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MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH
Tagungsbericht 10/1989

Partielle Differentialgleichungen

5.3. bis 11.3.1988

Die Tagung fand unter Leitung von Herrn Briining (Augsburg) und Herrn von
Wahl (Bayreuth) statt.

Die thematischen Schwerpunkte lagen in der Theorie der Evolutionsgleichungen,

insbesondere der parabolischen Gleichungen, und in der Spektraltheorie. Es wur-
den jedoch auch interessante Fragen zu partiellen Diﬂ'erentialgleichungen vom
hyperbolischen und vom elliptischen Typ vorgestellt. Es erwies sich als beson-
ders niitzlich, da8 in beiden Spezialdisziplinen auch Ubersichtsvortriige angeboten
wurden; vor allem die Nichtspezialisten haben davon sehr profitiert. Fiir die Pla-
nung kiinftiger Tagungen sollte diese positive Erfahrung beriicksichtigt werden.
Dariiberhinaus nutzten fast alle Teilnehmer die Gelegenheit, in Einzelgesprachen
weitere Ergebnisse und Projekte auszutauschen.

Ein grofer Gewinn war die zahlreiche Beteiligung sowjetischer Mathematxker,
wihrend diesmal leider kein Teilnehmer aus den USA angereist war. Besonders
bedauert wurde, da8 Fritz John wegen Krankheit absagen mufite.
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VORTRAGSAUSZUGE
A. AMANN:
obal existence for ilin eaction-diffusion systems

We report on existence theorems for classical solutions of quasilinear parabolic
systems whose principal parts are in divergence form. In the special case of
upper-triangular systems (“chemotaxis systems”) it is shown that an Le,-bound
implies global existence.

C. BANDLE:

On the positive solutions of the Emden equations in cones
(joint work with M. Essén)

Let C = {(r,0):r=]z| >0, 6 € 2 C S¥! = {|z] = 1}} be a cone in RV. It is
know that the problem Au+r°u? =0inC, u = 00on 8C with p > 1 and 0 € R has
solutions of the form u = r~(2+2)/(?=1)o(§) for a certain range of p € (p*,p*"). It
turns out that for p < p* no regular or singular solutions exist. The asymptotic
behaviour at the vertex and at infinity can be computed for certain cla.sses of
functions by means of a potential theoretical approach.

J. CHABROWSKI
Multiple solutions for the nonlinear Dirichlet problem with L?-boundary data

The purpose of this talk is to describe the existence of multiple solutions for the
Dirichlet problems

Lu + b(z)ut —a(z)u™ =s¢h(z) + h(z) inQ,
u(z)=¢(z) ondQ,

and

Lu+ b(z)ut —a(z)u” =h(z) inQ,
u(z) =tp(z) ondQ,

where ¢ € L2(8Q), h € L*(Q), s and t are parameters, L is a self-adjoint elliptic
operator and ; is the first eigenfunction of the operator L+ b. If a and b interact
with the spectrum of the operator L then both problems admit multiple solutions
for s and ¢ large. Since ¢ € L?(8Q), these solutions belong to a weighted Sobolev
space.
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G. DA PRATO
Evolution equations in noncylindrical domains
(joint work with P. Cannarsa and J.P. Zolesésio) .

We consider the problem
u, = Au+ f(t,z), t€[0,T], z€Q CcRY
u(0,z) = uo(z),

where ; depends (smoothly) on t. We reduce (1) to an abstract problem by
setting H = L*(RV),

1)

D(A(®) = {u : ulg, € H*(Q) N Hy(R), ulg, € HY(QF) N Hg(25)},

Qf = RN \ Qg, and
Alt)u =z,

where fon z(z)p(z)dz = fon u(z)A<p(a:)dz for all p € CP(RYN) such that ¢ =0
on the boundary TI'¢ of ;.
Problem (1) reduces to

W(t) = A()u(t), u(0) = uo. @

We prove that {A(t)}:epo,7 fulfills the Kato-Tanabe hypothesis

(A — A@)~ "<|/\I I O - A(t)) Il < TI—-I | 3

and we solve problem (2).
We also consider the damped wave equation

ug = Alu+u) + f(t,z), ze€f
ut+u=0onTy (4)
u(0) =ug, u'(0)=u;.

