
Math. ForsctIungslnstitut
Oberwotfach

E 20 I 3,
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Tag u n g s b e r ich t 16/1984

Diophantische Approximationen

8.4. bis 13.4.1984

Die diesjährige Tagung stand unter der Leitung von ~.

P. Bundschuh (Köln) und R. Tijdeman (Leid~n) ..

42 Teilnehmer aus 11 Ländern berichteten in 39 Vor-

trägen über die neueren Entwicklungen im Bereich de·r·· - '.:

diophantischen Approximation. Schwerpunkte .bildeten.,··_ ..... ~_,~_;,..

dabei die Themen: Gleichverteilung , Irrationa'lit~t ',:..

Transzendenz und algebraische Unabhängigkeit sowie '.

diophantische Gleichungen.

In der traditionellen "problem session", die A. Schinzel-

leitete, wurden einige offene Probleme zur Diskussion ·ge_·

stellt.

"" L.

' .....
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New lower'and uppe'r bounds in the theory cf irregularities

cf point distribution

We extend some well-known results of.K.F.Roth and W.M.Schmidt

concerning the discrepancy of boxes, rotated hoxes and balls

for arbitrary convex bodies (domains). Our method is based

on Fourier analysis. We mention also same applications in

discrete geometry, in "lattice point problems" and in multi-

dimensional pr9bability theory.

Furthermore, we have same new upper bounds using combinatorial

and probabilistic ideas.

P.-G.BECKER-LANDECK:

Maße für algebraische Unabhängigkeit im Zusammenhang. mit der

Mahlersehen Transzendenzmethode

Mahler zeigte in einer Reihe von drei Arb~iten (1929/30) unter

anderem die Transzendenz 'und algebraische Unabhängigkeit von

Zahlen, die sich als Funktionswerte holomorpher Funktionen

an algebraischen Stellen ergeben. Diese Funktionen erfUllen ~

Funktionalgleichungen:

f i ( ~ ) = a i f i (T!) + b i (.!) , i = 1, ••• ,P '.

mit rationalen Funktionen bi(~) und einer Transformation
n t ..

Tz = w , w .- n z. 1) , T ist eine nKn-Matrix aus nicht-
- :- j i= 1 l.

negativen ganzen Zahlen. Sind nun die Funktionen fi(~) alge-

braisch unabhängig, und ist~: $ ~n, so kann man unter einigen
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zusätzlichen technischen Voraussetzungen zeigen:

Für alle P E 7l [Xi' ••• ,X ))..p ~ 0, aX P<d, H(P)<:H, gilt
.p i~--

mit einer von d und H unabhängigen Konstanten k > 0 und

einer in ihrer d-Abhängigkeit ineffekt1ven Konstanten

c = erd) > 0

dP
log . f . ~ ( f 1 (g) , • ~ • ,. f P (g ) ) I > - C - e k l.og H ._

D.BERTRAND:

Irregular singularities and Shidlovsky's. lemma

I shall report on th~ following multiplic~ty estimate,

obtained in collaboration with F.Beukers. Let fO, •.. ,f~.

be an analytic vector solution of an'homogeneous ~~fferen-.

tial system (0) with rational functions as coefficients.

Let N,h ·be two positive integers, and let P be an· element

of ~ ['z, Xo' •.. ,Xm]., of degree ~ N in z and homogeneous of

degree h in the Xi's. Assume that the function R{z) ;

P(z,fO·(z), ••. ,fm(z» is not identically zero, and denote by

5 the order of the minimal differential operator with rational

functions as coefficients wh~ch vanishes on R.

Then the mUltiplicity of R at

sN-+ c1: sh +
2c 2s , .

where ci and c2 denote positive

o is bounqed from above by
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D.W.BOYD:

Some conjecture s:. suggested by _computations on the

Schinzel-Zassenhaus conjecture

Let a be an algebraic integer 9f 'degree d and let ~

denote the maximum of the absolute values of its conjugates.

Schinzel and Zasse~haus have conjectured that, if a is not

a root of unity, then fäl ~ 1,+ a for some absolute constant 1It
The best results obtained in thi~ direction by Smyth and

Dobrowolski are based on lower bounds for H(a), the Mahler

measure of a • It is known that the extremal a for Mahler's
.-1

measure are reciprocal (have a as a con)ugate). We describe

computations of the extremal a for for d < 11 which

suggest that, for this problem, the extremal a is non-reci­

procal and .has about 2/3 of its conjugates outside the unit

circle. Combined with Smyth's result, this would prove the

Schinzel-Zaseenhaus conjecture.

