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FUNKTIONENTHEORIE

14.2. bis 20.2.1988

Die Tagung fand unter der Leitung der Herren F. Gehring
(Ann Arbor), E. Mues (Hannover) und K. Strebel (Ziirich)
statt. Von den 39 Teilnehmern hielten 25 Teilnehmer Vor-
trdge. Wie aus der Teilnehmerliste ersichtlich ist, hatte
die Tagung einen ausgesprochen internationalen Charakter.

Im Vordergrund der diesj&hrigen Tagung iiber Funktionen-
theorie standen die beiden Schwerpunkte 'Riemannsche Fl&a-
chen, Teichmiiller-Rdume, diskontinuierliche Gruppen' einer-
seits und 'Quasikonforme Abbildungen' andererseits. Aber
auch andere Problemkreise wurden in einigen Vortré&dgen be-
handelt. Spontan eingerichtete Seminare und rege Diskussio-
nen rundeten den Verlauf dieser interessanten Tagung ab.
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Vortragsauszlige

K. ASTALA: Hp-theory for quasiconformal mappings

If £ is a quasiconformal mapping in the unit ball B", n22,
the radial boundary values f(w) = lim f(rw) exist for al-
most all we S"-l. Hence it is natu;;i to ask when is the
boundary function f(w) contained in some of the basic
function spaces like Lp(sn_l), BMO(Sn_l), etc., and how
does the behaviour of f inside B" affect the properties of

£f(w).

For holomorphic functions in the unit disk these questions
are part of the well known Hp-theory. It turns out that
many of the holomorphic HP-results hold as such also for
the n=dimensional quasiconformal mappings. However, the
proofs must now be very different; we replace the Poisson
integral and subharmonicity by more geometric arguments
such as M8bius invariance, Modulus estimates and Calderon-
Zygmund theory. As an example we describe a proof for the
quasiconformal counterpart of the theorem of Burkholder,
Gundy and Silverstein.
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A.F. BEARDON: Iteration of self-maps of the unit disk

In 1926, J. Wolff proved that a holomorphic map f of the
unit disk A into itself is either a hyperbolic rotation,
or has the property that the n-th iterate £7 convefges to
a point ¢ in the closed disk A. If f is a MSbius map (a
hyperbolic isometry of A), the iterates of f can be com-
puted and we ignore this case. In all other cases f is a
contraction (distance decreasing in A). We prove that a
contraction f of a visibility ﬁanifold has the property
that the iterates converge to a point in the natural clo-
sure of the manifold: this generalises Wolff's theorem to

" higher dimensions and variable curvature.

J. BECKER: ' Hdlder continuity of conformal maps with quasi-

conformal extension (Joint wark with C. Pommerenke)

Let f be a bounded univalent function in the unit disk D
which has a K-quasiconformal . extension to €, then it is
known that f satisfies the Holder condition

1-«
|

|£(z,)=£(2z,)| < M|z;-z, (zy,2,eD) ,

where k = (K-1) /(K+1). It is easy to show that the HOlder

exponent 1-k is best possible.

Under suitable normalizations estimates of the HOlder con-
stant M=M(kx) are given implying that M(k) 1 as k>0
(k>1). ’

T. BETKER: Criteria for univalence and guasiconformal
extensibility

Let Gc C be a bounded quasidisk, A a %;g-quasiconformal
reflection in 3G and f analytic (or meromorphic) in G. We
consider some expression ¢(z,A) =f+ (A-2z)[..] in terms of
z, A, £ and the derivatives of f. Defining F by F(}A) =
®(z,1), we ask whether the condition |F(A)2| sk|F(A)z|Aa.e.
in G implies that f is quasiconformally extensible to C by
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F, and whether f is univalent, if k=1.