P. DEURING
uasiline abolic equations with nonlinear boundary conditions

I consider the following problem:

Z Atm(z,t,u(z, t), Vu(z, )z, 2., = F(2,t,u(z,t), Vu(z, 1))

¢,m=1

in @ x (0,T], (P1)
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Z Agm(z,t,u(z,t), V“(x»t))nm(x)un = G(z,t,u(a:,t),(lD,u(:c,t)I’)]s,-gN)

¢,m=1

in 89 x [0,T], (P2)

u(z,0) = ¢(z) on Q. (P3)

Here 2 C RV is a bounded domain; n is the outward unit normal to §; v € (1, 00).
Let (Asm) be strongly elliptic, and assume that Agm, F, 9, G satisfy certain
(rather low) smoothness conditions. Moreover, assume the following compatibility
conditions:

¥2,(z) = 0 = G((z,0,%(z), ([¢=, (2)|1<ren) for £ €82, 1< LS N.  (4)

Then we can show that a solution to (P1) - (P3) exists, locally in time. We further
show by a counterexample that condition (*) may not be replaced by the “natural”

compa.txblhty condition. Further counterexamples prove that local continuation
_ and uniqueness are not possible in our context.

J. FLECKINGER

Estimates of the eigenvalues of the Dirichlet Laplacian on a domain with fractal
boundary

We consider the following eigenvalue problem:

—Au=Xu inQ, withu=00ndR.

When the boundary is fractal, the Minkowski dimension appears in the remainder
term of the Weyl’s estimate.

R. HEMPEL

Eigenvalues of the Schrédinger operator H — AW in a spectral gap of H
(joint work with S. Alama and P. Deift)

We consider Schrédinger operators H = —A + V, acting in the Hilbert space
L,(R"), where the bounded, measurable function V is such that the spectrum of

H has a gap (a,b). We then ask for the eigenvalue branches in the gap of the '

operator family H — AW (here W is a relatively compact perturbation of H and
A a real coupling constant). Such operators arise in the quantum theory of solids
as a model for crystals with localized impurities.
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In the present talk, we concentrate on the case W > 0 and describe the asymptotic
distribution of eigenvalue branches of H £ AW, as A go&s to infinity: we define
(for E in the gap (a, b))

Ni(A):=§{0< Aj< ) E€o(HF W)}, for A>0,

and discuss the relationship between the asymptotic behaviour of Ni(A), as
A — oo, and the volumina of the related classically allowed regions in phase
space. While the semi-classical approximation gives the correct answer for the
asymptotics of N4, the asymptotics of N_ may be determined in some cases by
means of the integrated density of states of H and will not in general agree with
the associated phase space volume.

A. HINZ

s totic behaviour of eigensolutions and th of o6dinger opera-
tors

Pointwise decay or growth properties of solutions to the equation —Av+gqv = Av -

are closely related to the spectrum of the corresponding Schrédinger operator.

" Bounds on eigenfunctions, well-known for g_ (the negative part of q) bounded

or in K™, extend to g- = of|z|?), as do estimates for the distance of A to the
essential spectrum, depending on the rate of growth of non-L,-solutions v. The
case ¢ = O(|z|?) appears as a border line with a striking example turning up,
the crucial point of which is still an open problem.