W.D.BROWNAWELL:

The growth of linear combinations of functions

We extend a result of Nevanlinna on the grow: of. a ·sum of

E-linearly independent functions. This sharpens an earlier resul~
of my own. We also remark that a similar method applies to Bessel

functions (but with no composites).
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P.BUNDSCHUH:

Eine Klasse von Irrationalzahlen

Sind g, h natürliche -Zahlen ::2 .und ist in. h,:,'adischer
. . '" 0 1 2 . n

Darstellung gesetzt a h (g) : =., .0, (g. ) (g ) (g ) ••• , wobe1. (g_.)

die 'Zahl gn in ~-adischer Entwicklung aufgeschrieben' ·be-.

deutet, so wird die Irrationalität von ah(g) bewiesen. Dies

verallgemeinert ein Resul.tat von K. Mahler (1981) , ..allerding;s".'

mi t ganz ~nd~ren Beweismetho~en•. Be.i ~ult·iplik~t.i_v ..~b.,~äng~gen g, h

kann auch ein Irrationalitätsmaß angegeben we~den, .äu~ .dem ins­

besondere folgt,- daß ah(g) keine Liou.ville-Z-ahl ."i~t.,

W.W.L.CHEN:

Irregularities of distribution (and applications. to approxi-

mate evaluation of inte,grals)

Let U = ·[0',1], and let l<.~ 2 be.an· integer·. ~D~note.by..J("K)

the class of all functions of the type

t + Jg(Y) dll •

B(!.)

where (i) }L is the Lebesque measure 'on~ uK;, -,'

eii) g is Lebe'sque integrable '-~n u~ t" non-zero in a :'~

. set of p'ositive measure;

(iii). B(~) [0 ,xi) )(. -... ' X [O'XK)" where ~ .. =' (xl ,"". • • ,xK); ,

and (iv) C is any constant.

We wish to approximate functions in JeK) by functions of the

type
M

t(!) = I m X (x)
i=l i Bi - ,

where ei) each B. is a rectangular block in Ul< with sides
parallel to the ~ides of UK;
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(ii) Xs. is the characteristic function of Bi~ and
1

(iii) m. are real.
1

Then given any feJ(K), the study of the difference 4>(~)

can be shown to be a pr~blem on irregularities of point

distribution in U
K

•

T.W. CUSICK:

Finding fundamental units in totally real fields

Let F be a totally real cubic field; for any a in F, define

T(a) = trace (0
2 ). We define a pair of units EI' E2 as fellows:

Let E1 be a unit which gives the least value of T(E) for any

unit E ~ ~ 1 in r; let E2 be a unit which gives the leas~ value

of T(E) for any unit E, ~ + En .
- 1

Theorem. The units .e 1 ' ~~,2 ~re a pair of - fundamental uni ts

of F. This theorem was first stated by the speaker in Math.

•

Proc. Camb. Phil. Soc. ~ (1982), 38S-389, hut with same

possible exceptional cases which were conjectured never to occur.

The exceptional cases were shown to be impossible by H.J. G6dwin'

(same journ~l, to appear) via a clever and short argument. The

speaker now gives a new and much simpler proof ot the theorem

which uses geometry of numbers. The new method of proof extends .­

at least to totally real quartic fields, hut there are exceptional

cases.
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E.DUBOIS:

An application of P.V. numbersnto Jacobi~Perron algo'rithm

We pro~e that in any ~~al n~er field there exist a basis

for which the Jacobi--.Perron a:1gori thm is periodic.· F.or this.

w~ use. ~ property of P.V. numbers.

J.H~EVERTSE:

Upper bounds for the numbers. of solutions of diophantirie" '.

equations

In our lecture we shall discuss upper bounds for the number

of solutions of linear equations .in two.~ ~-unit~ and. appli.c~tions. _.

to other ~quati:o~.s, such ~s ,.the Thue-M~hlez:' ~qu~~_ion:and...s.~ecial

types of. norm-form equ~tions. The ~pper bOU:Jlds. tor :.th.~ '. nwnbers

of sOlutions of the equations. we consider have ·the ~9van~ag~,/

that th~y dep~nd .only on a few parameters~ ~or insxanc~J .~;~ K

be an algebraic number fie~d of .degree d J .. let S .be,· ~ f~n.i t~- set

of valuations on K. of cardinality. s containi·ng· the:. non-:,arqh~medean

.valuations and 'let ~,lJ be non-zero elements .of.·K •. Then t~e·.~quation

,'AX' + llY ='1 in. S-units x,y >,

has at most 3·7d+~s solutions.