Let in addition A be generated by a Ldwner chain h(z,t),

i.e. A(h(e t%)) =h(z,t) (]z| =1, t20); an example in the
case G=1D is A (2) -+c %—-Tf—c-z, |c] < 1. Then the questlon
~can be answered in the afflrmatlve for ®(z,)) =£f+ (A= z)—

and ¢(z,\) =f+ (A-2)f" /[1——()\ z)( 9-r)], where g is
analytic in G, g'(z) ¥0. The correspondlng conditions

| (A= z)[ —5——J+(g-1)+x|sklkg| a.e. in G ,

1 : . o
li(x—z)zrsf-sqn (A-z)g—.nzl s k|A;] a.e. in G

generalize several known criteria due to AhLfors, BécKef,
Epstein, Krzyz and Nehari.

The proof uses Ldwner theory and a property of so-called

g-chains: For a.e. t 20, '}T'_(;_tTe H® (and h'(z,t) ¢ HZ¥E)
r

for O<e<e, (q).

C. EARLE: Holomorphic motions and Teichmiiller spaces

Let E be a closed subset of €' =@\ {0,1}. Two of the basic
results of Bers and Royden about holomorphic motions of E
over the open unit disk A are:

1) If E is a finite set, the holomorphic motions of E over
A are in natural bijective correspondence with the holo-
morphic maps f: A+ Teich (€' \ E) with £(0) =0.

2) If E=C', the holomorphic motions of E over A are in

natural bijective correspondence with the holomorphic maps
f from A to the open unit ball M(E) < L”(E,C) s.t. £(0) =O.

A Cornell graduate student, G. Lieb, has found an extension
of these results to the general case by considering holo-
morphic maps into Teich (C'\ E)x M(E) for arbitrary closed
E. This requires a new definition if €'\ E is not connected.
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R. FEHLMANN: Minimal slit sets in the metric of a quadra-
tic differential

The classical notion of minimal slit sets which arises in
conformal mappings of domains of arbitrary connectivity
carries over to slit sets on trajectories of quadratic
differentials. Another characterization in terms of the
Main Inequality of Reich and Strebel has been given in

{R. Fehlmann, Extremal quasiconformal mappings with free
boundary cbmponents in domains of arbitrary connectivity.
Math. Z. 184 (1983), 109-126]. While it is an open question
if these slit sets are the same in general, we sketch a
proof that this is indeed true in case of quadratic diffe-
rentials which correspond to Teichmiiller n-gon mappings.

J.L. FERNANDEZ: Level sets of covering maps

A few years ago Hayman-Wu showed that the level sets of
conformal mappings from the unit disk A onto simply con-
nected domains can not be arbitrarily long. We study for
which multiply connected domains does this result hold.

Say, (HW) holds if
length (£71(2aL)) s C(Q)
for all £ universal coverings of @ and lines L.

Let T be the universal covering group of Q and define

2\t
— _|x=Tz
v = 1 [1- |5l
Tel

The infimum of t's for which U, is finite is the exponent

of convergence §. We have

A) Uy, eL” —> (HW) holds —> U el’.

Also

B) U; ¢ L =—> &<1, while there are Q's for which § is as

-small as desired while Ul¢ L”.
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D. GAIER: On the convergence of the Bieberbach polynomials

The Bieberbach polynomials 7, were introduced by Bieberbach
1914 to approximate the conformal mapping f, of a Jordan
region G onto {w: |w| <r}, £,(0) =0, £4(0) =1. They minimize
éflf’(z)lzdo in the class of all polynomials P of degree < n,

P(0) =0, P'(0) =1. Estimates are given for E, =
max |£5(2z) = (2z) | for regions with piecewise smooth boundary.
G

Theorem 1. If 3G is piecewise smooth, and Am is the smallest

exterior angle, O <X <1, then Ej =0(n~Y) for every y <

.._ﬁ*q____uminu(iéXJ%JJ-u;"W,__w____"__

A result of Mergelyan, for smooth 3G, is thus extended.

Theorem 2. If 3G is quasiconformal, f, eLip a, and the

exterior map ¥ is in Lip B, then E, = O(n-Y) for every vy <9§.

