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MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tag u n g s b e r c h t 5/1994

~il'htstauJanlaualysis1W<.1 Auwl'll<.hul1!:l'l1

30.lH. bis Oii02.!)-!

Djt~ Tagllllg fal1tllllltc~l' der Leitung '·011 S. Alh~vt~rjo (00.-1111111) . .1. L. Callot (~IttlluHl~t·).

D. La.ll~\vitz (Danllstadt) uud \V.A.J. Luxeluhnrg lPasad~lH.) ~ta[t.

Die T"l'ih.Lt.'lwll"l" '·Ull 14 Läuueru hauen iu 36 \-urtrii~toll f4l"Zt·igr. wie fru<:htLcu' tlil" ~Il'l­

ltotleu dt"'r Xjchtst.audarclanalysis in ihr~n \·i{~lfiilt"i~f·ll .-\llw"'ll(ll111~f·1l ~ind. Scll\vc'rpullktc'
der Tagnn.e; waren die Theorie der st.ochID;tischt'n Prozess<, und dit.' Theorie der <lynallli~('h('l1

Systellll". Deshalb prä5cuti('rttou die meiste"u \~ortr~l~t" neue Eut\\·i(·kltul~elld<"1" .\l1\n"lHhul~

uichtst Cluclanl aualyrisl'hl"r 7v!t-,t.hoclcou iu clie~c'l1 Tlieoripll. aUl'rclill~~ \Vuntell Utlc:lt \-ort I"i'l~(,

~ehaltc.'ll. tlie die Tagun!!;steil.1lehmer über \veitere aktuellf? Ellt wickhul~ell der ~icht.stall­

clardanalysis unu ihren Anwendungen illfonllierten. Die Ta~ull~ hat. auf sehr prii.~Ilallt.('

\Veise die Lebeudip;keit und A.ktualität dieses schönen Zwei~esder lvIatheluatik gezei~t. E~

sei inshesondere die Präsenz \ieler jUll~er dynaluiseher ~·Iatht"Ulatiker t.·l"w·ähllt~ c.Ht" auch
zu sehr lf'hhaften st.imulierende.n Diskussionen zWlsch~n c!r'u \:-orträgell und in ah(~IlCni("h('n

Arh(-'it.sgruppen geführt haben.

Die Tag;ung wurde dem A.uuenken zweier J\lathelllatiker g;ewidwet. die da:s Gebiet
der ~ichtst.andaranalrsisstark ~eprägt habe~, durch ihre ~nmdlep.;enden .~rbeitell uud
durch ihre Dlenschliche \Vänne und Be~eist.enmgsfahi.e;keit:.I. L. Callot. und G. Re(~h. An
eineul Abend fand lwtef der Leitung VOll \V. A.. .1. LtLXel11h\lr~ eine Gt~dellkfeier statt.

F. Diener uud R. Lutz haben auf beeindruckende \Veise au .1. L. Callot und G. Reeb in
ihrt~ll lllt:"usclilichcll Aspekteu lwd als iVlathcluatiker (~riuut~rt.

1994 ist auch der 20. .Jahrestag des Todes von A. ll.obillson~ dem Gründer der ~icht­

st.Cinclttrcliil1iilj.-sis. RohiusOl1 haU.(1 1970 pf'rsi;ulich au (h'r c"rstcOl1 Tagulll4 (lit"sc"r Rt'ilic" iu
()}uorwolfadl tcil.e;el1oumu.ou. nUll wurde auf der jC"tzip;(~l Ta~l\llJ!; p.iu A.heud ~("'wid1l1('t. au

eleul s(lin ßio.e;raph .1. \V. Dallht,u t.~iIl(~ll eindnlcksvollt'Il '·()rtra~ ~(~halh~Il hat..
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Vort.rn.gsal1sz"igt~ .

H...~kiYiUlla:
APPLICATH)NS elF N()NSTANDAR.D .-\NAL'YSIS TC) GENEIlALIZED SECTIONS
OF VECTC)R. BUNDLES

A generalized section of a (['00 vector bUllule E over a compact (q-compact) manifold
M is defined as a eontinuous linear functional on the space of c.ompactly supported COO
sections of E* C3> IAMI, where E* is the dun.! bundle of E and IAMI stands for the density
bundle Qver ~·f. It is shown that cvery generalized section T of E can be represented by
a *-integral in t.he sense that there exists a * Coo internal section ßT of the nonstandard
extension • E of E such that T( u) = J: M /JT·· 'Pt for every compactly supported Coo secA
U of E* ® IAlul· As examples, a nonstandard delta function on a Riemannian mani.
and the case of currents of de Rham are treated. Nonstandard representations are also
obtained of linear maps either from the space of ([;k sections of E cr from its subspace
consisting of compacdy supported sections.