L. HORMANDER

on-linear bolic diff ial equations
For non-linear pert'urbations of the wave equation in R!*",

Ou =Gy, u',u"), 1)

where G is a C™ function vanishing of second order at 0 it is now well-known
that if u; € C§° then there is a global solution with Cauchy data

u=¢ug, Ow=¢cu; whent=0, (2)

for small ¢ > 0 if n > 5. When n = 4 this is also true if there is no u? term, that
is, G(1,0,0) = O(u®) as u — 0; for arbitrary G there is a constant ¢ such that
a solution exists for 0 < ¢t < e°/ ¢ (unpublished; the square root can probably
be eliminated with some additional work). Assume now that n = 3. When G
is a function of u’ and u” only then John and Klainerman have proved that a
solution exists for ¢ < e°/*. A lower bound for ¢ has been given by F. John and
the speaker when G is linear in the second derivatives; it agrees with an upper
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bound established by John in a special case. The lecture is mainly devoted to
the extension of this result to fully non-linear equations. The main point is the

determination of the lifespan of the solution of an approximating Cauchy problem
in R?,

Ou/dt = a(Ou/0z)? + 2budu/dz + cu®; u(0,z) = uo(z). 3)

The case a = ¢ = 0 (Burgers’ inviscid equation) was sufficient for the earlier
result.

W. JAGER
breaking for semilinear elliptic e ions

Consider the Dirichlet problem

Au+ Af(u)=0in the n-dimensional unit ball B", u=0o0ndB".

Due to the theorem of Gidas, Ni and Nirenberg positive solutions are always ra-
dially symmetric. The question if symmetry breaking bifurcation from branches
of radially symmetric solutions (changing sign) occurs was studied by Pospiech,
Smoller and Wasserman using techniques of local bifurcation with symmetry
groups. In a joint paper with K. Schmitt a result of Pospiech obtained by global
arguments could be improved to nonlinearities f which are asymptotically linear
at infinity, positive in 0 and whose primitive has exactly one minimum. Con-
sider a connected component of fully symmetric solutions in functionspace and
a bounded domain B in the parameter-functionspace and assume that there is a
door D to this box B through which this component enters and leaves the box.
Assume that on the door there are only fully symmetric solutions and that the
degree can be computed on the door and does not vanish. Then there must be
symmetry breaking bifurcation inside the box. This idea is made precise and is
applied to the special boundary value problem. Bifurcation from infinity is used to
study the branches of radially symmetric solutions, on w}uch symmetry breaking
bifurcation takes place.

B. KAWOHL
A family of torsional creep problems

Subject of the lecture is the study of solutions to the problem

—Apu = —div(|VulP~?Vu) =1 in Q
u=0 ondQ

asp — lorasp — oco. For 1 < p < oo the problem has a unique solution
up € Wy'P(Q). The limiting case p — oo models perfectly plastic torsion. It
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is shown that Pliugo u,(z) = d(z,89), the distance function to Q. The limiting
equation is no longer elliptic. The case p — 1 is of independent geometric interest
because it leads to interesting free boundary problems. Even if © is a ball in
R" there are surprises: If the ball has radius less than n, u, tends to zero as p
goes to 1; but if the radius is greater than n, u, blows up to co everywhere in .
this phenomenon is linked to the isoperimetric inequality between perimeter and
volume of §2. It can be explained for general domains if one solves the geometric
problem: Given  find D C Q such that surface area of D minus volume of D
becomes minimal.

V.A. KONDRAT’EV
Asymptotic properties of solutions of the elasticity system

We consider the equation

Y 4uDu(z) = f(2) M

fal<m -
where Xy, € Xpoy C -+- C X are Hilbert spaces, A4 : XH — Xo, u(z) € Xpn,
f(z) € Xo, 2 = (21,-++,2%5,) and D* = arl%. Suppose that there exists _

T H
P(A\)= Y ay\” such that
la|=N
POY( Y. (10)*4a) = PO)R(N)

lal<m

is analytic and bounded for |Im A| < C.

Then
4@l < Crem®e [ OOl xedy.

