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MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tagungsber cht

Algebraische Gruppen

7.4. bis 13.4.91

16/1991

An der unter der Leitung von P. Slodowy (Hamburg), T.A. Springer (Utrecht)
und J. Tits (Paris) stattfindenden Tagung nahmen 29 Mathematiker aus 12
Ländern teil. Inhaltlich lassen sich die 20 gehaltenen Vorträge den folgenden
Themenbereichen zuordnen:

1. Theorie und Anwendungen der sogenannten Quantengruppen.

2. Algebraische Transformationsgruppen (Kompaktifizierungen, Linearisierun-
gen). -

3. Diskrete Untergruppen algebraischer Gruppen.

4. Schubertvarietäteri und symmetrische Varietäten.

5. Spezielle Untergruppen und Zerlegungen der Liealgebra.

6. Darstellungstheorie.

7. Kombinatorische Aspekte.

Dabei sind einige der Vorträge mehreren Bereichen zuzuordnen. Von beson­
ders aktuellem Interesse, und daher recht umfangreich vertreten, waren die
Vorträge zum Thema "Quantengruppen" , deren Untersuchung und Anwen­
dungen in den letzten heiden Jahren eine enorme Ausbreitung erfahren
haben.
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yortragsauszüge

E. AKYILDIZ:

Schubert calculus.

The purpose of the talk was:

i. to explain the recent results on the cohomology ring of Schubert
varieties in G / P

ii. to report on D. Peterson's work on the Schubert calculus for the
Kac-Moody setting.

M. BRION:

Cohomology of quotient spaces.

Let G be a connected reductive algebraic group over C. Let X be the
projective space of aG-module, XU its open subset of semi-stable points,
and Y the (Mumfor~)quotient of X$$ J>y G. Then a presentation was given
of the equivariant cohomology algebra Hä(XU, Q), (when every semi-stable
point is stahle it is the cohomology of V). The proof relles on results of F.
Kirwan and G. Ellingsrud - S.A. Stn~mme. Also some applications were
given.

A. BRDER:

Generating functions in invariant theory.

Let G be a connected, linearly reductive group and VaG-module, then
G acts linearlyon A := K[V), respecting the natural grading. For a domi­
nant weight X let A~ be the isotopical component of A corresponding to the
simple module of highest weight X; it is a finitely generated module over the
ring of invariants AG. The generating function 1t(A~; t) =E dim(A~)i . t i ,

where (A~)i is the homogeneous part of degree i, ia useful in the study of
these sO-called modules of covariants. Trus generating function is actually
the Taylor expansion of a rational function.
A new method was sketched for computing 1i(A~; t) for sma.ll x; in partic-
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ular, 1i(AG; t). This method was used to check on a computer all explicit
results obtained earlier by Weyl's transcendental method ofintegration over
compact groups. For 'example: the case of seven copies of the adjoint rep­
resentation of S L3, eight copies of the spin representation of Spin (7) and,
also the S L 4-modules V[l,l,O] and V[3,O,O]'
The method also yields many modules of covariants which are not Cohen-
Macauley.

J .B. CARRELL:

Singularities of Schubert varieties.

(The talk was about joint work with D.H. Peterson.) Let G be a simple
algebraic group over an algebrai"cally closed field k, B ::> T a Borel subgroup
of G containing a maximal torus, and W the Weyl group of (G, T). For
a positive root a and an x in W, let C(x,a) := xU_aB/B, aT-invariant
curve in G/B. Let X w be the Schubert variety BwB/B in G/B. "If was
shown that C(x,a) ~ X w iff (x ~ w and XTa ~ w). Moreover, foreach
x E W with x ~ w, there are at least lew) curves of type C(x, a) in X w '

(Trus verifies the Weyl group case of a conjecture of Deodhar made for all
Coxeter groups.) The main step in the proof is:
Lemma: Let Y be a closed T-invariant subset of U_, and put ~(Y) =
{a > 0 I U-o ~ Y}. Then #~(Y) 2:: dim Y, and equality holds if Y is
smooth at 1.
By counting lines in X w the following inequality was derived:
Proposition. For all W E W, set a a(w) = -k Lx<wl(x), where l is the
length function and K = #{x ::;; w}. Then a(w) 2:: ll(w). Moreover,
a(w) = ll(w) whenever X w is smooth. By a result of Lakshmibai and Se­
shadri one has in the case G = Sln(k) : X w is smooth {:} aw = !l(w). There
is good evidence that the latter holds in the D and E cases as weIl.

