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Tagungsbericht 23/1986

Lokale Algebra und lokale analytische Geometrig
25.5. bis 31.5. 1986

Die Tagung fand unter der Leitung von J. Lipman (LaFayette, Indiana),
R. Berger (Saarbriicken) und G. Scheja“ (Tiibingen) statt.

Gegenstand der Tagung war die Verbindung zwischen algebralscher und
analytlscher Geometrie in Fragen, die zu gemeinsamen Begrlffsblldungen
der (lokalen) kommutativen Algebra gefiihrt haben. In ‘den Vortragen
wurden u.a. Aspekte der Auflosung und der Deformation von Slngula-
ritdten behandelt; auBerdem standen lokale topologische Elgen—

schaften der Singularit&dten im Vordergrund des Interesses.

Von den Teilﬁehmern-kamen 29 aus Deutschland'qnd anderen éuroééiséhen
Ldndern, 10 aus Nordamerika und 4 aus Japan.

Vortragsausziige

L. AVRAMOV:

Apﬁlications of homotopy to commutative algebra R

We introduce an algebraic notion of homotopy groups. )
Definition: If R is a commutative ring, and k the résidue field
of R for some prime p , the graded vector space -,
(I(Z))Jc TorR(k,k)V is called the homotopy of R at p . Heref

I = Ker(Tor®(k,k) » k), 1'?) =12 + the span of the divided powers
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space duals.

(x of even degree > 0, j 2 2), and () denotes vector-
Theorem: Let R+ S » T be local homomorphisms of local rings,
such that ¢,y and ¢¢
¢ and ¢ are l.c.i. maps if and only if ¢ is l.c.i. and
flat dimS T < o .

Theorem (with H.B.Foxby): Let ¢ :R > S be a homomorphism of
finite flat dimension. Then I, = I_-I

i i S R 'F
(Is(t) = £ dim ExtR(k,k)t ) . -

are essentiélly of finite type. Then

holds for the Bass series

-

b

R.O. BUCHWEITZ:

- Characterizing Algebraic Cycles on Projective Hypersurfaces

Let X be any smooth variety over ¢ , K(X) its Grothendieck

group , H*(X,{) its cohomology ring. Then there is a Chern charac-

ter chy:K(X) > H*(X,¢)

Among other results we give the following:
2m 2m+1

Assume X > 1P

Let R. = r*(bx) s S.=T,( 019 be the homogeneous coordinate rings.

_S.,-
Re = " (g
a matrix factorisation

. The problem is to describe its image.

is an even dimensional, smooth hypersurface.

is given by
G,F free

, deg £ = d. A graded MCM M over R.
(¢,%) ¢:F >G , v:6G(-d) ~ F ;

i Ve = f.idF (D.Eisenbud) .

graded S.-Modules such that ¢y = f'idG(-d)
Theorem: 3 a universal constant c(d,m) such that (M) is
. ’ ' m+1 . - :
. _ Trace ((d¢a dy) ) R
given by y(M) = c@m . Sy erentof 5 € U /a(n) ) me1) (a-2)
= B x) ° ®
Db(R ) Db(x)
where vy 1is the composite map : /Db(s )y /Db(P)

> K(X)/K(P) » © HP'P(x)?

M. CONTESSA:

Rings with double infinite chain condition (DICC)

A DICC is a commutative ring with unity in which every double in-
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finite chain of ideals ...Sa_,¢C 010 € 0L, ... stabilizes either to

the right or to the left or to both sides. A reduced DICC is Noer

therian. For the nilradical n of a non-noetherian DICC we have

i) Ass(n) consists of finitely many maximal ideals; ii) n is nil-

potent; iii) n is DCC. We call a min/max ideal a prime ideal

which is both minimal and maximal. A

Theorem 1: Let S be a non-Noetherian ring with no min/max ideals.

Then S is bICcC iff 1) Sred is qutherian; 2) n is nilpotent;

3) n isDCC; 4) Vx e€S-n : 2/
’ has finite length.

or equivalently n,

Sxnn Xe°n

Theorem 2: A ring R is DICC iff either R is Noetherian or

R =A x S where S is a DICC with no min/max ideals and A |is
an Artinian ring.

Cor.: A non-Noetherian DICC with no min/max ideals has a unique

minimal prime.