E.HLAWl<A:

Uniform. distribution

,Uniform distribution, -especially-with respec~ ~o harmonie wei~hts

and other weights with-some :appliq~tions.
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M.LAURENT:

Diophantine exponential equations

I can prove, in the special case of linear forms, a general

conjecture due to S. Lang, extending Mordell's conjecture.

In terms of diophantin~ polynomial equat~ons, we get a des­

cription of the solutions belonging to a given mUltiplicative

subgroup. As, example., w.e .recover' the classical Schlickewei­

Schmidt's results about "Norm form equations".

L.LOVA~Z:

Diophantine approximation algorithms

Suppose that we are given a~ oracle (~ubroutine) to compute,

for any given E>O, a rational approximation of areal number a

with error <€. Also suppose tha~ we know tha~ a is an algebraic

number and its minimal polynomial has input size· .:5,k.

Theorem: The minimal polynomial af,Q can be computed in poly-

nomial tim~ '!.

Corollary: Given a polynomial f€(QlxJ, the factorization of f

into irreducible polynomials can be found.in polynomial time.

(Lenstra,H.W.jr.; Lenstra,A.K.; Lowasz,L.)

The proof of the theorem depends on the polynomial time solva- ~

bility of the following problem. Given a lattice ~~n, we can

find in polynomial time a vectar bEL, b ~ 0 such that

11 b 11 ~ .2nmin. { IF~ 11 ,. x€L, x ~ O}. This algori thm can also be

applied to salve the following problem: Giv~n €>O, a1' ••• tan€~'

. n 2 -n
find integers b1 , ••• ,bn '. a such that O<a< 2 € and

laai-bil< € (i=l, •• ~,n).
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J.H.LOXTON:

Linear forms in dilogarithms~. of algebraic numbers
. -

The dilogari thm function is defined, for suitable . z., by
CIO n. . z

R.i2(z) = 1: . """1'
n=l n

There iso an embarra~si~g weal~h of relation~ between the

values of the dilogarithm function at c~rtain ~lgeb~~ic points;
.. P" .>.:

three nice examples are the rela~ion
, 2: .. - -

31i2 (a} + 31i
2
(a 2) - 1~2(a3}· =:!..:h .. 3loia (~:= i sec ~)

and th~ "conjugate" ~elations involving :-lse~(21J"9) and

-2cos(4n/9). Such ~elations may have both ageometr~cal and a

compinatorial significance., but a prope~ und~r~.t~n~_i.~~ .. ot ..~~em
seems hard to find.

R.G.HASON:

Norm form.eguaYions

In recent years abound on the heights o~ solutio~s .in S-units

of the equation ,u + v = '1 oV,er function fields has proved of
. .' -.. . . -.'

great value in deriving algorithms for the resolution ~f .y~rious
- ~. • • ~ .. - : "'. • .. .t. '::

general families of equations. Recently a'bound has been derived
...... 4 ~ Iro' : .... . •_ -4, .....

for the heigh~~ of sol~tions in S-units.~~_ul+~•• ~~n =) fpr
• .. ..... •• ".' p". ....~:t- .. '10._ • '. '

~rbitrary n. This result has important co~~equenc~s, and in
.. .. ~.: ~ .. :..... ...:"

.particular the. fc:>llowing has been obta~ned:. ~ Theorem: ~~ ..K,
..'- ~ , "'" .. ~ ..

be a finite ex~ension of k(z) Ck algebrai~~lly closed, cha-
~ .". "~.'~: .~~." -;. \.":' ...

racteristic ~ero., exp~icitly _pre.sented)" an~ M.a "f.r:e.e non-:qege.­

nerate k[.~~-module in K. Then for e~eh .. e in'k(z), all the
• .;- , .~~I. ~ !;.."';;._ ...

soluti?n~ x in M'of Norrox'lk(z)(x) = c may be determined effectively •.
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D.W.MASSER:

Some remarks on diophantine approximation

(I) Let a be areal algebraic number of degree three and

coefficient height H. We give a short elementary'proof of

the estimate qn ~.(13H)~(n+l)/2 for the den9minat~r qn ,af

the n-th continued fraction conyergent ~o Q. This simp~ifies

recent werk ef Wolfskill.

(lI) We give a version cf the proof of~Sie~el's Theorem on

rational approximations that can be made effective in special

cas~s. As ~n. example we show.that if d~22 and ~mO(d) then the

real number a satisfyin~ a d ._ mad - 1 + 1 = 0 has th~.property
~ . S5

that la-.p/ql·>cq-· for all integers p,q~l. Here A .='lii' (~+.v'2),

and c = c(m,d) ~ 0 is effectively computable. This improves

recent examples obtained by E.Bombieri using similar methods.