A number of questions in the theory of elliptic equations is reduced to the inves-
tigation of equation (1). For example, ¢onsider the system of elasticity

Z az kauk._fh’ h=1,-~~,n,‘zEH=Rn_l)((0,1).
ik=1 b

Problem. Find the weak solution u of this system with

and R

Fui
on(u) = Z a:‘l"a cos(7, z:)| yp = 0
iJ,k=1

Some theorems of uniqueness of solutions are proved.
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B.M. LEVITAN

The asymptotics of the Weyl-Titchmarsh m-function on the spectra of perturbed
Hill’s equation -

In the last time there appeared some work in which the asymptotics of the Weyl-
Titchmarsh m-function is studied in the angle 0 < ¢ < argz < m — € (|z| — o).
A more difficult problem consists in studying the asymptotics of the m-function
on the spectra. Of course this is possible in the case that the limit of m(z) for
Im z — 0 exists.

In the report there will be given an account of some results about the asymptotic
expansion of the m-function for A — +oco (ImA = 0) in the case of perturbed
Hill’s equation:

—y" + (p(z) + g(z))y = Ay, (—o0 <z <00),

where p is a smooth periodic function of period 7, and where q is a smooth function
satisfying

/_oo (1 + |z])lg(z)|dz < o0.

S. LUCKHAUS

€s: jumps fo! dam problem

This talk presents a joint work with G. Gilardi (Pavia) on the dam problem in
the free boundary formulation. To save writing let all physical constants be 1.
Denote by p the pressure, by ~e, the vector of gravity, and by s the relative water
saturation of an earth dam Q. The flow equations can then be written

9s—V(s(Vp+e;))=0inQ, 0<p0<s<1,p-(1—-s)=0
s(Byp+ve;)=0inTy, p=ppinTp, s(8,p+ve;)>0inTpnN {pp =0}

where 99 is the disjoint union of T'y,T'p € C2.

We prove: Under suitable conditions on pp (C!*® would be enough), 8;pp is a
measure and 9, pp bounded (locally). In other words: the pressure jumps are
always positive as the examples indicate.

A key ingredient in the proof is a lemma on subharmonic function:

p nonnegative, subharmonic in B, implies an estimate

c —
/A,,>_/ pl{r=0}nB,'"=.
B, pJB,

This allows to give a rigorous proof of the bound from below for the time derivative
of the pressure on the free boundary.
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A. LUNARDI

semigroup a; ach to abolic equations in Holder spaces .

We consider a parabolic initial-boundary value problem in [0, T]|x 2, where @ C R®
is a bounded open set with regular boundary 89:

u‘(tvz) = A(t,z,D)u(t,z) +f(t1z)’ 0<t<T, z€ f
u(0,z) = up(z), z€
Bj(t,z, Du(t,z) = gi(t,z), j=1,---,m, 0<t<T, z€0N.
Here A(t,z, D) is an elliptic differential operator of order 2m, and the Bj(t,z, D),

j = 1,---,m, are boundary differential operators satisfying roots and comple-
menting conditions.

Such problems have been studied recently by means of the theory of a.nalytxc v

semigroups in the space C({2) adapted to the case of non dense domains and
nonhomogeneous boundary conditions.

The classical theory of Solonnikov concerning optimal Hélder regularity in (¢,z)
has been recovered by Lunardi, Sinestrari and von Wahl. Hélder continuity with
respect to the space variable = has been studied by Lunardi, and Hélder continuity
with respect to time (in the homoegeneous case) by Sinestrari and von Wahl and
by Acquistapace and Terreni.