C. DECONCINI and C. PROCESI:

The coadjoint action for quantum groups at roots of unity.

After introducing the quantum groups associated to a Cartan matrix, the
main features of the theory were discussed. The case in which q is not a
root of unity was given first by means of results of Drinfeld-Jimbo-Rosso
etc. Then the case in which q is an i-th root of unity (l odd) was discussed.
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In this case the model which was used has a large centre over which it is a
finite module (and, in fact, a maximal order in a division algebra of dimen­
sion f 214>+1 over its centre). The centre Z is composed of two pieces Zo and
ZI. The Zo turns out to be the coordinate ring of a Poisson Lie group which
comes from a Manin Tripie associated to the classical Lie algebra with the
same Cartan matrix. Also, an action was given of an infinite dimensional
group on the quantized algebra preserving Zo whose orbits on Spec (Zo) co­
incide with the Poisson leaves. It results in a certain qualitative description
of the representations of the quantized enveloping algebra.
All these results are joint work with V. Käc.

v. DEODHAR:

A combinatorial formula for Kazhdan-Lusztig polynomials.

Let (W, S) be a. Coxeter group, and let y = 81 ·82, .• , 8k be a reduced expres­
sion for an element y in W. A combinatorial setting involving subexpressions
of this reduced expression is developed, including a notion of a good element.
1t· is proved that a.ll elements in a group for which the Kazhdan-Lusztig
polynomials are non-negative are good. ,If y is good then an algorithm was
developed to compute these.polynomials in an efficient way. It was further
proved that in these cases the coeflicients are actually the sizes of certain
subsets of subexpressions. Thereby providing an explicit setting for various
questions regarding these polynomials and related topics. Also similar re­
sults were obtained for the so-called parabolic case.

F. GRUNEWALD:

Affine crystallographic groups.

G. HARDER:

The q - 6; symbols and invariants of 3-manifolds (after Turaev
and Viro).

Starting from a 2r-th root of unity qo for which q := q~ is a primitive
r-th root of unity, Taraev and Vira have attached an invariant to any 3­
dimensional manifold. It is a number in the cyclotomic fie1d of 2r-th roots
of unity, and it is obtained from a. triangulation. More precisely, the in­
variant, is obtained by forming astate sum over all colourings of a number
defined for each colouring using the q - 6j symbols which come from cou­
pling of three tensor factors. The purpose of this talk was to explain the
~~ .
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A.G. HELMINCK:

Symmetrie varieties.

Let G be a eonneeted reduetive algebraic group defined over a field k of
eharacteristie not two. Let 0 E Aut(G) be a k-involution and let H be the
fixed point group of O. Write Gk and Hk for the set of k-rational points of
G respectively H. Then Gk / Hk is ealled asymmetrie k-variety. One can
associate with such asymmetrie variety a root system in ~ natural way, it
is the root system of a maximal (0, k)-split torus, (trus is a torus which is
both O-split and k-split).
In the talk aeharacterisation theorem for the k-isomorphism classes of the k­
involutions was diseussed. Combined with Tits' classifieation of semi-simple
k-groups this leads to a. partial classifieation of k-involutions for certain
types of fields including finite fields, number fields and p-adie fields. This
c1assification also indudes a classification of the restricted root systems with
their Weyl groups and multiplicitie;.

J.-C. JANTZEN:

Representations of algebraie groups in eharacteristie p and quan­
tum groups.