M.HENDES-FRANCE:

•

Automata theory and formal power series

We present part of some work dane jointly with A.van der Paarten

(I) Automata: 'L~t p~2'be an integer •. A p~~utomaton .is a finite

.automaton..with p .arrows leaving from each one of its states.

The p-automa~on sends the sequence of integers on an infinite ~

s~quence € = (€n)€(Z/pZ)m.• Such a sequence· is said to be auto­

matie. Lemma: If E is automatie, then the subsequences € n,is
- p

eventually periodic. :

(lI) Formal power series: Let K be the field of formal Laurent

series over the finite' field ~pZ (p prime). An element f€K
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is said to pe algebraic if there exists polynomials

a O,a1 ,a2 , ••• ,ay€K not all 0 such that

fY Y';'l
aO +a1 f + ••• +av = 0

Theorem: (Christol,Kamae,MF.,Rauzy) The sequence, € =(En ) 1.S

automatie iff i e Xn is algebraic in' K. '.
'0 n

If (l+~)A' is:~efined in a natural way, then it is proved

Theorem: (l+X)A is algebraic in Kiff A is rational.

M. MIGNOTTE: ,

Automatie resolution of some diophantine eguations

We cons~der equations of. the type x2-k = 'an ~here, a,k are

fixed integers., a> 1, and x and n: are unknowns. Using Pell-

2 2Fermat equation x -ay = k we are lead to search the yalues

. of some linear recursive equations which are powers of a.

Using suitable congruences in practice we find quiekly. all

the solutions. Example: The equation X
2 +X+l = laß has ~n~y

the "trivial" solutions n=O and n=l.

W.NARKIEWICZ:

Problems· in uniform distribution of sequences of integers
-.+ m

Let M(f) be ~he s~t.C?f" ,NE1L for which. ~~(m)}m=l.is ~D (m~d N)

•and let H (f) denote the corres~onding set for WUD.(mod N).

'.Problems were posed concer~ing M(f) and M'Cf) for various

classes of functions f.
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In particular:
...

,1'. Determine the behaviour of M' (Ok) for large k.

2. Which stes XcZ~ appear as M(P) for P€~ [xl?

3. Determine M( {u }), .M~ ({ u }) for linear recurrences.
n n

H.NIEDERREITER:

Distribution mod 1 of monotone sequences

Let ~Xn) be a monotone sequence of reals. If (Xn ) is uniformly

distributed with respect to a Bo~el probability measure on·the

one-dimensional to~us that is not a point measure, then it is

shown that necessarily lim Ix I/log n = m. More generally, an
n-fClO" n

analogous resul·t is ~stablish~d for any summation method of

weighted means .• We show also that the. later "result is in a

sense best possible. Furthermor~, we obtain a characterization

of those, weighted means that admit uniformly distributed se-

quences.

C.F.OSGOOD:

Diophantine approximation and Nevanlinna theory

Let wr... ,w
M

denote formal power series solutions of linear

homogeneous differential equations having coefficients .in

e[z]. Suppose further that the w1 ' ••• ,'w
M

are linearly inde­

pendent over C[z]. Let ord denote the order of vanishing

at. z = o. Let ~ denote an M-tuple of elements of erz]. Let

deg Aj denote the degree of ~j ~deg 0 ;= 0).

•
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~heorem I: ror each nonzero A

M M -M
Aj ) ).T:~ ..(+) ord ( J;. A. w. ) ~ 1: deg A. + O({log( 1: deg +, O{l)

j=l J ,J j=l ] . "'j =i

.' j.

for some effectively compu~ab~e ~, O<T<l.

Suppose no~ each occurance of ~~zl is rep+~c~d by ~[Z~]r

Theorem 11: T~e imp~ie~.constants in (+) are e~fect~ye~Y~90m­

putable •.

Remark: The methods extend to Nevanlirina ~heory. It is now. ; .

. P9ssible to prove the n.small ~unction. theor~~. wit~~ut restrictions •

.A.PETHÖ:

Polynomial values in second order recurrences

Die folgenden Resultate wurden gemeinsam mit I.·Nemes·bewiesen.

Es seien GO ,Gi ,A,B und d ganze' Zahlen mit: 1..Gol *IG!",I>o._ Wlct Jf} 1=1.

Gn sei für n~2 durch die Rekursion Gn=AGn_1+BGn_2 definiert. Es

·se.i P( x) € 7l {x] mit Grad p. =' k. Dann gil t~: ,-...:. ~ '.

Wenn die Folge G.n nicht ausgeB.:rtet ist·.;, dann hat,~die: d:io~~.an-

tische Gle'ichung .. : .... '. ,_

(1) dx~ + P(x) = Gn

nur endlich. viele, effektiv berechenbare Lösungen. n, Ix 1>1·,q>k+2.