D. EISENBUD:

Linear Sections of determinantal Varieties

Let V,W be vector spaces of dimensions v,w over a field F,'.
Proposition-Definition: For a subspace MecHom(V,W) with associated
pairing y:Ve W*. > M* and Matrix of linear forms L , the follow-
ing are equivalené:
1) The annihilator. M'Lg Hom(W,V) = Hom(V,W) * meets the rank = k
locus only in O-. ,
2) No sum of < k pure vectors in Ve W* goes to zero under u .
' 3) Even .after row and column operations, any k of the elements
of L are linearly independent. )
When these conditions are satisfied, we say that M( or or L)
is k-generic. .
Theorem 1: Let L ‘be an (n-k)-generic matrix of linear forms. The
k x k-minors of L generate a prime ideal of generic height, and
this remains ‘so modulo any = k-2 linear forms.
Theorem 2: (-, Koh, Stillman): If X is a reduced, irreducible
curve of genus g , and £ 10 fz are line bundles of degree 2 2g+1 ,
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(and distinct if both have degree 2g+1), then I(X) is generated
by the 2 x 2 minors of L(l.l,afz) . i

R. M. FOSSUM:

There exist indecomposable rank. two Gorenstein modules (d'apres
D.Weston)

Let (A,44) be a local noetherian ring with maximal ideal w .

A finitely generated module G is a Gorenstein module if ‘

i) inj dim, G<= , ii) Hom,(G,G) is free and iii) Ext;(G,G) =0
for i>0 . The following facts are known: 1) If A has a Goren-

stein module, then a) A is CM and b) A has Goreinstein formal
fibres. 2) If G is a Gorenstein module, then rkA HomA(G,G)= t2 .
The integer t is called the rank of G . 3) If G is a Gorenstein
module of rank 1, then G has a dualizing module. 4) If A .has a
Gorenstein module, then it has a unique indecomposable Gorenstein
module ' G such that any Gorenstein module is a direct sum of copries
of G . 5) If .A has a Gorenstein module of odd rank, then A has
a dualizing module. 6) If A is a Gorenstein module over itself,
then A is Gorenstein. _

Theorem (D.Weston Univ. Ill. Thesis 1986). There exists an ana- )
lytically normal two dimensional factorial local domain A that has
an indecomposable Gorenstein module of rank 2. '

Such an A has Gorenstein formal fibres, but no dualizing complex.

A. V. GERAMITA: _ .

Linear Systems of Curves in ]P2 with Prescribed Multiplicity

= . L2 i
k=% , Py,...,P; points in ‘P (k) , R=kfx0,x1.x21 + ¥R,
o

. . N 1 a
'.‘f*i,<-->P ay2...20a_ 21 integers and I= N ...r\fss=®1d.

i ’
Theorem (A.Gimigliano, Ph.D.thesis): Let P,,...,P  lie 'on a non-
singular curve of degree d and suppose -41 (dE0 - E.l - .= ES) = 0

DFG Deutsche .
Forschungsgemeinschaft ©




UFG

2 B S
on X (the blow-up of P° at P1,...,Ps) . Let Dt-tE:0 iﬁ:iEi
S
where t 2 I a, . Then i) if s #(d;"’} -1 240y =0, ii) if
i=1 /

_ [a+2 - ) . _
s-{z) 1 and Dt#md!i:0

nm~Mn

m E, then 4.,1(D y=0 . iii) if
i=1 1 t ’
_ d+2) _ _ _ s 1 - ;

s = ‘ 2 1, Dt— md Eo i;m E:i then 4 (Dt) =0 if the

points P1""'Ps are sufficiently general.

Cor.: If P1,....PS are .sufficiently general and lie on a nonsingular

. d a.+1
curve of degree d then if t 2z = ixi = H(A,t) =e(I) = 2‘.( 12)

i
e .. (R
where H(A,t) =dim R, dim, ( /I)t .

1

S. GOTO:

On maximal Buchsbaum mociules

Let R be a local ring and M a finitely generated R-module.

Then M 1is said to be Buchsbaum, if the difference

IR(M) ="1R(M/ M) -eq (M) is independent on the .choice of parameter
ideals o for M . (Hence M is CM iff M is Buchsbaum and

IR(M) = 0.) A Buchbaum R-module M is called maximal if dirﬁRM= dim R .
We show that a regular ring R possesses only finitely many isomor-
phism classes of indecomposable maximal Buchsbaum modules. In a
certain special case - (e.g., when R= ¢IIX'1 -xn ]}G with G finite
group) the converse is also true.