A M. MOLCHANOV
Nonli E . £ Schrédi

We consider the nonlinear eqution

Ay + Vi = Ay.
Here A = ) gives the classical Schrédinger equation, A = 3?2 the “tﬁ‘cube
equation (without parameter) a.nd A= [, K(z,y)¥*(y)dy the Pekar-Bogolubov

polaron-equation.
A particular case, K(z,y) = a(z)b(y), leads to equations

— AY + V(z)p = Ba(z)$
B= / by (v)dy
1]

The first equation reduces to a linear one for ¢ and gives a spectrum of “eigenval-

ues” B. Each B determines two solutions . '
This case gives a model for branching of solutions for the general Pekov-Bogolubov
equation. ’
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W. MULLER
Some aspects of spectral theory on locally symmetric

The talk is a survey of some recent results on spectral theory for the Laplacian
on a locally symmetric space '\ G/K of finite volume. A new approach to the
study of the continuous spectrum of the Laplacian via scattering theory is briefly
discussed in the talk. The main result is the estimation of the counting function
N(A) = §{Ai < A} of the eigenvalue sequence 0 = Ag < A\; < A2 < --- by a
polynomial bound in A. This implies an affirmative answer to the so-called trace
class conjecture in the theory of automorphic forms. This means all operators
considered in Selberg’s trace formula are of trace class when restricted to the
point spectrum of the Laplacian. Also the heat operator is of trace class on the
point spectrum. This, for example, makes it possible to apply the heat equation
method to study index problems on locally symmetric spaces of finite volume.

E. MULLER-PFEIFFER
turmsche Theorie fiir elliptische Differentialgleichungen 2. Ordnun

Der bekannte Vergleichssatz von Sturm und Picone fiir gewohnliche, selbstad-
jungierte Differentialgleichungen zweiter Ordnung wird auf selbstadjungierte el-
liptische Differentialgleichungen verallgemeinert. Dabei sind das Grundgebiet G
und die Koeffizienten der Differentialgleichung nicht notwendig beschrénkt, und
es werden keine Regularitatsforderungen an den Rand 9G gestellt.

R. RACKE

Asymptotic behaviour of solutions of dissipative systems
(joint work with J. Sjéstrand)

We consider parabolic resp. damped hyperbolic systems of the following form:
u¢ + L*¥u = 0 resp. wuy + L*u + u, = 0, where L = —A or L = —8;aix(z)0,
elliptic with L = —A outside a ball, in an exterior domain Q C R", together
with initial and suitable boundary conditions. To get the desired results, namely
the decay behaviour of L?-norms of the solution u, 2 < ¢ < oo, we make an
ansatz with generalized Fourier transforms and are led to the study of pointwise
estimates of solutions of exterior boundary value problems for the operator L. — As
further motivation we discuss the importance of these estimates for corresponding
nonlinear systems.
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R. REDLINGER
lobale a priori Schranken fiir parabolische Systeme mit Kreuz-Diffusion

Zunichst wird ein Invarianzsatz fiir parabolische Systeme der Form

us = A(t,z,u)Lu + f(t,z,u,u;) in GCR"™
unter Randbedingungen 3. Art

B(t,z,u)uy = g(t,z,u) auf 3,G

. angegeben. Dabei ist « eine &ulere Normale an G, und L = L(t, z) ein gleichmaBig
elliptische Operator 2. Ordnung.
Als Anwendung wird gezeigt, daf8 die Losung (u,v) des Zwei-Komponenten-Sy-
stems (ai,---,e > 0)
ue = [(e1 + d;v)u]“>+ u(e; — a1v — byu) int>0,z€(01).
vt = Uz + v(e2 — agu — bov)

mit u; = vz = 0 fiir z € {0,1} und nichtnegativen Anfangsbedmgungen, im Falle
¢z < c; global beschrdnkt ist (in der Maximumnorm).

H. SCHRODER
The Riemann-Roch Theorem on algebraic ¢
(joint work with J. Briining and N. Peyerimhoff)

An analytic proof of the following generalization of the Riemann-Roch Theorem
was sketched: Let C ¢ CPY be an algebraic curve, 7 : S — C the Noether
normalization and £ C C the singular locus. Given a vectorbundle E of rank k
over C, holomorphic over C'\ L, and equipped with an Hermitean metric which
is constant near T one has the “twisted” Cauchy-Riemann operator

Og : C§°(E|c\2) — C§°(A°'1E|C\E) .
8 is closable with domain in L2(E) and range in L?(A(®)) E) where the metric
on C \ T comes from restricting the Fubini-Study metric of CPY. All closed

extensions are Fredholm operators and correspond to the subspaces W of the
finite dimensional space

. WO = D(gE.max)/D(gE.min) .