Für ec::k+2 kann (1) unendlich viele., Lösungen haben·.' Es. s~.i,,-~,

. dx
q + P(x) = R(x). =. amxm+••• +a

O
• Wenn (1)- unendlich vi.el.e. ~ösun­

2am 2a_1"'- gen n,x .hat, dann gilt· R(x) = €'iSTm(--x- +.- ~)., mit K9n,stan-
nVE' nV€ .

teil sund E abhä.ngig von Gnund ,R(x). Tm(x):' bezeichnet das:·~-te

Chebishev-Polynom;·~·und n sind' 1 oder -.-1,. In. dies.em..Fall- :können

wir sogar die Lösungen x _von (1) gutcharakteris·ieren.· .:,.:
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P.PH1LIPPON:

Criteres d'independance' algebrigue

Nous presentons un nouveau critere' d'independance a1gebrique.

Critere: Soient e = (8
i

, ... ,en ) Etn et C = C(n) un nombre reel

suffisamment grand. 11 n'existe pas 'de suite:

[IN = (Pi ,N·· ~ · ,Pm(N) .N)] N?N
O

d' ideaux de 7l [Xl' ••• , Xn ] dont ·ll·ensemble des zeros dan.s la

( 8 ( n+l n. . 1 f' •.•boule B _,exp -3CN » de ~ S01t de card1na 1n1 et q~e

pour N ~ NO et i = 1, ••• ,m(N) on ait ~(Pi,JI ) '.~ N et

.0 < UlaX {1~i~N(!)I} < expC-CNn +1 ) .
l~i~m(N)

On peut ainsi montrer le resultat suivant:

Theoreme: Soient a € ~{O,l} et ß € ~~ äe degred on a

ß ßd - 1
degtrcv 'V( a. ,...,a ) ~ [d / 2J•

•

On propose ~galement une version quantitative du critere precedent.

A.J.VAN DER POORTEN:

Construeting .curves with' preseribed singularities

In order to obtain effective improvements cf Liouville's theorem

hy Thue's method it appears critical to he ahle to m~k~ very pre-.

eise constructions of polynomials P(X,Y) : ~ ~'aij X1 yJ € ~[X,Y]
. . '.J 1

which, together with many of their. derivatives, vanish at given

points. To apply the theorem of Bombieri and Vaaler, Bombieri and

I during 1983 put considerable effort into analysing certain de-

terminants that arise.in the construction problem; we obtained

same quite surprising results which suggest tha~ "exact" construe­

tions are not quite beyond our capabilities.
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A.SCHINZEL:

An ~nusual metric in the group of .real numbers

In the additive group of real numbers an invariant metric p(x,y)

is constructed with.~he f~llowing.propertie~:

~ ~der p is a complete ~on-discrete and non-sep~rab17'spa~e.

p(x,O) is.measurable and"satisfies the B4ire'conditibn,• p (x,O)'

number.,

1 unless x is rationa~ or a transcen~ental Liouville

H.P.SCHLICKEWEI:

Kleine Nullstellen Quadratischer Gleichungen

n _
I f. :x.x. eine quadr'atische~Form'

i,j=l 1.J 1. J

•

mit f .. =f ..• We'iter sei F = (. r f .. 2)1/2. A sei ein Gitter
,1.J J1. i,j;l 1.J '

im n-dimensionalen euklidischen Raum mit Determina~te.6. Die

Form f nehme auf A ganzzahlige Werte an •. Dann wird be~i~~en

~ Es sei 0 < d ~ n. f verschwinde auf einem d-dimensio~

nalen Teilgitter r von'!. "Dann gibt es ein d-dimensionales

Teilgitter t d von At auf dem f v~rschwindet, mit

n-d
det r «'A F~

Dabei hängen die Konstanten in « nur. von 'n ab.

Der Fail'd=l wurde 1956 von Cassels fUr'das Gitt~r.~ und 1958

von Birch und Daven~ort in der allgemein~~en Form d=l und mit

beliebigem Gitte~ bewiesen.
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W.M.SCH~IDT:

Kleine ganze, reelle und p-adische Nullstellen quadratischer

Formen

Es gibt unendlich viele quadratische Formen mit ganzen
. 222 2.