L. Arkeryd:
THE STATIONARY BOLTZMANN EQUATION IN A SLAB

We discuss a kinetic layer between two \valls modelIed by the Boltzmann Equation in
a slab -1 ~ x ,$ 1, for soft forces ~fJ%f = Q(f, f) with boundary condition J(j, v) =
Mj(v) fje' >0 e' JCj, Vi )d1J' , je' < o~ j = ± 1. Here Mj is a Maxwellian normalized to give
inflow equal outfiow. Under some restrietions we prove that there is a solution in Le2 . The
proof uses NSA with several infinite scales to reduce from the entropy dissipation term
that measure solutions first constructed, actually are Lebesgue absolutely continuous.

E. Benoit:
ASYMPTOTIC EXPA.l\.NSIONS OF CANAR.DS WITH POLES. APPLICATION
TO THE STATIONARY UNIDIMENSIONAL SCHRÖDINGER EOUATION

The central topic of this paper is the problem of the turning points. The paradi~
the stationary uniditnensional Schrödinger equation~.with various potentials. The"
step is to transform the linear equation of second order iota a Riccati equation. The non
standard analysis and the theory of CanaT(l.~ allo\vs to compute the first eigenvalue and the
corresponding solution. \tVith a change of variables. it is possible to reduce the problem
of the n-th energy level to the (n - 1)-t.h. The first result (already proved by other
methods) of the paper is an algorithm to (.:ompute the asymptotic expansion of the n-th
(~ner,~~ level in po\vers of the small parailler.l'l" h. The secund (ne\v) result is an algorithm
t.u t:ompute an expansion uf thc c:orrcspollclill~ solution. This expansion is a fraction so
t.hat the singularity is TP..HlltJt~d. For ("~:ctlllplc: it is possihle t.o dp.termine the zero of t.he
('i~t~nfunctions of the Schrödinger opc~rator 111' t.u cU1Y power of h.
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Tlu~ ah~()rit.ll1l1s a.rc' ~i\"C'1l \Virh AliI.pl,: Pl'o.!.::ralll:'. :lud illust.rat.t'cl wit.h Cl douhlc' synullt't.rical
w,.ll .Lo; (Jot.c'nt.ial.

1. \'an tlt 'n ßt·r~:

APPRJ)XIl\,L-\TE Et)UATI<)NS

\Vp.. c:onsidcr t~(ltlati()lls or t.he type

f{.r) = IX

where f is an iuternal fUllction, and the 111t1uber (\ may or may not have some inc.:ertaillty
conceming its order of magnitude.

Typical examples are
1) .~svmptotic eguations; for instance. find an approxinlation for :t such thai

.r + lo.~:r = w

where w is a fi.~ed infinitely large nUlllber.
2) Externat eguations, forinstance~ if ~' is Cl. fixed infinitely large integer, find all I such

that

er - (1 +;f ~ 0
We derive certain theorems which are useful for the study of such equations. They include
a substitution theorem, a solution theorem (lud nn expansion theorem.

N. Cutland (with M. Capinski):
STOCHASTIC NAVIER-STOKES EQUATIONS

We show how hoeb space methods are used to salve Navier-Stokes equations of the form

(1)

where Ue : D ~ JRR and D ~ lRn is a honnded domain. The process Wt is an infinite
dimensional Wiener process. The method of solution is to work in a hyperfinite dimensional
space H N and take standard parts.

The corresponding Foias equation cun he clerived heurictically, with solutions given
by the distributions (1ltlt>o of a solution to (1). An alternative method of solution was
presented, using nonstandard densities tu reprcsent the measure J.lt. This approach to
statistical solutions avoids stuchastic analysis in fa\*oir of PDE's of order 2.
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H. G. Dah~s:

T()TALL\r ()RDERED FJELDS \VITH ADDITH)NAL STR.UCTUR.E:
BETTEIl \!EnSI()NS ()F N()N-STANDAR.D iVI()DELS '!