.We have also an inverse theorem which shows that the bound
in Theorem 1 is sharp whenever O <A s%. In particular, if G
is the L-shaped domain, E, = o(n”Y) for all v <% but for no
Y >%. The proofs rely on previous work of Andrievskii (1983).
Numerical experiments indicate that some improvements might

be true in case that 3G is piecewise analytic.

J. GARNETT: Almost isometric maps
(Joint work with M. Papadimitrakis)

Let the unit disk A be endowed with the hyperbolic metric
and let f: A ~A be analytic. Following C. McMillan say
f eM(d), d constant, if

diam £(B(z,R)) 2 2R-d, V ze¢A, V R>0.

Theorem: 3 A(d), A'(D) such that £ cM(d) <==> for all I

on 3A and vertex z;

A

i?f |f'(9)| < ~m—ea—s-(‘I—)(1

-|f(inlz)
where f'(6) = angular derivative at eie.

Other characterizations are also given.
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W.K. HAYMAN: Functions of locally bounded characteristic
(Joint work with C. Pommerenke)

In 1976 B. Korenblum and the author considered functions
f(z) regular in {D: |z| <1} and satisfying there a growth
condition

log |f(2)] < k(r), lz] sx, Osr<1.

We proved that f(z) has locally bounded characteristics in
D if _ '
(1 I k—(_rl]dr <w .

It turns out that the same conclusion obtains under the
more general hypothesis that f is meromorphic in D and that
there exists a positive decreasing function §(r) and a

positive increasing function k(r) for O=<r <1, such that
z-z, | )
1-z2,z|

for |z,| <r, the image by f(z) of l < 8(r) onto the

Riemann spheré leaves out a spherical cap of chordal radius
exp (-k(r)), where

1
k(r) dr o
(2) Of / [1_r] 5T < ° -

Taking &(r) =1/2, we see that (1) implies (2). A signifi-
cant generalisation of the class of normal functions also

satisfies (2).

§

A. HUBER: Curves generated by conformal welding

Let ¢: eie-*ei¢(0) (0}¢s IR) be an analytic, sense-pre-
serving homeomorphism of C=1{z| |z]| =1} onto itself, ¢'$O0
on C. Then there exist an analytic Jordan curve T and con-
formal mappings F'(of the interior of C onto the interior

of I') and G (of the exterior of C onto the exterior of T)

such that F(e'®) =G (s(et®)) for all ©¢ R (conformal welding). -
We normalize G(x) =,

THEOREM 1. For all 0 ¢ IR

g

o &
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where

_ L0'(9)1%-9" (9) +(3u/2n) (') 4k
¢ (0)+1

v (0)

_interlor of C with bounda:x values log ¢$'(0) on C, B/an de-'

to C and K the (by ¢ uniquely determined)number, for which
2T .
[ v(©)dae = o.
0
THEOREM 2. For all z, |z]| <1,
2ﬁ_ei0*w_“

&
[ v(r)atldelaw+K, ,

F(z) = K, I exp{ (5
e’-wo

where ¢ is defined in Theorem 1, and K,,K, ¢C, K; $0.

J.A. JENKINS: Some estimates for harmonic measures I1

In the first paper with this title the author characterized
possible extremal configurations arising in the following
problem. Find a continuum in the closed unit disk which
meets every radius and for which the harmonic measure at
the origin is minimal. This is a particular case of a pro-
blem raised by W.H.J. Fuchs. Up to normalization these con-
figurations consist of an arc on the unit circumference
from 1 described in the clockwise sense to ei¢ with O<é¢=<mw
together with an arc of a trajectory of a quadratic diffe-
rential from the latter point to a point }f with 0< 3:< 1.
Each continuum is the unique minimizing continuum in its
homotopy class for arcs joining 1 and }, in 131 < 1. The
unique minimizing configuration for all } was recently
shown by Marshall and Sundberg to consist of the arc on
|%|;=1 from 1 to -1 in the above sense plus the image under
3-1'72 of the half-branch of the hyperbola x*-%- =4 (z=
x +iy) in the lower right half-plane. This is now proved by
a very simple argument using threefold symmetric symmetriza-

tion.
~
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P. JONES: Function theory on Riemann surfaces