Koeffizienten, der Gestalt L1+.•• +Lr -M1- .•.• -Ms m1t gege-

benem r,s > 0, deren ganzzahlige Nullstellen alle

I.~I » Fr/2s - e~füllent wo F der maximale Betrag der Koeffi­

zienten ist. Damit wird ein Ergebnis von Watson verschärft,

und es folgt, daß eine kürzlich durch Schlickewei erzielte

obere Schranke bestmöglich ist. Genauer gilt q(~) » Fr/2s

für jede reelle Nullstelle, wobei q(x) := Max (Ix-lI Ix. f>
-. J. J

über i,j mit x j ~ O. Auch ein p-adisches Analogon zu q~.!l

wird untersucht.

J.SCHOISSENGEIER:

••

Diskrepanz von (na)
. .

Es sei a 4. (Q und DN(O)
1 N

sup' IN 1: C[Q x)~{na}) - xl die
O<x<l n=l '

Diskrepanz der Folge (na)n>l. Man kann mit Hilfe der Ketten­
p

bruchentwicklung a = [aO;a1 ; ••• ] und den Näherungsbrüchen ~ •
<in. . . .

eJ.ne explJ.z1te Formel für DN(a) angeben. Approximativ lautet

sie so: Ist m = mN so gewählt, daß qm ~ N < qm+-l' und ist

1: (a.+1{ Nq.a}(l-{ Nq.a})+(Nq.a}{{ q·+1Na }-( q. lNa}»,
2lj~m J J J J J J-

•ON ( a ) = E ( a . +1{ Nq. a } { 1-{ Nq . o} ) +( Nq · a} ({ q . +1Na} -{ q. 1Na} ) ) ,
l~j<m J J _ J J J J- _.- .. .

so ist N DN(o) = max(EN(a),ON{Q» + 0(1), ~obei die Q-Konstante

von Q nicht abhängt-.
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max( I a. l' 1: a. ) und (a.) .~O' nicht 'C-l be-
2lj~m ~+ 2~j~m J+1 J J_

.'
•

1 N DN(O)
schränkt, so ist - < lim < ~

4 - N100 W ( ci )
,mN"" . '. .

N DN( a >. :.:' •
Is1:' Ca •. ) J>O~ 'C-1 beschränkt, so 'ist 0 < .. lim =:~.v (Q) .< co.

J J....: N: .. 10g.~
•'Wenn"alle a. gerade 'sind, so ist v.(a) =

J

Insbesondere: Ist a

für j ~ 0, so ist

1

und

•
1

• 1v (0) = 8' 1:' a. ," falls 1 ungerad~·."
10g(Ql_10 +Ql_2) j~l-l J

T.N.SHOREY:

Applications of linear forms in logarithms -'I I:
_ 4-1". ..- ..

Let f um} be a non-degenerate binary recurs-ive sequence": ror

an integer a with·lal:·> 1 debote by.p(a)'the grea:test··prime

factor of a and by Q(a) the greatest square free factor;'of a.
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~enera1izing ear1ier results of Mahler, Schinzel and

Stewart, Shor~y proved:

Let m > n with u ~ O. Then
n

where C
1

,C
2

> 0 are effectively computable numbers depending

only on Cu } and d = [~(a):~],_where a 18 a"root of the ~o~-
m '.

panion polynomia1 to {u }. Further Shorey proved:
- m

. (log m)2
log Q(u) ~"Cl e .), m~"C2·

m 10g10g m

. Let f(X,Y) € ~ [X,Y] .be an irreducible binary form of degree

m > 3 and let geX,Y) € 2t[X,Y] be a bina~y form of degree

n < m." Then the equation fex,y) ~ gex~y) has~~nly. finitely

many solutions in integers x and y. Further the result is

effective. This is an immediate consequence of Baker's effec-

tive version of Thue's theorem.

G.L~STEWART:

Irregularities of distribution in shifts and dilations of

the sqares

. We s~a11 diseuss the following result: . Let N € Z + c;lnd let

~, • • • jE N 'e: ~ wi th I€ 1 J . = 1. Ther~ exis.t positive integers

a and q such that.

. t·,
j>1

a+j'%~N

for N· sufficenrly 1arge.

•

•
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R.F.TICHY·: -

Zur gewichteten Diskrepanz von Folgen

Es wird für Folgen xn € [0,1) = E und positive Gewichte

P = (Pn) die Diskrepanz

1 . ~ N
= sup -1-- E P Xr(x) - Irll

·:.r P(N}n=l n _:. n ,

betr~c~te~; I läuft durch alle Teilintervalle v9n E,XI. is~

charakteristische Funktion und I~I die Lä~ge von I;
'- . N -

P(N) = E P . Für diesen Diskrepanzbegr~f~werde~ allge-
n=l ~ I ' :',

meine Abschätzungen n~ch obe~ un~ unt~n (a~alog. zu~ Roth,'schen)

angegeben, ferner we~~en ~ür. s~eziell~ Fol~en ~isk~~~anz~~­

schätzungen angegeben, z.B. metrische Sätze.analog zum klassi-
. . ': ..

sehen Satz von'Koksma so~ie Verallgerneinerun~enau~ Matrizen-

folgen.

