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Diese Tagung fand unter der Leitung von Herrn Jvg Fröhlich (ETH...Zürich, Schweiz)

und Herrn Barry Simon (CALTECH, Pasadena., U.S.A~) statt. Vorbereitet wurde sie von

J. Fröhlich , B. Simon und B. Souillard, der aber der Tagung aus gesundheitlichen Gründen

fernbleiben mU.88\e.

Die Thematik unserer Tagung gehört zum Gebiet der mathematischen Physik. Die

wissenschaftlichen Schwerpunkte lagen in der Quantenmechanik von Elektronen in äusseren

periodisChen, quasi-periodischen und zufälligen Potentialen, dem quantisierten Hall Effekt

und der Theorie von Kristalloberllächen und Quasikristallen. DaS Programm enthielt aber

auch Vorträge über die Quantenmechanik der nicht-relativistischen Materie, integrable Sys­

teme in der Quantenmechanik (samt Anwendungen auf die Zahlentheorie), die Herleitnng

der Brown'schen Bewegung aus der statistischen Mechanik, nicht-lineare Evoluiionsglei-e chungen und dendritische Fronten, u.a..

Die mathematisch strenge Untersuchung der erwähnten physikalischen Sydeme bein­

haltet viel harte Analysis, Wahrscheinlichkeitstheorie, Gruppentheorie, aber auch etwas

algebraische Topologie und algebraische Geometrie. Auch der Computer kommt mehr und

mehr zum Zuge. Diese Vielfalt der mathematischen Methoden und die Aktualität der

physikalischen Problemstellungen machten unsere Tagung ausserordentlich ~izvoll und

anregend. Forscher aus verschiedenen Gebieten der theoretischen und mathematischen
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Physik und Mathematik konnten sich begegnen und erfahren, dass sie sich mit gutem

Willen gegenseitig verstehen und "om Gespräch miteinander profitieren können. Solche

Begegnungen verbreitern unsere Perspektive und regen neue Forschungsprojekte an.

Beinahe alle Teilnehmer hielten einen eiD- bis eineinhalb stü~digen Vortrag über ihr

Arbeitsgebiet und die von ihnen in letzter Zeit gefundenen Resultate. Das durchschnittliche

Niveau der Vorträge war ausgezeichnet. Die Gespräche während Mahlzeiten, in Pausen

und am Abend waren anregend,' und die sozialen Kontakte schienen erfreulich zu sein.

Besonders geschätzt haben wir auch die Tatsache, dass unsere Tagung Forscher ans ver-e

schied.ensten Ländern in Ost und West an einem Orte versammelt hat. Es gab Teilnehmer

aus. der BRD, der DDR, der Schweiz, Ungarn, der Sovjet Uni~n, Italien, Frankreich,

U.S.A., und ihre Nationalitäten waren noch vielfä.ltiger. Es hat uns gefreut,. Kollegen

wieder zu begegnen, die wir leider nur selten sehen können. Unsere Tagung war in jeder

Beziehung erfolgreicher, als der Unterzeichnete vermutet hätte. Wir sind dem mathe­

matischen Forschungsinstitut Oberwolfach und seinen Leitern dankbar, dass sie uns die

Durchführung dieser Tagung in einem sympathischen äusseren Rahmen ermögli~i haben!
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Vortragsauszüge

~.

_J.E. Taylor

Singulariiies in Surfaces of Crystals

Grain boundaries and sulfaces of crystalline materials have a surface free energy whieb

in general depends on the normal directions of the interface or snrface. J)etermining

the shapes of surfaces which locally minimize a given snrface free energy function ia an

• interesting maihematical problem; it reduces in the case of isotropie (Le. constant) 8urface
- ..

energy to the minimal surface problem. A variety of results have been proved.

J.G. Conlon

Same Problems in Coulomb Systems

In this talk I d.iscuss the stability of matter problem and related malters. We are

concemed then with a !arge number of electrons which interact with each other and also

with tixed nuclei. In 1967, Dyson and Lenard proved thai the ground state energy of Buch

a system is proportional to the total number of particles. I describe the proof of this result

given by Lieb and Thining in 1975 and also sorne more recent develöpments.