The corresponding extension g, w has index

ind dg,w = ind 0p min + dim W ,
- with
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ind 5E,mjn = kx(S) + / a(E)
c\s :

and

dmWo=k ) (n(g)-1).
gem—1(Z)
Here x(S) = 1— g is the arithmetic genus of the compact Riemann surface S (with
g “holes”), and n(q) is the multiplicity of the branch of C which is determined by
q. . :

C.G. SIMADER
Helmholtz decomposition and the weak Neumann problem on L?

(joint work with H. Sohr)

Let G C RY denote either a bounded or an exterior domain and
D(G) := {¢ € CX(G)N | divé =0in G}.

- WI-II«

For 1 < ¢ < oo let Dq(G) : and

G(G) := {Vp | p measurable, p € LY(Ggr)¥R > 0, Vp € LY(G)}
where Gg := G N {|z| < R}. Then the Helmholtz decomposition states that

LY(G) = DI(G)® GIG) (g # 2 direct decomposition, ¢ = 2 orthogonal)‘, .
Further there is a constant K > 0 such that
lu+ Vallg 2 K(lully +[1Vplly) ~ for u € D(G), Vp € G(G).
The equivalence to the weak Neumann problem on LY is indicated: let
I:II"’(G) := {u: G = R | u measurable, u € LY(Gr)VR, Vu € LY(GRr)}

and define H19(G) := I:?l"’(G)/R. Equipped with ||V.|};, H9(G) is a reflexive
Banach space. Then there is a constant C > 0 such that

C||Vull, < sup{< Vu, V¢ >| € BY(G), [[Vélly <1}

where ¢' = -4  foru € H19(G). Further for F € (H19(G))" there exists a unique
u € HY9(G) such that F(¢) =< Vu, V¢ >.
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J. SIGSTRAND

The Schrédinger Qpatigu with a constant, weak magnetic field
(joint work with B. Helffer)

~

This talk is based on recent joint work with B. Helffer, related to earlier works

of Avron-Simon, Nencin, Bellissard, Guillot-Ralston-Trubowitz ... and many

physicists. Let e;,---,e, be a basis in R*, T' = PZe;, V € C°R™R) with
1

V(z +7v) = V(z), Vy € T. Let bjx = ~bg,j, 1 < j,k < n, be real and con-
stant. With Ax(z) = %21 bjxzj, B := d(TArdzy) = %EEbj,kdzj A dz i, we put

PB,V = E(D:. + 14k(:!3))2 + V(.‘t)
1
Let Eoq(6) < E1(6 < --- be the Floquet eigenvalues of Py v for § € R**. If:

sup Ex_; < inf B} < sup Ex < inf Eiy,, (%)x

for some k, the Peierls substitution in solid state physics says that for energies
close to [inf Ex,sup Ei] and for |B| small, “Pp v is well described by the pseu-
dodifferential operators Ex(D; + Ag(z))”. Our first theorem justifies this, in the
sense that it gives a correspponding reduction of the study of the spectrum. We

can even drop the assumption (*)g. Then the reduced operator is a matrix of -

pseudodifferential operators.

The second theorem treats the 3-dimensional case. Under suitable assumptions,
we find singular oscillations in the density of states measure. These are related to
the de Haas-van Alphen effect, explained heuristically by Onsager.

