
MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tag u n g s b e r ich t 1/198 5

Metaplektische Gruppen

1.1. bis 5.1.1985·

Die Tagung fand unter der ~eitung von Herr~ S.J. Patterson

(Göttingen) und Herrn I.I~ Piatetski-Shapiro statt. Diese Tagung

wurde geplant,. um zum. ersten Mal· denjenigen Mathematikern, .die

mit metaplektischen Gruppen arbeiten, di~ Möglichkeit eines Ideen-
, .

austausches anzubieten. ·Einige Teil.nehmer wurden vorher geb~ten,

Referate über. zen'trale Gebiete der Theorie der metaplektischen

Gruppen zu halten; Auswahlkriterium war, daß der Vortragende nicht

über seine eig~ne A~beit sprechen sollte. Diese Vorträge waren

zweis.tündig I . die übrigen ein.stündig. Die' Themen die'sei .eingela­

denen Vorträ9"e waren "Wäldsp~rger" s' Work" (Hennia'rt), nThe Howe

theory cf dual reductive :pairs u (KudIa)', uL-functions associated

with classical groupsU (VigJ?~ras) und "G~neral rnetaple~tic groups"

(Waldspurg~r): alles Themen, die sehr aktuell sind. Die.anderen

Vorträge waren' naheliegenden Bereichen gewidmet.

Die Qualität aller Vorträge war sehr hoch und das Zus~mrnentreffen,

das in einer wunderschönen Schneelandschaft' zu Neujahr stattfand,

war, fruchtbar und hat seine Aufgabe eines gegenseitigen Aust~usches
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völlig erfüllt. Die Teilnehmer drückten zum Schlu~ ihre Zufrieden-

heit mit der Tagung 'und der sehr angenehmen Atmosphäre des For-

schungsinstituts aus.
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Vortragsauszüge

G. ~~nniart: Waldspurger's work on the Shimura aod Shintani

correspondences

~, ~.

The purpose of this work is to study the automorphic representations

of the metaplectic degree ? covering S cf SL(2), over the ring of

adeles A of a number field k. Let Aoo be the space of genuine cus­

pidal automorphic functions on. seAl which.are orthogonal to theta

~e~ies coming'from a one dimensional quadratic form. If two irre-

d~c~~~e ~omp~nents of Aoo areequivalent almost everywhe~e an~ have

the sa~e ceni:ral. ch~racter, t~en they are eq:ua1 .. In particular the

the weak mu~~ip~icity one. theorem holds in Aoo • However tne strang

multiplicity are the?rem generally. fails, hut the extent to which

it fails can be d~scribed exactly.

All this is proved using the (~leil) oscillator representation rel­

ative to the dual reductive pairs (5, G'), where G' is the multi-

plicative group of a quaternion algebra over.k, divided by its
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center (a special orthogonal group S~(2Jl). For example let

G' = PGL 2 and Ao the ~pace cf cuspidal automorphic functions on

G'(A). Let. be a non-trivial character of k A. An explicit cor-

respondence, involving 8-series can be defined between irreduc-

ible components n of A o such that L(n, 1/2)F 0 and irreducible

components ~ of Aoo having a non zero ~-th Fourier coefficient.

Each subspace T of Aoo appear for some choice of ~ and ~. The

correspondences for different W's can be co~pared: this yields

that for many components ~ of Ao L(X "~ 1/2) # 0 for some qua­

dratic idealeclass character X of F. If G' is not PGL2 ,. one gets

other correspondences rr' ~ ,. For a given ~,. the correspondences

n ~ T (for PGL2 ) and TT·.-. T (for G' # PGL
2

) are not compatible

with the Jacquet-Langlands correspondence. Apreeise (Ioeal and

global) study cf this phenomenon yields a description of how the

strong multiplicity one theorem fails.

s. Kudla: Howels duality theorem for the polynomial Fock model

Let (G,G') C Sp(W) be a dual reductive pair in the symplectie

group of W,<,>. One considers the representation w cf the Lie

algebras (d-,K), (~'IK') in the polyno~ial Fock space

,. 2n (0 In)
S Sl C[ z1 ' • • • , zn ~ • (1.n case W lR , <, >,." _ I 0 I so Sp (w )= Sp ( n I :IR).

n
Let R("K,~) be the set of equivalence classes of irreducible ad-

missible (?,K) modules TI which occur as quotients of S, ie. for

which Hom(d-,I<) (S,rr) " o. Given TT E R(d-,I<,U!) let NTT = ~ ker A

where A runs over Hom(~.I<)(S.TT). and write S/Nrr ~TT x rri •

                                   
                                                                                                       ©



- 5 -

where ri is a (1~K') - module. Howe then proves:

Theorem: (i) ni is finitely generated, admissible and quasi-simple.
,

(ii) "1 has a uniaue irre~ucible quotient: ~1

(iii) The map n -+ r l determines a bijection:

The proof depends on an analysis of the K and K ' types in s. Spe-

cifically

s = @ I
o Ei< Ci

{f. I,.,. I

Cl ER ' v

Then one-considers centralizers M of K 1 in Sp(W).and Mt,of K in

Sp(W) and obtains the diagram:

M M' There are Harish~Chan<ira dec<?mpos~tions

I
cf m = Lie(M)c ...