Let 9 be a Riemann surface with universal covering surface
the disk, U, an let Q=Uu/T. Also let I'" denote the character
group of T. Consider the following conditions on Q:

(A) There is a fundamental domain F in U such that arc-

length on (/ y(3F) is a Carleson measure.
YeT

(B) There is P(z) eH (U) such that | P(y(z)) =1 and
Y
] IP(y(2z))| sc V zeU and 3 c<» such that V ¢ ¢,

~
{z: G(T,t,) >cl is simply connected (G = Green's
function) .

(C) For AeT" let H) = {fcH (U): £(y(z)) =A(y)£(z)}. There
is €>0 such that V AeT” 3 £eH), es|f(z)| <1
VYV zeU. '

(€') vier™ 3 feH), O<e,s|f(z)|s1 V zeU.
(D) 3 c<« such that V 7 ¢,

[ 15% Betti 4t 1{z: G(z,z ) >tlat < c.

o)
(B) Vv LoeQ 3 Q <, Qf simply connected such that
[o] 20
“(50'39'9; ) = harmonic measure at g, of 3%, in Qc >
2o o
€>0.

—> E

: B

Theorem: A / \ D
~ . /'?

v

C

It is easy to see that if Qc € is a Denjoy domain, 9 c :l:!!,
then E =—> A. It is tempting to conjecture that E => A for
all surfaces Q. Unfortunately there is a counter-example,
modeled on Brian Cole's example of a surface for which the
corona theorem fails. It appears, however, that the con-
jecture may be true in the genus O (planar) case. S
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I. KRA: Coordinates for Teichmiiller and Riemann spaces

The Teichmiiller space T(p,n), of n-punctured surfaces of

génus p, can be represented as the deformation space T(G)

of a finitely generated Kleinian group G; for example, G

can be chosen to be a terminal regular b-group of type (p,n).

From T(G), one can read off intrinsic coordinates for T(p,n).

It is of interest to choose coordinates in which certain

paths in Teichmiiller space can be explicitly described; for
example, an infinitesimal Dehn twist or the shrinking of a ‘
closed curve. Traces of elements of groups and cross ratios

of fixed points- of -loxodromic-.or-parabolic elements of ==
these groups provide appropriate coordinates for such studies.
They also serve as good local coordinates for the Riemann
space R(p,n). It is also possible to describe some degene-
rations of Riemann surfaces in terms of these coordinates.

Interesting Kleinian groups appear on the boundary of T(G) .

R. KUHNAU: Zur mﬁélichst konformen Spiegelung an Jordan-

kurven

Zu einem gegebenen Quasikreis werden die mdglichst konfor-
men Spiegelungen studiert, das sind diejenigen quasikonfor-
men Spiegelungen mit kleinstmdglicher Dilatationsschranke

> 1. Diese kleinstmdgliche Dilatationsschranke heiBe "Spie-
gelungskoeffizient" Qlf' Es werden hierzu &dquivalente

Fragen formuliert.

Sodann wird bei n gegebenen Punkten 2z, ..,z, nach Quasi-
kreisen hierdurch (bei gegébener Homotopieklasse) gefragt,
deren Spiegelungskoeffizient kleinstmbglich ist. Dies 1ldBt
sich auf eine alte Aufgabe von O. Teichmiiiler zurilickfiihren.
Es zeigt sich, daB die LésungskurvenACIi.a. Knicke besitzen.

SchlieBlich werden noch (sinngem#B8 analog zu definierende)
mdglichst konforme Spiegelungen an abgeschlossenen Jordaﬁ-
bdgen studiert. Es gibt bisher fast keine Beispiele, fir
die der Spiegelungskoeffizient explizit bekannt ist. Aber
es lassen sich asymptotische Formeln fiir "kleine" Bdgen auf-
stellen.