M. STRUWE

oball lar solutions to the u5-Klein-Gordon equations
The Cauchy problem for the semi-linear wave eqution in R® x R4

e —Autu® =0; u|,_o=uo, u,_,=u 1)

for radially symmetric initial data up(z) = uo(|z]) € C3R3), u1(z) = u;(|z]) €
C?(R®) is shown to admit a unique, global solution u(z,t) = u(|z|,t) € C*(R® x
R+).

Essential tools are the local (small time) existence results of Jorgens, the a-priori
estimate of Rauch for solutions with small initial energy, and a decay estimates for
solutions near a singularity. We heavily exploit invariance of (1) under scaling u —
up(z,t) = R"/?u(Rz, Rt). Moreover, the energy inequality is used extensively.
The result suggests that also in the non-symmetric case problem (1) will always
admit a global, regular solution.
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D. VASIL’EV

The distribution of eigenvalues of boundary value problems

Consider an eigenvalue problem for a self-adjoint elliptic differential operator of
order 2m on a compact n-dimensional manifold with boundary. Let N()) denote

the eigenvalue distribution function, i.e. the number of eigenvalues A; smaller
than a given A. The asymptotic formula

N(A) = aA™?™ 4 o(A"/?™); A > to0, ' (1)
is a well-known classical result. A refined two-term asymptotics
N(/\) = aAn/Zm + bA(n—l)/2m + o(/\(n—l)/Zm)’ A — +00, (2)

is established by the author; coefficient b takes account of the boundary conditions.
Formula (2) holds when a certain geometrical condition is fulfilled. This geometri-
cal condition is formulated in terms of a branching Hamiltonian billiard associated
with the differential operator. In this respect periodic, absolutely periodic and
deadend trajectories are investigated.

V. VOGELSANG

Uber das Spektrum der Maxwellschen Gleichungen ’ -

Die Feldgleichungen elektromagnetischer Schwingungen lauten

rot a; = iwaz(z)a, )
rot ay = —iwa;(z)a;

mit positiv definiten, hermiteschen Matrizen a;(z), az(z) in einem Auﬁengeblet

Q und einer Zahl w € R, w # 0. Unter einer Bedingung der Form

aj(z) = pi(|z)1 +o(r=%), ;0 < § < 1 fest, (|z| = 00), p; > k; >0,

und entsprechender Bedingung an 8,a;(x) beweisen wir das exponentielle Abklin-
gen der Losung a = a; + ia; von () im L2-Mittel. Fir § = 1/2 gilt sogar die
Freiheit von Punkteigenwerten des Maxwelloperators () auf der ganzen reellen
Achse. In engem Zusammenhang mit diesem Problem steht das Prinzip der ein-
deutigen Fortsetzbarkeit, das wir fiir Ungleichungen der Form

[rot a| + |div (aa)| < cr®~a]

unter Voraussetzung, a klinge bei 0 von unendlicher hoher Ordnung ab, beweisen.
Entscheidend fiir den Beweis sind Integralungleichungen vom Carleman’schen Typ
bei 0o und bei 0. Dazu werden in Analogie zur Diracgleichung die Maxwellschen
Gleichungen (*) in Polarkoordinaten dargestellt, die Nebenbedingung div aja; =
0 geeignet verarbeitet und Testfunktionen vom Type ¢8a und ¢£A8,(aa) gewahlt.
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W. WALTER
Elliptic differential inequalities with an application to gradient bounds

Let L be an elliptic operator defined by

n

Lu: Z aij(T)uz;zc; + zn:b.-(z)u:,. , T€D,

i,j=1 =1

where D C R™ is open and bounded, and

at? <€Ta(z)t <K€, |bi(z)l <K, -K<c(z)inD, (4)

where @, K > 0 (no upper bound on c is assumed). The main result is the following
theorem, which generalizes a classical theorem on the strong minimum principle.

Theorem: Assume that D satisfies a uniform interior ball condition, that
(A) holds and that there exists a function h satisfying

Lh+ch<0 andh>0inD.
Then if

Lu+cu<0 inD a.ndu_>_00n3D,.
either (i) u = Bh with 3 <0 or (ii)u =0 or (iii)u > 0 in D.