J.W. HOFFMAN:

Topology of the infinitesimal site and the Hodge Conjecture

We interpret the general problem of Hodge as to give those conditions
ona c” complex vector bundle E over a projective nonsingular
variety X over ¢ so that E™ ® ¢" has a holomorphic structure
for some integers m,n . More generally, if X is any complex mani-
fold, we introduce a Grothendieck topology called the holomorphic

Deutsche
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topology of X , whose topos is denoted by (X)hol , and a canonical
morphism of topos f:X - (x)hol , whose construction mirrors that
of the crystalline site in Algebraic Geometry. It has the property
that a holomorphic structure on E is equivalent to giving a
crystal. E, in (x)hol such that E:=f*E1 . When interpreted in

the language of differential operators, the equivalence between holo-
morphic structures on E and crystalline structures on E is seen
to be a restatement of a form of Nirenberg's complex Frobenius theo-

rem.

R. HARTSHORNE:

Rational surfaces in P4

This talk is a report on recent work of Ch. Okonek and J. Alexander

on possible rational surfaces. in P4. Aside from the classically
known rational surfaces of degree £6 in P4 , Okonek found new

oﬁes of degree 7 and 8, and suggested another one of degree 8.
Alexander proved the.existence of the surface of degree 8 and found
another of degree 9. He shows also that any non-special rational sur- -
face (i.e. with JU (0 (1)) =0 ) is among those now known. It is
still open whether there exist special rational surfaces of degree

29 .

S. IKEDA:

The Gorensteinness of Rees algebras and associated graded rings .

Let (A, m,k) be a Noetherian local ring and I an ideal of A . We

put R(I) = n > 0In and call this ring the .Rees algebra of I . We
give a criterion for R(I) to be a Gorenstein ring.
Theorem. Let G(I) = I /In*1 . Suppose that- grade(I)> 2

Then the following cond;tions are equivalent:
(1) R(I) is Gorenstein

(2) KA=A and KG(I)=G(I)(-2) '

DFG > '
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where KA and KG(I)
respectively.
We construct a local ring (A,m,k) such that R(m) is Gorenstein

but A is not Cohen-Macaulay.

are the canonical modules of A and G(I)

K. YAMAGISHI:

Unconditioned strong d-sequences and some applications to generalized

Cohen-Macaulay rings

. A sequence @1r850000 08y of elements in.a commutative ring A

is called an unconditioned strong d-sequence on an A-module E if

every power a1.n1 ' a2n2,. .. ,asns (n-,.L > 0) and every permutation

of them form a d-sequence on E . The reason why we discuss this
sequence is that we want to find a good sequence property which
unifies the behaviours of:s.o.p.'s for Buchsbaum fings and moreover
generalize Cohen-Macaulay rings. Main conclusion.is that we can
describe the local cohomology modules H:(E)'s (i <s) in terms of
quotient modules concerning ai's and also the local cohomology
modules of R(E) and G(E) , the Rees module and the associated
graded module of E w.r.t. ai's , in terms of Hi(E)'s . This
sequence has a closed relation with a pS-sequence, -in fact they form
é pS-sequence on E iff they form a u. s. d-sequence on E under
suitable assumptions.

. Equimultiplicity of p-constant deformations

\
|
U. KARRAS:

We gave a report on.the present knowledge concerning the question:
poes topological equimultiplicity of isolated hypersurface singu-
larities imply equimultiplicity? Actually we are interested in the
slightly weaker problem whether the multiplicity does not change
along the u-constant stratum where u denotes.the Milnor number of
the singularity. Our new approach uses the concept of deformations
of embedded resolutions. Then our main result characterizes equi-
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multiplicity of u-constant deformations of 2-dimensional isolated
hypersurface singularities in terms of certain cohomological vanish-
ing conditions. We can apply this criterion to the class of hyper-
surface singularities for which. the Newton polyhedron gives rise to
an embedded resolution via toroidal embeddings.

J. LIPMAN:

Topological Invariants of Quasi-ordinary Singularities

d+1 ‘l’

A d-dimensional irreducible hypersurface singularity x € Xc ¢

is called. quasi-ordinary (g.o.) if it admits, locally, a finite. pro-
jection into ¢d with discriminant locus A having only normal
crossings. Such a sinqularity can be parametrized by a fractional
power series, the case d=1 being the classical Puiseux para-
metrization. For curves . one knows how the "characteristic pairs" of
a parametri;atiqn.control the local topology (via knot theory). In
higher dimensions, one associates to fractional power series para-
metrizations analogues of the characteristic pairs, and naturally

asks what the relation of these to the local topology of (X,x) is.

A big step towards the answer is the following. For each component
5, of A, (1sisc) let 1z, := n"1(a;) . Then 2z, is irreducible,

and we can let m; := deg(nz ) be the branching order of at a
i

generic point zy of vzi . Lemma: With suitable ordering of the i
we have ‘
mclmc_1|...lm1 = deg(n ) |" = divides).