C.ltzykson

Simple Integrable Systems

• We present a Btudy of level degeneracies for the Dirichlet problem in a polyhedra1 box

when the system is integrable. Tbere exists a one.to-one correspondence between these

cases and semi-simple Lie algebras or affine crystalline Weyl groups. Remarkable propenies

of the destribution of degeneracies are exhibited in low dimension, using number theoretic

methode, indicating a speda.cular branclüng of levels in the tW(rdimensional case.

The work is based on two recent papers:

c. Itzykson, J.M. Luck : J. Phys.A 19, '211 (1986)

C. Itzykson : Simple Int~able Systems and Lie Algebras, Saclay preprint PhT·85-172 to

appear in "Journal of Modem Physics A11 •
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J. Fröhlich

Review cf Localization Theory

In this leciure I review recent rigOroUB results coilceming the absence of transport and

t he existence of trapped waves (or localized vibrations) for systems of quantum mechanical

particles moving under the inftuence of external random or certain quasi.periodic potentials

and for 80me class of diBordered, anhamlonic crystallattices. The main assumption needed

in the proofs of these reaults is that the disorder be large. The analytical methods usee
in our analysis are perturbation expansions on an infinite sequence of increasing distance

scales and are vaguely related to K.A.M. theory..

Results and proofs presented in this lecture are contained in the following papers:

J. Fröhlich and T. Spencer, Commnn. Math. Phys. 88, 151 (1983); J. Fröhlich, F. Mar­

linelli, E. Scoppola a.nd' T. Spencer, Commun. Math. Phys. 101, 21 (1985); J. Fröhlich,

T. Spencer and C.E. Wa.yne, J. Stat. Pbys. 42, 247 (1986); and in forlhcoming work of

T. Spencer and. collaboraiors.

Same of our results are related to those discussed in Prof. Sinai's ledure.

Ya.G.8inai

Anderson Localization for the Schroedinger Eguation with the Quasiperiodic Potential.

We consider a general differente Schroedinger equation

(M(z)tP)(n) = -!(tP(n + 1) + ,p{" - 1) + V(TJlz)1jJ(n) •where T is a measure-preserving transformation of a measure space (M,p,). Supp.ose that,

for every eigenfunction ,p, one can construct an essential supp'ori Z(~) showing apart

of the lattice, where the e.f. is mainly concentrated.. Then one can define a measurable

objed t(z) consisting of e.f. for which the essential support contains 0 and lies to the right

fronl the arigin. In many case8J it is natural 10 expect that the whole spectrum consists

of UIc SkA(Tkz ), where S is the shift. The case of the rotation of the circle is discussed

in detaiL
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K.B. Efetov

Supersymmetry in Disordered Systems

Supersymmetry methods based onthe nse 01 both ooDlDl:uting and anticommuting

variables are developed. Severat problems of localization theory are solved.

A. Klein

• A Rigorous Replica Trick Approach to ~nde1'8On Localization

We use a 8upersymmetric replica trick to prove estimates on the Green's functions of

random potentials.

F. WegDer

Anderson Transition-a Criticat Phenomenon

The description of the Anderson transition in terms of a model of interac:ting matrices

(nonlinear tl-model) will be reviewed. On the basis of recent tJ1ree.loop (with D. Röf)

and four-loop (preliminary) calculaiions in an ! = d - 2 expansion far ihis mod~ it will

be argued thai not all of the critical exponents (for condudivity, crossover, parlicipation

ratio) can be "simple" expressions in t.

B. SimOll

Regularity of the InS in the Anderson Model

• After reviewing previous results I discuss joint wark with M. Taylor, proving k(E) is

Coo in the Anderson model, with a potential density dl obeying dl(%) = F(,;)dz, where

F has compact support and lies in the Sobolev space Ll.