G GI m m(2,O) + m(l,l) + m(O,2)

1
"

K ' m l = "m l (2,0) m ' .( 1 ,1) +' 'nil' (.0" 2) :
K + .

Then one defines harmonics

)(. (K) = Jtp E S ~' is annihilated by m t (0', 2) I .-

lt(K' )= J~ E S ~ is annihilated b (0,2) Iy m

and finally
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1{ = @

aE:R,o'EK'
1-Ie I Ü I - er ~ c' and

G,e' determine each other uniquely.

From this it follows if 0 oceurs in n.and has lowest deg(o)

= deg1"lo,a I , then Cl roust oecur in T::i. Further analysis leads

to the theorem.

M.F. Vign~ras: L-functions for classical qroups (d'anres Rallis

and Piatetski-Shapiro).

Rallis and Piatetski-Shapiro have defined (-functions for all elas-

sicalgroups G \vhieh are obtained as isametry graups of a hernii tian

or ~kew-hermitian space over a global field k. This construction

which arised in the context of the Weil representation, consists

in a generalization of the Rankin-Selberg integral.

If r is an automorphic cuspidal irreducible representation of G,

+E 'r., ~ E ~ , ( , ) the natural pairing between 17 and ;.

Tf H = reductive algebraie group containing G x G, P c H a

parabolic, such that the action of G x G on P\H has a single mai~

orbit, w a character cf Pk ~PA' w I(GXGnp)A = J , G x G n P

= J(g,g), 9 E Gl and f E Indp
A w , the basic starting point is to
A

consider the integral

"J Ef (gl,92 ) ,(gi) f(g2) dg, d92

(GXG)k \(GXG)A

J f ( 9 • 1 ) ( TT ( 9 ), • ~) dg

GA
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where

I f( yh) , h E HA

yEPk\Hk

is an Eisenstein series.

~l On the left hand-side. the analytical properties of the integral

result from those of the Eisenstein series.

On the right hand-side, one gets the. zeta fun~tion

L(w,f,<t>,~)

'" "which has an Euler product when f =rcf v ' <P =7Tepv' t .;rr <Pv are

decomposable: L(w,f,,h,~) =nL(w,f,~,1) . ~fuen G = Sp(7.n)"l" v' v v Tv l'v

or SO(2n), they'prove that in the unramified case, (almost every

where) the Ioeal zeta funetions are (for a good choice of w up

•
to a translati~n cf s) the elassical L-functions cf Langlands

attached to the evident representation r cf LGo L(s,n,y). They

prove that L{s,li',y) has a meromorphic continuation with finitely

many poles •

J.L. Waldspurger: Repr~sentations exceptionnelles des groups

m~taplectigue g~n~raux.

In this lecture the essential content cf the following two papers

was sketched:
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D.A. Kazhdan, S.J. Patterson: Metaplectic forms, Publ. Math.

lHES 59 (1984) 35 - 142

S.J. Patterson, 1.1. Piatetski-Shapiro: A cubic analogue of the

cuspidal theta representations. J. Math. pures et

appl. 63 (:1984)

,....,
J.W. Cogdell: Base change for SL2 .

(to appear)

Let k be a Iocal field of char. 0 and K/k a cyclic extension of

prime degree. Let L(k) be the admissible ~rred. representation of

~

SL2 (k) up to L-equivalence and A(k) the irred.

PGL2 (k). Then we define a base change map L(k)

adm. reprs. of

B~/k) L(K) by

"pulling back" the ba"se change for PGL2 via the Waldspurger corre­

spondence, i.e., define BCK/ k by

L(K)
Wd(· ''!:K/k)

A(K)(

BCK/ k BCK/ k

L(k)
Wd(· I ~:)

) A(k)
e

This definition is independent cf Wand defines a loeal base change

Now let k,R be number fields, K/k cyclic of prime degree. We define
.,...

BCK/ k ~(k)-----+L(K) as the product ':"lf the local base changes

(here L{k) are the L-equiv. classes of ge:luine aut. irred. re;>rs).
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It is p055ible that certain classes have no base change. H9wever,

-if K/k i5 an odd cyclic ext. of prime degree then given [0] E L(k),

If (K:k). = 2 things .are more interesting. Let B(K/k)

= '[a~ E L(k)1 G is cuspidal, not a A-series fram aI-dm qua-

dratic form, 's. t.

