5
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andJ z I :5 1whenIp(z)1 <1( 1 )

a polynomial p that is univalent in ~ and satisfies

icxkz 4= e (k=l ,2, ••• ,n)

and

(2)
iet

k
.

p(e )

iß
k

", _.

e (k= 1 ,2 , -••• , n)

O..Martio:· ·On radial uniqueness of analytic functions and

their generalizations

A closed set E on the boundary of the.unit disk B2 is

called a set of uniqueness if for all bound~d analytic·

functions.. limt .... ,· f(t z)· = 0 for all 'z E E implies f =0 •

Harmonic measureis used to .give a short proof of 'a theorem

of F. andM< Riesz: m, (E) >Ot implies.. that E' 'is a set 'of

uniqueness. This result is generalized to bounded quasire­

gular mappings of the unit ball in Rn . Category type uni­

qu~ness; results can also be e~~end~~"to.quasiregurlar~appings.

A. ·Pfluger: The Fekete-Szegö inequality" (1932) by variational

method

Using Loewn~r'~ differ~ntia1 equation F~kete and S~egö deter­

mined the exact bound of l.a3-Aa~ I. o'ver S • This method.

doesn't give information about the mapping properties of func­

tions which maximize the above functional.

Application of the variational method and of a device Gara­

bedian and Schiffer used for the coefficient a 3 however

~~ad to ~.fu~l de~9ription o~ ~~e domain onto which.an extre­

mal function maps the unit disk.

                                   
                                                                                                       ©



- 16 -

E. Reich: Some extremal problems for parabolic regions

As is weIl known, the extremal quasiconformal maps of regions

w~th pointwise specified boundary values need not be unique.

We study this situation in detail for the case of qc mappings

F of the parabolic region Q = .{ (z,y): y > x 2
} , where the

beundary values are these of the affine stretch, ~ = kx + iy ,

(K >1,K fixed) . It is known that Ax is an extremal mapping

in the class F, but it is not uniquely extremal. Ta under­

stand this phenomenon it is useful to consider the subclass

of extremal mappings which shift the focus, x = 0 , y =~ '
onto a specified point, u =0 , V =b ' . For a certain positive

number h, all values b' in the interval t -h :5 b' S t K
2

are achievable by means of extremal maps of the class F·.
If t -h < b ' <t K2 ., the extremal mappings· are not unique.

For b ' = i K2 , there is only one extremal mapping.

H. M. Reimann: Quasiconformal mappings on the Heisenberg group

(joint work with A. Koranyi)

Mul tiplication in the Heisenberg group H = {g= (z, t) : z E CI: , tElR }

is given by

and the left invariant metric is defined by

d (g ,h:)

A homeomorphism <p: H .. H is a K-qtiasiconformal mapping on

the Heisenberg group, if

lim
r"O

sup
d(g,h)
inf
d(g,h)

= r

= r

d (<pg , <ph)

d (<pg , <ph) :5 K .
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This definition was introdueed by MostC?w (197 3) . in; eonnee·tion

with his proof of the rigidi.ty theorem on syrninetrie spaces of

rank one.

Differentia~ geometrie methods permit the construc~ion on ~o?

trivial quasiconformal m~ppin~s. They are ob~~ined as flows

generated by certain special vectorfields.

The geometrie implica tions of the defini tion'~re:"i~:"~e~'ti:g~t~ii.

Furthermore it is shown that the rnappings satisfy a system of

differential equations, whieh is related to the elassical

Beltrami equation. Methods from the theor~'" 6f"'änalyti~ Iu:ne:..'~

tions on the unit ball allow the deduction, that the smooth

1-quasicohforinal mappings are" given by 'the"acti~n'·'~"f Stf(2~1)-.

s. Rickman: Sets with large loeal index of quasiregular
.• • • ~ ... :... 'Je ~

mappings
, :..1:...·:

I~ has been conjectured that for a nonconstant K-quasiregular

mapping f: G ... Rn , n ~ 3 , the points x with large lo~~i':"

index i{x,f) play ~he same role as the b~an~h_P?ints play

for n = 2 . In particular it was believed that there exists

a constant c:= c{nK) such that the set .. E c = {xEG: i(x,~~.~..~.p}

consists of is~lated points only .. Th'is question is noYJ se;t~~_~~d

in dimension three in the negative: There exists....K > 1 such

that for every c there exists a K-quasimeromorphic mapping
-3 -3 .

f : R ... R for which Ec is a Cantor set. The proof is based

on the author's co:p.struction of a noneons:tant.qua~iregular .)
. 3 3 . . '-:f' .

mapping f: R ... R omi tting more than one. pOi.nt in R .