R. TIJDEMAN:'

Rational a~proximations of p-adic numbers
" '-".

The applications of p-adic approximations tO,finding all solu-

tions of some diophantine equatio~~ and to ~rror-free computa-

tion by so-called Hen'sel-codes using an' electronic c'omputer

lead"ta the following questions: Does there exist an efficient

aigorithm to compute'the b~st ratio~al app~oximations to any

p~adic number. H~w-well"can a p-adic number be app~oxi~ated by

rational"nwnbers. A .report' will be given on 'some joint work with

B.M.H~ d~ W~ger (Leideri> which can be considered as a continu­

ation of investigations of Hahle~.'Analogues'- of' ciassical resul ts

on best approximations to real numbers will be ·presented. A variant
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Qf Mahl~r's algorithm, which is based on Euclid's algorithm,

'turns out to yield all best rational approximations.

J. VAALER:

Applications of a new form of Siegel's lemma

I will describe arecent improvement in Siegel's lemma obtained 4It
jointly with E. Bombieri and also indicate a few applications.

In particular the problem of constructing a polynomial 'of degree

< N vanishing at an algebraic number a with multiplicity ~ M and

having coefricients in 0x for a number field K over ~ will be

described. In this problem a basis of such polynomials can be

found having small average height (and hence one among.this basis

must have a small height). I will mention same numerical results

on measures of irrationality which result from a two variable.
~olynomi~l construction.

M.WALDSCHMIDT:

Algebraic independenee of transeendental numbers

Let dO,d1 ,d2 be non negative integers, with d = dO+dl +d2 > O•

. ~O 'd -
Define. GO = ma ' Gl = mml , and G = GOxG 1xG2 , where Gt is a eommJllll'

tative algebraic group over ~ of dimension d 2 • We assume that for

i=l and i=2, there is no isomorphie algebraic subgroup of G~ and

G2 of dimension ~2. Let~: ~n--7·G(~) be an-parameter subgroup

of G whose image is Zariski dense in G(~). Let Y be a. finitely

generated subgr~up of mn~ and K a subfield of ~, of transcenden-

ce degree t over ~,. such that ~(y) C G(K).
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Xheorem 1: If (d-n) p(y,tn),>.dl+2d2~-then t~l .. '· ~.

Theorem 2: If 'd-2n) p(y~~n) ~'.?: _2 (d
1
.+2d

2
·) ,- ·the·n t~'2 '_

Theorem 3: Write Y =' ·z. 'Yl+'" .'+Z Y1 , Assume ~hat for "al'l 'E .:> 0,

there ex~sts Mo > 0 such that, for'any M > MO' -äny ·algebr~ic

subgroup H of G defined (in a ·projective 'space) by equationse of degree ~M, any Y = h i y 1+.· .+h1Y1 with Ihjl-'~-M'and-;exPGY~H{a:),

and finally any u E: TG'It) with eXPGu E: H(.D:). lu-yl~~.xp'-,M~).
. ! .....

Then: t+1 > __d.lI....(_Y....,_a:_n,.;.}__
nnlJ(Y,E )+d1+2d2

R,WALLISSER:

On irrationality of values of functions satisfying'certafn

q-difference eguations,

i) The method of Siegel-Shidlowski is app~ied to give measures

of irrationality for'the values at.rational places of func­

tions satisfying a q-difference equati~n .ÖOOf-.' the form;,.

f' z) = ( a +b z ) f ( q z ) + c, q € IC "~.'q :'1 ~:1 fIJ

ii)With'a method of·W. Maier; results.on irrationality anä

linear independence are given for the special q-hyperg~o-

metric series,

f( z) =

a(k)

~ q 2
Ö kk=O Q(q ~".Q(q )

kz Q'E CQ.[.z],
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P.WARKENTIN:

On norm form inequalities

Let M(~) ='~lxl+•.. +Pnxn be a linear form in x = ~xl,···,xn)

with ~-linearly independent.coefficients P1, ..• ,Pn E K,

'where K is a numberfield of degree d. We call H(x) degener~te

iff the ~ -module lTt: M(~ n) contains elements. ).w1'.' • ,).we e
such that w

1
' .... ,w

e
is the basis of a numberfield L, L, J; (Q

and L ~ imaginary quadratic. There exists a y>O such that

d
EY = 1i' -

d e: for I- 4,6y' = "'3 - K

= d e:Y 'S" -

=
d E for ~ 5,7,10y "4 - K

n = 4

the inequality

(*) INor~/~(M(~»1 < max(l x 1 1, ••• ,lxnl)Y
has at most finitely many solutions iff M(~) is ,non~~~gen~rate.