DF Deutsche N
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H.H. MARTENS: Haupt's characterization of period vectors

Considering the difficulty of characterizing period matrices
of a closed surface (Schottky's problem) it is interesting
to observe that Otto Haupt in 1920 gave a complete characte-
rization of period vectors. In the case of vectors of the
form (1,0, ..,0,21+ . s2g) this reduces to the condition that
Im (zy) > O and that the vector not be symplectically equi-
valent to one with only two non-vanishing entries. The proof
involves a construction of independent interest and some
intriguing open problems.

0. MARTIO: Generalized harmonic measure

An elliptic partial differential equation V *A(x,Vu(x)) =0

in a bounded domain G of R" with A(x,h) *h= [h|P, 1<psn,
induces an A-harmonic measure w =w(E,G;A): G+ IR on subsets
E of 3G. If A(x,h) =h, then w is the ordinary (outer) har-

monic measure. It is shown that there is a class of sets E

in 3G such that w=0 for all A and p; the condition of E is
formulated in terms of quasihyperbolic distance. For G=8"

this class includes sets E whose Hausdorff-dimension can be
arbitrarily close to n-1.

B. MASKIT: Some special Kleinian groups

Gehring and Martin asked the following question (oral
communication). Let G be the.subgroup of PSL(2;€) generated
by the elliptic element a of order 6, and the parabolic
element b, where b maps one fixed point of a to the other;
is G discrete? This question is answered affirmatively,

and some related questions are discussed.
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R. MORTINI: F-ideals in Banach algebras of analytic

functions

In 1971 V.P. Khavin introduced the notion of the "F-pro-

perty" for subspaces of the Hardy space Hl. Here we shall
generalize this concept to ideals in subalgebras of 1.

This enables us to give a complete characterization of

those closed ideals in H' which can be lifted to closed

ideals in L”. As a corollary we obtain the result that’

every closed F-ideal in H” has the form .

I =1I(EH) :={fecH : £f| =0},

where E is a closed subset of the Shilov boundary of 5.
The proof is based on a Beurling-Rudin type theorem for Hm,
which tells us that every closed ideal in H” with inner
factor 1 is the trace of a unique closed ideal in H +C.
Similar questions - including prime and radical ideals -
are also investigated for the spaces QAp, where B is a
Douglas algebra.

Finally we remark that the author has obtained these re-
sults in cooperation with Pamela Gorkin (and Hakan Heden-
malm for the H +C case) .

A. PFLUGER: On a method of Georg Faber

Proving Koebe's 1/4-theorem in the class S is the same as

to show that a function of class I omits a continuum of ‘
diameter not larger than 4, or, that for a function f(z) =

az+agy +a,;/z univalent in {|z| > 1} and omitting the points

1 and -1 we have |a| 21/2. G. Faber proved this in 1916 by
considering the functions

gl(z) = £(z) + £2(z)-1 = 2az+a5+-51-+... .

They have the property that g(z)+g(z') #1 for any two
points of {]|z| > 1}, hence the omitted set of g has area
measure 2 T and the aerea theorem yields 2|al 2 1.

This method of Faber applies if 9 is an arbitrary multiply

Deutsche
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N

connected domain containing = and allows to find the range
f(a)-f(b)

of functionals log a b

over Z(Q).

M. von RENTELN: Some remarkable properties of the Wiener-

algebra wh (Joint work with R. Mortini)

Let w+ denote the Banach algebra of all absolutely conver-
gent Taylor series in the open unit disk, i.e.

Yi={f(z) = § apz™: £l = ] lanl < =} .
n=0 n=0

An open problem is a characterization of the closed i&eals
in w+. This seems difficult because w+ has unusual pro-
perties, e.q.

1) w+ has nét the F-property (factorization property) in
the sense of Havin (Gurarii, 1972).

2) There is no characterization known of the zero sets in
wh.

3) w+ has not the bounded inverse property (H.S. Shapiro,
1979).

On the positive side the following result is proved:

Theorem The closed finitely generated nontrivial ideals in
w' are just the principal ideals generated by the finite
Blaschke products.