Remark In case (i) u is an eigenfunction for L + ¢ corresponding to the first
eigenvalue Ay = 0.

Among the applications a theorem on gradient bounds for a nonlinear elliptic
equation (1) F(y, ¢z, zz) = 0 by Weinberger (1987) is generalized. Here ¢, =
grad ¢, ¢,z = the Hessian, and it is assumed that ( aarf; ) is positive definite.

Let L be as above with F' = F(z,¢,7),

OF oF oF

aij=aT'_j, bi:a_cp.-’ ¢=Zr argument (¢(z),--+).

Theorem: If (A) holds, then for p € C*(D) N C*(D) satisfying (1)

peg >0o0nT implies @¢2>0inD
under each of the following assumptions:
(i) There exists h € C°(D) N C*(D) satisfying
Lh+ch<0inDand h>0inD.

(ii) There exists n with |n| = 1 such that ¢, > 0 in D.
Here ¢, = n- @, is the directional derivative in the n direction, and ;¢ is defined
analogously.
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P. WEIDEMAIER

Boun ue problems for abolic equations

In the theory of nonlinear heat conduction the following problem occurs: (cf. _

Potier-Ferry: Arch. f. Rat. Mech. 77, 301-321, (1981))

Ug — %(z,t, u, Vu)ddju=f inQx(0,T)=:Qr, QCR",
]

<a({,t,uVu),n> =1 ondN x (0,T)
n := outward unit normal to
u(0) = ¢.

We construct a local (in time) solution in the space

Wil (Qr) := {u € LP(Qr) | 888%u € LP(Qr)V28 + |a| <2}, p>n+2,

under natural compatibility conditions. The underlying estimates for the linear
problem are essentially due to Solonnikov. Problems of the type above were also
considered in Acquistapache/Terreni: preprint 205 (1987), Univ. Pisa; these latter
authors work in different spaces (Hélder in ¢, Sobolev in z).

J. WEISSLER
The Cauchy problem for the time dependent nonline chrédinger eqution

(joint work with T. Cazenave)

We consider the Cauchy problem

tuy + Au = f(u
u(0,z) = v(a(v))}(N L8)

where u = u(t,z) € C,t > 0, z € R". We are primarily concerned with the model
case f(u) = Alu|®u, where A € R, and a > 0. For a < 4/(n — 2) it has been
known for a long time that the problem: (NLS) is well-posed in H'!. We show thaf
the problem (NLS) is also well-posed if & = 4/(n — 2), and the solution is global
if | Vepl|2 is small, independent of the sign of . If & > 4/(n — 2), the problem
(NLS) is well-posed in higher H? spaces.
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M. WIEGNER
A C, s-theory for paraholic equations

The well-known C o/2-Schauder-theory for parabolic equations

Ou %u .Ou .
% gaij(z,t)m + 211-'(%”6—35i +e(z,t)u = f(z,t) on 2 x (0,T) ()

u=0 onZr=80x(0,T)UQ x {0}

does not give the complete picture of the dependence of the regularity of the
solution from the data. We assume data from function spaces Ca,5 — a — Holder-
continuous with respect to z and 8 to time, with 8 = 0 included - and give
various interior and global estimates for the solution in corresponding spaces.
By counterexamples it is shown that additional information on the data along the
boundary is needed to prove global Holder-estimates. On the other hand, we prove
that () has a classical solution u in C31(Q x (0, T)) (including the boundary) if
for some a > 0 the data are in C, 9, I € Cz44, f(z,0) = 0 on 9%, and as the
only assumption concerning time-regularity: for z € 89 the form 3~ a;j(z, t)viv;
¥
(v the outer normal) is §-Hélder- continuous with respect to ¢ for some 6 > 0.

Berichterstatter: Herbert Schroder
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