Lifshitz ruls tor Random Schrödinger Operators

We discuss the high- and low-energy behaviour of the density of states N(E) for a
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:."

random Schrödinger operator Hwo For E n~ar a band ed.ge of Hw Lifshitz predicted a

behavior of N(E) like

Cl ec-:(E-EfJ )- f

(now known as "Lifshitz tails"). We disc~ss recent mathematically rigorous works that

confinn Lifshitz' conjecture.

D. Ssasz •Spectral gaj) in the Markov approximation cf Brownian motion

The following result is part of a unified dymanical theory of Brownian motiQD con­

necting its various mathematical models (Wiener process, Ornstein-Uhlenbeck process).

Denote by QM(t) the displacement of a particle of mass M inieracting with an ideal gas

of point particles of mass 1 via elastic collisions. Then, for '1 > f, A-tQA1(At) converges

io a Wiener process whose variance coincides with the Sinai-Soloveychik-Szasz-Toth lower

bound ~2 =limM~oo liminfA-.oo Var t-tQM(t).

p. Kramer

Quasi-Crystallography Associated Wiih ihe lcosahedral Group

Following the Penrose (1] paradigm of non-perlodic tHings of EJ and its global analysis

by de Brnijn [2),. new crystallographic ideas are devel~ped on the basis of (al for the

descripiion of non-periodic til.ings of FJ3. The matbematical teclmique uses induced and

8ubduced representations 01 point and 8pace groups in E3 and EN , N > 3, associated •

with the icosahedral group. Quasilattices in E3 are analyzed with respect to elementary

and composite cells and point symmeiry. Global properties include layer and nemaiic

structures and the structure factor for diffradion. A zone description is iniroduced to

discuss the generation of the quasilattice from an initial point.

[1] R. Penrose Bull.Inst.Ma.th.Appl., 10 (1974) 266

(2) N.G. de Broijn IndagationlB Math., 43 (1981) 39 and 53

(3) P. Kramer and R. Neri Aeta Cryst. A, 40 (1984) 580

U P. Kramer Z. Naturf., 408 (1985) 775
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A.. Kats

Theory of Quasi-Periodic Tilings ud Quasicrystals (joint work wiih M.. Duneau)

A general method ia proposed to build quasiperiodie tilings apd more general quasi­

perlodic patterns.. Such tHings are obtained by the projedion in ]R3 of suitable 3-dim..

surfaces buHt up with fauts of a higher dimensionallaitice. As an example icosahedral

quasiperiodie siructures are produced, whieb are hoped 10 give a useful template for real

quasicrystals. Our method aJIows the siudy of Iocal properties (classificaiion of veriex

neighbourhoods) as well as global properties, a.nd an anaJytic expression of. the Fourier

transform ia derived, exhibiting the quasiperiodicity.

c. Radin

The Spatial Symmetrv of Classical Ground States

The talk will be a survey of attempts to understand the tendency of many body

systems 10 exhibit spat ia! periodicity or quasiperiodicity at low temperature.

J.-P. Eckmann

The Existence of Dendritic Front!

In this joint work with P. Collet, we study the fourth order equation on lR2

8eu(z, t) = (e: - (1 + a;r~)u(x,t) - eu3 (z,t).

We show that these equations have propagating front solutions which leave a periodie

pattern with wavelength w in the laboratory frame. They move with speeds c > 4.

J. Bellissard

The KAM Theorem in Quantum Mechanics.

Several problems in quantum mechanics exhibit small divisors: The problem 01 metal­

insulator transition in inoommensurate systems, stability of quantum systems periodically

perturbed in time, etc.. The KAM algorithm tan be adapted to treat these cases~ Tbe .

method and the applications will be explained.
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F. Martinelli

Anderson Localization in a Binarv Alloy.

We will give on ouiline of the proof of Anderson localization for a one dimensional

tight-binding randonl Hamiltonian when the probability distribution of the random po­

tential is a Bemoulli measure. We will also diseuss BOrne consequences tor the integrated

density of states. Multidimensional cases will be also discussed.