Theorem: L~t M(~) be non~~egen~ra~e,.K~= [~(~~/~l,•• ·!Pn/Pl):~]'

€>O. (*) has at most finitely many solutions .. if

n = '3 :

The first case is aUe ~o W.M.Schmidt. The theorem is best

possible.

E.WIRSING:

clog n mod 1L

Nach Erdös (1946) ist jede additive Funktion f : m~Emit

der 'Eigenschaft 6fen) := f(n+1) - fen)~ 0 notwendig von

der Form fen) = clog n ec = const.). Katai (1984) vermutet,
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daß die multiplikativen Funktionen f : m~ C mit äf ~-O

genau diejen~gen Funktione~ f sind, die f~~)...~ 0 erfüllen,

oder die Form f(n) = nO+iT . mit 0 ~ a <~~:haben. ynt~~ sc~ärferen

Voraussetzungen ist .diesbei.,Katai ein. Satz. Tatsächlich ist

die:V~rmut~g in vollem Umfang ,richtig. Der we~entli~he Sqhritt

zum Beweis ,ist der

~

Ist F IN ---+IR/'ll additiv und gilt äF(n)~ 0, so ist.

F(n) = c log n/~mit einer Konsta~ten.c ~rlR. Dieser Satz selbst

läßt sich - etwas überraschend - auf Erd~s's Satz zurückführen.

""
G.WOSTHOLZ:

Algebraische.punkte auf algebraischen Gruppen und diophantische

Approximationen auf algebraischen Gruppen

I~ dem Vortrag' wurden zunä~hst a~ge~r~~sch~:.G~uppen~eingeführt

und zusammen mit der zugehörigen·E!CPonential~bbildung.an~and

von Beispielen erläutert. panach wurde das.fo~gende,Problem

behandelt: Gegeben seien zwei ko~utative algebrai~che Gruppen

G,G,~t d~e zusammenhäng~nd un~ Uper ~ definiert sei~n. Sei

~: G1~G ein analytischer Homomorphismus, ,der ebenf~lls über

~ definiert se,i, d.h. d~e. Tangentiala~bi.ldung~q) : T(G') ----l T(G)
•• • I ~ i

sei ein ~ - Homomorphismus. Dann kan~ man sich ~ragen~ wie die

Menge ~(G')(~) aussieht. Man wird dann. auf den folgenden Satz·

gefUhrt:
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Satz 1:

Der Zariski-Abschluß ~(G')(~) von ~(G')(~) ist in

~(G')(e) enthalten.

Als Konsequenz dieses Satzes erhält man die Lösung eines

Problems' von Grothendieck. Dazu' sei X eine. quasiprojektive

algebraische Varietät definiert über ~, ; € r(x,oi>,-
dt =-0 und y € H1(X,~ ) •

. Satz 2:

ft ist 0 oder transzendent.
y

V.G.SPRINDZUK:

Herr Sprindzuk, der nicht an der Tagung teilnehmen konnte,
sandte folgenden Vortragsauszug ein:

Arithmetic properties of algebraic functions

Le t :n< be _a field of algebraic nwilbers t t]l{:: an = k,. S the­

fu!'l .set of plac:~ of J( , x" = [J<,,: (Q,,]. For 0 ~ z E 1< put

(.x) =,max( 1, l.xl' \l), HD( (.x> _. n (.x) • Let- F(x,y) be an
\l \l vES v

irreducible polynomial in In< [x,y] of degree n~2 in·y and e
fex) apower series over ]I( sati'sfying F(x.,f(x» = 0, f(O) = o.

For any xe € lK denote by S(Xe ) the subset of S formed by all

" with 8 = (f(xO» finite and' set
" v

nk' ~og (xe)"
A" = - eo + €

Xv log Hll( (xC)

where e O = 1 for infinite v and e O = e for finite v. Then the

systems of inequalities
-A

IP ( Sv) I" < fPl \l, v E S( ~O )

                                   
                                                                                                       ©



..- 25 -

has only a "finite number of solutions in PCy) _E: I_K ~y l, --
c./€2 - -

deg,P ~ n-l, if €>O and HlK·CxO) > Cl+n1> ,:c = cCk,deg F)-.

The number of solutions is infinite if E<O.

Berichterstatter: P.-G. Becker-Landeck.

"... ~ • i" •

-..1., .

• -~- .. ~. _.~.,I ~ -
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