(i) Tl_ 'Xv (-l) -1
vE L(o)

-
~ 1(li) 2['aK/k~

-where ~ is the quadratic char of K/k and ~(oJ is the set of

places where [oJ is not principal series.

Then the main theorem for (K:k)

- -[0 ~ E B(K/k).

-
If [aJK/ k = ~, then for any further odd degree base chang'e, "lt

does not reappear. However on any further base' change of degree 2,

~ then [O]K/k is again automorphic and can never disappear again.

D.A. Kazhdan: Algebraic geometry and representation theory.

Ten years aga P. Deligne and G. Lusztig showed how to associate to

any irreducible representatiori ~ of a reductive group GF 'a 'semi-'
q

simple conjugacy class E
LG Let v the af irreducibles Gl be set

~ F

G
V

q
GV

TT E such that s Je J. G.Lusztig has associated to T" EF T'!' ,,1q
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a unipotent conjugacy class U C Gp
q

. v C 'Gv
- F1X u E GF - Let Gu

be the set corresponding to u. G. Lusztig has shown that

G~.~ m <OJ'u> where "<fu is a finite group associated with u

and 172<ocru) is its "co tangent space"u.

s. Rallis: L-functions and metaplectic oroups.

This talk was a continuation of that of M.F. Vign~'ras~ the pri-

mary objective was to describe the loeal theory of the L-func-

tions introduced by Piatetski-Shapiro and the speaker. The cen-

tral questions considered were the rationality of the L-functions

and the Ioeation of their poles and zeros. The rationality followed

from an inductive argument on the rank and a representation of the

intertwining operator as an integral operator with kernel

\det(h-I)\s . Onee these properties were established the inter-

twining operators could be so no~alized that one could also prove

induetive properties of the L-function, analogous to those of

Godement-Jacquet. The normalization involves the detailed analysis

cf eertain generalized Whi ttaker functional's.

D. Zagier: Heegner points and modular forms cf half-integral

weight.

Let Xo(N) (N E m) be the modular curve parametrizing pairs of

elliptic curves (E,E') tagether wi~h a cyclic N-isogeny E ~ EI.

~et k = Q(J=d) be an imaginary quadratic field. A point x E Xo(N)

is called a Heegner-point for k if E and E' both admi-t complex

multiplication by the ring of ~ntegers of k. Over C, Xo(N) =
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~(N)\~ u !cuspsl (~= upper half-plane) and Heegner points

correspond to T E~ satisfying a quadratic equation

aT 2 + bT + C = 0 (a,~,c" E~) with b
2

- 4ac = -d, N a. The number

of such points i5 h(k).2
t

(h = class number, t = number of p N),

they are defined over" the Hilbert cla5s field of k, and are gen-

erated by the Galois group of thi5 field over Q. Hence

P d =

x

over fi.

I (x)-(oo ) E J = JaC(Xo(N» i5 defined

Heegner point for k

On J(~) there is a positive definite bilinear pairing

< , > : J(~) x J(~)~m (canonical height pairing). In.1982

B. Grass .and I proved a fo~ula for the.height < Pd,Pd >. If

f E S2(ro (N» is a Hecke eigenform of weight 2, and p~f) the

f-eigencomponent cf Pd E J(~) em, then this formula says

< p ( f ) p~f ) > = ---.2
2

L I ( f , 1) • L ( f , (-.d) ,1-) i f f E" S; , 0 i f
d IIf\\

fES; , where ". f i'5 the norm of f in the Peter5son metric
+

(f E S; ~ f( -N~ j = ± N~ ~(T) # functional equation of

L(f,s) has· a (+)-sign).

4IJ On the other hand. a theorem of Waldspurger says that the value

L(f,(-.d),l) .of the twisted L-Series of f at 5=1. equals A.d1/ 2c(d)2,

where c(d) is the d th Fourier coefficient of the modular form

9 of weight 3/2 associated to f by the Shimura-Shintani corre-

spondence and A a constant independent cf d (e5sentially
?

A = IIfl\~ ). Hence< p(d) Pf(d» is proportional to c(d)2. This
IlgU 2 f '

suggests:
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Theorem: The Heegner points p~f) ( (J(Q) sm) lie in a one­

dimensionalspace and are proportional to the Fourier caeffi­

eients c(d). This was proved by Kahnen, Gross and myself. The

lecture described part of the proof, which consists in calcu­

lating the scalar product of f with a restrietion of an

Eisenstein series für a real ~uadratic field. A qeneralization

involving the theory of "Jacobi Forms ll (the subject of a forth­

corning book of M. EichIer and myself) was also discussed."

Berichterstatter: S.J. Patterson (Göttingen)
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