H. Englisch

Exaet ·Kohn-Sham Equations

The density fundional formalism (DF) became a standard method for the calculation

of ~ound state energies. The V-representability of the densities, the differentiability of the

density functionals and the only vague knowledge of the exchange and correlation fune­

tional are difficult problems for the mathemat;ical foundation of practical DF-calculations.

The Kohn-Sham equations have been modified BUch thai, for E-V-representable densities

(3. dense set of one-parlicle densities), for whic:h the ditferentiability of Lieb's exact fune­

lional was shown, their BOlutions coincide with the ground-state densiiies searched fora

Reference:

H. Englisch, R. Englisch "Exact Density Functionals for Ground-State Energies" , phys.

nato soL (b) m, 711, ill, 343 (1984) and paper in preparation.

y.·s. Wu

Fractional Quantum Statiatics in Two Dimensions.

Fractional statistics, which depends on a continuous angular parameter 9 and ia

intermediate between the u811al Dose-Einstein and Fermi-Dirac staiistics, may exist in

two-dimensional physical systems. Recent progress and present status of ihe theoretical

undemanding of these exotic statistics are summa.rized. Several open questions which

need more dorts from the aide of mathematical physics for their solution are emphasized.
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E.. Thzbowits

Algebraic Geometry of Periodie SchrödiIiger Operators

It is shown that, for the operator -~+tJ(z) on L2(lR.2 ), with tJ(z) a penodic potential,

the density of states generically determines the potential v, up to the obvious ambigui­

lies. Related results for periodie Schrödinger operators on L2(lR.3 ) are also sketched.. An

indication of the ftavour of the proofs which involve topological and algebraic-geometric

methode is given..

J. Hajdu

Introduction to the Quantum Hall Effed

The experimental results which 1ed to the discovery of the quantum Hall eHect and

a phenomeno1ogical theoretical description of that etted are reviewed. Bome of the basic

theoretical ansätze used to explain ihe integral quantum Hall effect are briefty described.

H.KUllB

Integral quantum Hall Eft'ect

We show that the Hall conductivity, resulting from an elecmc field applied statical1y,

is not quantized.. For an e1ectric neid applied adiabatically, we prove that when the Fermi

energy is in a gap or in a region of localised states, the Hall conductivity is quantised, and

we compute the corresponding integer in some models. We also prove that, in BUch cases,

the 10caJisation le~h diverges at some energies..

. B. Neudecker .

A Simple Model for the Fractional Quaniized Hall Eifect

Following the ideas of Haldane we investigate a model for N electrons in a strong

magnetic field on a aphere, inieracting via shoriranged repulsive interaetion. We find that

for filling bctors JI ~ ! 'he Laughlin wavefunctioD is a 'me eigenstate with zero energy..

Numerica1 calcu1ations have been carried Oll' for N :s 6. At 11 = i a j ump in the chemical
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potential OCCurB. The pidure of Laughlin and Haldane for the excitation spectrum ie in

good agreement with our numerical data. This statement holde also in the case of repulsive

. Coulomb forces which we considered for N ~ 6.

J.E. Avron

Generic Properiies of Finite Hall Hamiltonians and Diophantine Eguations

In the talk I reviewed the works with R. Seiler and R. Seiler and B. Shapiroon generi_

properlies of Hall Hamiltonians of finite systems; work with Dana and Zak on diophantine

equations for the Hall conductance of non...interacting elecirons in aperiodie potential and

a work wiih L. Yaffe on a diophantine equation for the Hall conductance of interacting

eleclrons on a two-dimensional torus.

R. Seiler

Adiabatic Theorems and 'he QHE

The adiabaiic limit of a quantum system is analyzed for time dependent Schrödinger

operators saiisfying a pp condi~ion~'An adiabatic time evolution whic~ ~pproximates tbe

physical evolution is defined. AB an application Kubo's fonnula is Down 10 hold for tbe

Hall conduciivity. It is related ~ t~e ehern class of a tine bundle.

Berichterstatter: J. Fröhlich
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