Theorem: Locally homeomorphic g.o. singularities have the same my
(i=2...c). An important role in the proof is played by the local .

homology group sz_z(x,x—x) , which is finite, of order my...m, .
(This is proved via the group of rational equivalence classes of
codimension-one cycles in l?x'* , which maps naturally to '

2(x,x-—x) : cycle <«— analytic cycle on X + fundamental class.

Hoa-
Thm: This map is an isomorphism.)
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Forschungsgemeinschaft . ©




G. LYUBEZNIK: .

On the number of equations defining algebraic sets in AE

The following theorem is proved:
Theorem: Let Vg A; an algebraic set of irreducible components of
positive dimensions. _Assume that either
i) V is locally a complete intersection, or
ii) char k = p > 0 and V arbitrary.
Then V can be defined by n-1 equations.
. This theorem generalizes earlier results of Ferrand - Szpiro

- Boratynski - Mohan Kumar - Cowsik - Nori.

G. R. PELLIKAAN:

Nonisolated hypersurface singularities

n+1’0) + (¢,0) be a germ of an analytic function, I its

Let £: (¢
singular locus. Def.: Am:=f(x,y1,...,yn) ="y$+...+y§ , 2:=V(y1,... n);
_ 2, .2 2 _
D_: f(x,y.l...yn) =Xy HY ... v Y z-V(y1,...,yn)
2
n

Let I, be the Jacobi ideal of f ; I
I is 1-dimensional. '

. 2
A1:f(xo,vy1...yn.)=yo+...+y , I={0} ;

i:ad(If).- Assume from now on

Prop.: If I 'is a complete intersection and dim¢ I/I <o , then
. £
there exists a deformation {ft,):t} of (f,r) s.t. for all small
t#0 : i) £, is a smooth curve; ii) £ has only A,
. outside I and only A_ or D singularities on I_ . We prove

t t
the conjecture of Siersma that dim¢(I/I ) = #A1 + #D_ by using
£

singularities

iii) of the following .

Prop.: Let R be a commutative noeth. ring. Let I2J be ideals

in R . i) Assume that R is a local CM Ring, ht I=n , J is
generated by (n+1) elements, J=Iact htet2n+1. Then I/‘:r is CM.
ii) If I is perfect of grade n+1 and grade(I/J) z2n+1 and J is

gen. by (n+1) elements, then I/ is perfect. iii}) If I is gen.b

J
by a R-sequence of length n and J is gen. by m elements, mzn ,

and grade I/sz then /J has a free resolution of length m .

DEg Deutsche
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L. SZPIRO:

Surfaces arithmétiques elliptiques

Nous considérons dans ce qui suit des courbes elliptiques semi-
stables f:X + T ol .T est soit une courbe projective et lisse .
de genre g .sur-un éorps k , soit le spectre d'un anneau d'entiers
d'un corps de nombre algébriques. Nous noterons : S 1l'ensemble-fini-
de points de T dont la fibre n'est pas lisse. ' '
Th. 1 (situation géqmetrique T = courbe/k ) - Soit AX le discrimi-
nant de X sur. T alors.. : .

deg Ax £6(2g.- 2.+ deg S).pe ’ .
odi p=char(k) et p® est le degré d'inseparabilité de morphisme f .

Th. 2 (situation arithmétigque T = Spec Ok ) Munissons le dual de

l'algébre de Lie w de. la métrique d'Arakatov qui satisfasse au

X
la formule d'a.jonct;'.on sur les surfaces arithmétiques. Alors on a
12 deg wy = Pg Norme(Ax) .

Conjecture (Situation arithmétique) Soit N le conducteur de la
courbe elliptique semi-stable f:X - Séec@k' - et soit ¢ un real posi-
tiv, alors il existe une constante C(k,e) telle que '
Norme () S.C(k,e)NG“:
Cette Conjecture implique clairement la suivante conjecture': Dans
le méme situation il existe une constante '
" c(k) telle que Norme(Ax) ch(k) .

L'inteérédt de ces conjectures est magnifié par la construction de

G.Frey: Soient a,b,c des entiers tels que  a+b=c alors la
courbe elliptique y2 =x{x-a)(x-c) est semi-stable si v2(a) 24

et c= -1(4) .