Lusztig has conjeetured a character formula for t~e irreducible represen­
tations of a semi-simple algebraie group G in characteristic p ~ 0, and for
those of a quantized enveloping algebra ( "quantum group") at a root of
unity. It was observed that when both conjectures are true then the redue­
tion mod p of an irreducible representation of a quantum group at a p-th
root ofunity will be an irreducible representation of G, as long as the highest
weight is small with respect to r. The work of Lusztig, Anderson-Polo-Wen

. and Seott and others provides evidence for this eonjecture. Also an example
was deseribed (joint work with Anderson) of an irreducible representation
with restricted heighest weight of the quantum group such that the redue­
tion mod pis not irreducible for G.
Furthermore, same work in progress was diseussed (joint work with Ander­
son and Soergel). It eoneerns a eomparison of projective indecomposable
modules (PIM's) for the restrieted enveloping algebra with those for an
analoguous finite dimensional subalgebra of the quantum group. One of the
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results is that these PIM's can be lifted to modules over suitable local rings
which are PIM's in an analoguous category.

F. KNOP:

B-orbits on spherical varieties.

Let G be a connected reductive group, BeG a Borel subgroup and X
a spherical variety, Le. B has a dense orbit in X. By a theorem of Vinberg
and Brion, B has only finitely many orbits in X .

. In trus talk an action of the Weyl group W on the set of B-orbi ts B\X
was constructed using the action of a minimal parabolic subgroup on X.
Also the W-orbit of the open B-orbit was determined. Its isotropy group
is determined by the "litde Weyl group" of X, which is defined using the
compactification theory of X.

H. KRAFT:

G-vector bundles and non-linearizabJe actions.

In 1989, G. Schwarz gave the first examples of non-linearizable actions of
complex reductive algebraic groups an affine n-space c n • These examples
carne from non-trivial G-vector bundles on representation spaces of G. In
this talk a classification (Le. a moduli space) for G-vector bundles on G­
representations V with one-dimensional quotient was given, "(this is joint
work with Schwarz). One thus obtains non-linearizable actions for all classi­
ca! groups, the spin groups, G2, E6 and E7 • Using these results, F. Knop has
constructed for every reductive group G such that GO is not a torus, non­
trivial G-vector bundles on Lie G and also non-linearizable actions. Masuda
and Petrie have given a different construction and found an invariant for G­
vector bundles on arbitrary representations, which enabled them to discuss
new non-trivial G-vector bundles and non-linearizable actions, in particular
for same finite groups. This work was discussed as weIl.
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V. LAKSHMmAI:

Quantum deformations of Schubert varieties.

Let G be a semi-simple algebraic group over k, B a Borel subgroup and
X a Schuberl variety in GIB. Let L be an ample line bundle on GIB, and
R[X] = fBHO(X,L). Then R[X] is Zl_graded, where l = rank (G). Further

L
R[X] is a Jeft k[B]-comodule, where k[B] is the coordinate ring of B.
In this talk a quantization Rq[X] of R[X] was given, with q a parameter tak­
ing values in k· and G being oftype An, Bn,Cn, Dn, E6 or G2 • This Rq[X]
is again Zl_graded; further Rq[X] has a canonicalleft kq[B]-comodule struc­
ture. And if Rq[X] = m(Rq[X])Bdl E (Z+)l, then the standard monomials

B - •

in (Rq[X])~form a k(q>=basis for this space. When X = GIB then Rq[X] is _­
also a kq(G]-comodule. Here kq[G] and kq[B] are th~ quantizations of k[G]
respectively k[B] as constrocted by Fadeev, Reshetikhin and Takhtajan.

P. LITTELMAN:

Some remarks on tensor product decompositions..