G. Schober: Univalent Harmonie Mappings
• ~ . ':- •.1

Univalent, complex-valued, harmonie, orientation-pres~rving

mappings will be diseussed. In analogy to the familiar uni­

valent classes Sand L, one 'can pose pr6blems ~i"diS~
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tortion, Fourier coefficients and structure. J. Clunie,

T. Sheil-Small and R. R. Hall have initiated these ideas

and made considerable progress in the study of farnilies

analogous to Sand its subclasses. Together with W.

Hengartner, we study suc~ harmonie mappings of a disk onto

a strip. In addition, we eonsider the family of harmonie

rnappings analogous to the class Land also the subfarnily

of mappings whose omitted sets are real line segments.

T. Suffridge: Bounded non-vanishing functions

Consider the family B of functions that are analytic in

the unit disk of the complex plane with values in the punc­

tured disk (i. e. they are bounded by.one and are never zero).

Then - log (f) can be defined as an analytic function with

positive real part when f is in the family B • If f is

chosen to be a function in the elass that maximizes the real

part of the nth coefficient in the power series then we may

assume

•

•

m
- log f(z) = L

j=1

ia. ia.
t.(1+e J z )/(1-e Jz)

J

where m:S n and each t j ~ 0 • A certain system of n equa­

tions (2n real equations) that is linear in the eoeffieients

t j roust be satisfied.

W. Tutschke: Gene<rali zation of the Cauchy-Kovalevska theorem

to the ease of generalized analytic functions

In view of the classical Cauchy-Kovalevska theorem the initial

value problem

du
dt Lu i u(·,O) =uo

is solvable if the initial function Uo is holomorphie and if
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further, L is a first order differential' operator with

holomorphic coefficients. Applying 'the the~ry of generalized

analytic functions this theorem can be generalized: The

initial function must only be a generalized analytic function

in the sense of I. N. Vekua defined by· an equation of type

ew -az = a(z)w +b(z)w (Soviet Math. Dokl. Vol. 25, No 1,

201 - 205). The choice of the coefficients a(z), b(z) de­

pends on L (Bull. Acad, Sc. Georg. SSR, vol. 107, No 3,

481 - 484, 1982).

Oth~r generalizations of the classical Cauchy-Kovalevska

theore~ concern generalized analytic functions in the space

and so on. The construction of the solution of the initial.

value problem mentioned above ~s based on an abstract version

'of the Cauchy-Kovalevska theorem (cf. F. Treves, Basic linear

part~al diff. equations, Academic Press 1975).

M. Vuorinen: Conform invariants and guasiregular mappings

In this talk I wish to show that most of the known distortion

and growth results concerning n-dimensional'quasiconformal or
. . ...

quasiregular mappings together with several new results. can'

be proved in a unified fashion by studying two conforrnal"in­

variants A,G and llG defined in a domain G ~ Rn , n ~ 2 •

By definition, AG and llG are certain extremal quantities

involving the moduli of same particular curve families in G.

Some qu~ntitative estimates for AG and' ~G are given in

terms of the quasihyp~rbolic metric k G .

Theorem. A quasiregular mapping f: G .. fG ~. Rn is un~formly

continuous as a mapping f: (G,kG) -+ (fG,kfG ) iff 3 C ~ 1 such

that d (f (x) , afG) /d (f (y) , afG) S C whenever x, y E G and

Ix-yl Sd(x,aG)/2 •

Question. Is this r~sult new if G =D = {z Ecr : rz; < 1}; n = 2

and f is analytic?

Berichterstatter: G. Frank (Dortmund)
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