Comme corollaire d'une de ces conjectures et de la construction de
G.Frey on voit que pour toute e'quation 4 coefficients entiers .
(*)ax” + bym =czP telle que a:b f +c° il existe une constante
Cla,b,c) telle que si inf(n,m,p) 2C(a,b,c) 1'équation (*) n'a pas
de solution entiere non triviale. e

w .
v
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W. VASCONCELOS:

Koszul homology and the structure of low codimension ideals

We indicate how, in low. codimension (3,4) , the structure of CM
ideals is mirrored in its Koszul homology. Let R be a regular
local ring and I= (x1,...,xn.) a CM ideal. Denote by H,(I) the
Koszul homology modules of I- using the given generating set.

I is said to be linked to J if_there exists a family of links

1~L0~ ...~Lr‘vJ .

Théorem. 1: If . I has codimension 3 then “H AI) is Cohen Macauly"

is an invariént of the full linkage class of .I . It does not extend
to the next Koszul module, nor to hlgher codlmen51on. In case I has
a pure resolution . 0 > Rb-"( -d-a-b) Rb’-( d-a) - P (-d) - I >0 .
Theorem 2 (Villarreal): If I is, besides, generlcally a complete
intersection, azb and b, 26 , then H,(I) is not CM. )

For Gorenstein ideals of codimension 4:

Theorem 3: H,(I) is CM <=> 1/12 is CM.

J. WAHL:

T1 for guasi.homogeneous surface singularities

If A is.a finitely generated (over ¢ ) graded normal domain of

dimension. 2 , then the module TA:ExtA(nA,A) is graded; one tries

to compute the.graded pieces in terms of the geometry of A . In case’
A is the cone over a projectively normal embedding of a curve
N
C &P , we prove: - .
Theorem If C has general moduli, g(C) 250 , then for

deg L24g -2 (L=0C(1)) ’ T_11=0 .

Theorem If C has general moduli, g(C) 250 , then: for the canonical
cone one has T_11 =0 . '

One any ¢- scheme, with line bundle L , one defines
<1>L B A2H (L) - HO(Q1® L2] by the "formula" @L(fa\ g) = fdg - gdf .

<I>K is surjective for the general curve of genus 2 50 . The pre-

vious result then follows from the

Theorem For a canonical cone, (T_11‘)* = Coker ¢, .

DFG Deutsche
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K. WATANABE:

Gorenstein ASL (algebras with straightening laws) .domains of

dimension 3 and 4

Problem: Given a poset. H , is there (1) a Gorenstein ASL on H ?
(2) an ASL which is an integral domain on H?

In case (1) we.call H to be weakly Gorenstein and in case (2) we
call H integrai. We give the classification of the following posets
i) Integral (weighted) posets of rank 1 '

ii) weakly Gorenstein posets of rank 1 - .
iii) integral, weakly Gorenstein posets of .rank 2. '
In each case, we assume our. ASL to be graded over a.field and in
case iii) we assume our ASL to be homogeneous (generated by deg. 1
elements). In parficular, we can show that the coordinate rings of
Del Pezzo surfaces. of degree 2 4 by anti-canonical embedding areb
ASL. Finally, we classify H of rank 3 , with unique minimal ele-
ment T , which is integral and H'=H- {T} defines a triangulation
of a 2-sphere (that is the simplicial complex A{(H') associated to
H' has ‘Sz as underlying topological space). There are 18 such
posets. .

J. WUNRAM:

Reflexive modules on quotient surface singularities

Let (X,x) be a germ of an analytic quotient surface singularity.
Let: 7n: ¥ > X be the minimal desingularization of X with excep-~

. r
} and the fundamental cycle 2Z= I riEi . Fc’

i=1
each reflexive module M- on X the sheaf M := T*M/torsion is localj

tional system {E 1si§£
ly free on X and the first Chern class is represented by a divisor
which is transversal to the exceptional set E of n .

The subject of this talk is a generalization of the theorem of Artin
+ Verdier and the multiplication formula of Esnault + Knérrer on the
McKay correspondence for rational double points to the case of an

DFG Deutsche -
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arbitrary quotient surface singularity:
Thm. i)
flexive module Mi
and R11r* (ﬁi" ) =
ii) 1If O

there is exactly one indecomposable re-
on (X,x) with c1(ﬁi)
0 . The rank of Mi

> 1(M) >Ny M >0

cq (1) + ey ()

For each Ei

'-Ejzdij , 151,
is r, .
i

~ if M;!M1,...,Mr
then 4 (NM) = — ~
cy(t(M)) +c, (M) +E; if M=M;

The fundamental sequence 0 + N

> mX (?X

C](N%()= c1(w§) -2 .

Berichterstatter: T. Lehmkuhl

DFG Deutsche
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