Let G be a simply connected simple algebraic group defined over an al­
gebraically closed field of characteristic zero. Consider maximal .parabolic ­
subgroups Pl,P2 C G and the associated fundamental weights tol respec­
tively 102. Let Ci be the affine cone over GIPi C P(V~J. In case tol ~d 102

are miniscule it was shown that the G-module strodure of the coordinate
ring k[e1 x C2 ] of Cl x C2 is very simple. In fact, if U c G is a maximal
umpotent subgroup then k[e1 xC2]U is a polynomial ring. As a consequence
one obtains very simple (multiplicity-free) decomposition formulas for ten­
sor products of type VnWJ @ Vmw, resp. S2(VWJ.). The result holds also for
a few other cases, it seems that the assumption GIPI X G/ P2 is spherical
may be sufficient.

A. LUBOTZKY:

On Groups 01 Polynomial Subgroup Growth..

Let r be a finitely generated group. Then r is caJ.led
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a. residually finite if n{HIH a finite index subgroup of r} = {l},

b. a group of polynomial growth (PSG) if an(r) = {H ~ rl
[r : H] = n} grows polynomially.

Theorem (A. Lubotzky, A. Mann, D. Segal). A finitely generated residu­
ally finite group is PSG if and only if r is almost solvable of finite rank.
Here "almost" means that it contains such a finite index subgroup, and "fi­
nite rank" means that every finitely generated subgroup of r is generated
by ~ (constant) elements.
The proofuses methods from algebraic groups, arithmetic groups, the prime
number theorem, p-adic Lie-groups and the classification of finite simple
groups.
The above theorem and its proof were discussed in this talk.

D. LUNA:

Solvable spherical subgroups.

Let G be a connected semi-simple algebraic group over C. An algebraie
subgroup H of G is ealled spherieal if a Borel subgroup of G has an open
orbit in GIH; it is called special if the group NG(H)I H is finite. In this
talk a classification of all conneeted solvable special spherical subgroups of
G was given.

PHAM HUU TIEP:

Irreducible orthogonal decompositions of Lie algebras, Jordan s~b­

groups and associated lattices.

Many of the loeal maximal subgroups of finite group of Lie type are closely
related to the so-called Jordan subgroups of eomplex Lie group diseovered
by A.V. Alekseevskii. The latter subgroups give in turn examples of irre­
ducible orthogonal deeompositions (IOD's) of eomplex Lie algebras by some
standard construction. In the case for which the Lie algebras are of type
An, Bn or exceptional, one can show that all IOD's can be eonstructed this
way. In this talk it was sh~wn that Lie algebras of type Bn have /0D's Hf
n = [P";-l] for some prime power pm. And Lie algebras of type An have
/OD's Hf n = pm - 1 for some prime power pm. Also a deseription was
given of the automorphism groups of the associated integrallattiees. Same
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of these groups are finite groups of Lie type or sporadie simple groups.

O. SCHWARZMANN:

A non..arithmetic eocompact reflection group in complex hyper..
boHe geometry.

Using some elementary results from the topologieal theory of branehed eov­
erings and the deep theorem of Yau-Miayoka, an example of a cocompact
diserete group r was construeted, aeting on the eomplex ball B2. It was
proved that r is a non arithmetie subgroup of Aut(B2). This gives a geo­
metrie point of view on one of the Terada-Deligne-Mostow examples of dis­
erete reßeetion groups in B2.

D.M. TESTERMAN:

Overgroups of unipotent elements in semi-simple algebraic groups.

In this talk the following theorem was presented, together with its proof
and same applications:
Theorem. Let G be a semi-simple a.lgebraie group defined over a field
of characteristic p > O. Assume p is good prime for G, and let tL E. G with
tJP = 1. Then there exists a c10sed eonnected subgroup X < G with X of
type A, and with tL EX.
It was observed that a similar. result holds without the restrietion uP = 1
when p > 3(h - 1), with h the Coxeter number. The latter follows from
Pommerening's generalisation of the Jaeobson-Morosov theorem to charac­
teristie p with p a good prime.

Berichterstatter: F .M. Kouwenhoven.
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