The method in the proof can be used to show that there
exist finitely generated ideals I, J such that InJ is not
finitely generated. This answers a question of Rubel and
McVoy.

S. RICKMAN: Growth of quasiregular mappings

Let £f: R" +M be a quasiregular mapping into a Riemannian
n-manifold M. If w is the volume form of M, we measure the
growth of £ by the integral of the pullback f*w over balls
in R®. Simple growth estimates give the result that if
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the isoperimetric dimension of M is greater than n, then f
is constant.

With more delicate methods gfowth can be studied also in
more general cases. For example, the growth in the case
M=g" \{al,.f,aq} can be shown to depend on q.

H. TIETZ: Anwendungen der Laurent-Trennung

Die Zerlegung einer in einem Ringgebiet holomorpﬁen Funk-

___tion als Summe von Funktionen mit groBeren Definitionsge-
bieten l#Bt sich systematisieren. =~ T T T T T o s —— —m

Anwendungen sind einerseits die klassischen Faber-Entwick-
lungen und andererseits eine Charakterisierung der meromor-
phen Funktionen, die von ihrer Partialbruchreihe dargestellt
werden.

J. VBISALA: John disks

Let E be an arc in the extended plane R?. For an interior
point x of E let p(x) be the diameter of the smaller com-
ponent of E\ {x}. For ¢ 21 the union of all disks B(x,Eé§L)
is written as cigy (E,c). A conformal disk DeR? is a

c-John disk if each pair of points of D can be joined by an

arc E with cigy (E,c).
Every quasidisk and the domain (:E} are John disks. Results:

1. A Jordan curve y c R? is a quasidisk <—> both components
of CY are John disks. Thus a John disk can be regarded
as a one-sided gquasidisk. '

2. A domain Dc R? is a quasidisk <=> 3 c such that ¢D is
a c-John disk for every Mobius map ¢.

There are numerous characterizations for John disks. For
example: A conformal disk D«c R? is c-John <==> each pair of
points a,be (I’D can be joined by an arc E c UD with d(E) <
clla—bl. Here ¢ and ¢ depend only on each other.
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The results and characterizations are partly folklore,

partly contained in papers of Gehring, Pommere'nke, Nakki,
Palka. A survey article by Ndkkiand me is in preparation.

M. ZINSMEISTER: Fejér-Riesz property

1
Fejér and Riesz proved that [ |f(x)|dxs2]||£[l 1, for every
-1 *
fen (D), the usual Hardy space. Later, Carleson characte-

‘ rized the positive measures pon the unit disk D such that

there exists C> 0 with ff|f|dusc||f||H1(D),
D

measures for which n(D(z,,r)) <Cr ¥ z,e D, V r>0.

they are the

In particular ds/E is such a measure if E is regular in the
sense of Ahlfors, that is if 3 C>0, A(EnD(2z,r)) <Cr

¥ zeC, r>0, where A stands for one-dimensional Hausdorff
measure. The purpose of the lecture is to investigate the
following problem: Given a domain 2 on which one can define
a "reasonable" notion of Hardy space Hl, decide whether for
every regular set in the plane 3 C>0; [1£]1dz] sC“fllHl(m

for f ¢ H1 (). Call "good" a domain havinit:; this property.
. 1) Simply connected case. Let Q be a Jordan domain with
rectifiable boundary and ¢: D+ Q the Riemann map. Define
nl () = {£; fo¢¢' ¢ H'(D)}. G. David has shown that Q is
good if 3 is regular. The first result is the construction
of a rectifiable quasicircle which is not ‘a good domain.
2) Denjoy domains = Q=C \ K, K compact ¢ R. Define HI(K) =
‘ ‘{ferl(k), [£ =0, BE e L' (X))} (H = Hilbert transform),
HI(Q) = {Cauchy integrals of functions in Hl(K)}. Result:
Q is good iff K is Carleson-homogeneous.

Berichterstatter: E. Mues
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