In the thcory ()f nou-starlliard a.naly~is, Olle l1S(~S a.s a. model of llltrapowers IRk / u, where
k is a en.rclinal ;ultl [T is Cl. frce ultrafilter Oll k. These models are real-closed 17t-fields. We
examine 1l1()f(~ ~encral classes of real -closed 1/1 -neIds: there are the super-real jield3, which
a.re quoticnts nf algehri1.S C(U)j p, where P is a. prime ideal in C([T), and large algebras of
formal power series. \Ve claim that, by gOill,~ to these lar,ger classes, we can find real-closed
r/t-fields with vanos interesting propertics not possessed by any ultrapower. We develop
a classiticatiou scheme that resolves variou~ open problems. We present a particular field
R which seems to be the natural generalization uf the real line IR !one cardinal higher' .

There is a natural structure theory of super-real fields as 11. model of 11. fragmente
analysis.

(This talk was to have been the first part of a pair, the second to be given by Woodin;
unfortunately, Woodin was not ahle to attend.)

J. W. Dauben:
,A B10GRAPHY OF .-\BRA.HAM ROBINSON

Abraham Robinson is best known for his discovery and development of non-standard
analysis, and his succesful use of model theory in a wide variety of applications in modem
mathematics. This lecture will cover Robinson's early history,. bis chilhood in Breslau,
his emigration to Palestine from Nazi Germany in 1933, his early mathematical study
at Hebrew University v.,;th Abraham Fraenkel, his brief study at the Sorbonne in 1940
and dramatic escape to England, where he spent World War 11 at the Royal Aireraft
Establishment in ·Farnborough.

Thereafter, bis work in mathematicallogic, beginning with bis Ph. D. on model theory
at the University of London in 1949, began to dominate the aeronautical research he did
after the war, first as a staff member teaching at the Cranfield Colloge cf Aeronautics and
then, beginning in 1951, in the Mathematics Department at the Univwersity of Toronto.
His return to pure mathematics as Fraenkel's successor at Hebrew University in 1957 led
to a joint appointment at Yale University in 1D67, where he continued to develop bis ideas
on model theory and nonstandard analysis until his untimely earIy death in 1974. _

This lecture is illustrated with more' than 100 slides, mostly from photographs in t_
collectiuon of Mrs. i\braham Robinson, anti will offer an overall evaluation of Robinson's
life and career as a mathematical logiciall.

F. Diener:
CALLOT'S RELIEFS

Dt1rin~ the seventies. Reeb popnlarize(l a \"('ry silnplc ~conletrical appeoach of slow-fast
()DE.s ~ ~~ = f(.E~ Y J. baseo Oll ~SA. It was t.hc l)(~ginnin~ of Ho lot uf interesting resuits.

-1
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(1)

R(~f:elltly. C;.llot. iut.rcuhln" a llew iclt':l. ;11so ~4·Cllllt't.ri .. aud \rc'rr siluplt-. on how t.n stucly

slow--fa.."\t ()DEs in the 1:'l1nplex dOfnai71. SIll't·ly rhis itlt'a. will preuluce in t.he futIln' dt'Pp
rr-snlts. I will t'xplclin it anu presMlt SUlllt' applit"atiolls.

Fan Ru - ZOll.~:
HYPERFINITE DIR.ICHLET F()R~IS AND P()TENTI.AL THE{)RY

In tms joint "·ork \\;th Prof. S...\lbeverio ""P st.utly the hyperfinite Dirichlet forms 'and t.llt'ir
domains. resolvents and related ~1arkov chaius. ,v~ :tre also interested in exceptional sets.
excessive func.:tions. eapacity theory alld other issues Oll potential theory of hypertinite
Dirichlet forms. As the third part of our rcsl-!arch. we consider the standard parts of
hyperfinite !vIarkov chains. Finally. \ve CliSCllSS t.he npplications of the theory in infinite
dimensional stochastic analysis.

R. Fittier:
FEYN~1.~NFOR~IALISMAND NSQED

In connection with Feynman diagrams the problems of the classical evaluations of asymp­
totic contributions (\vith respect to ihe limit t ~ 00) are demonstrated. A solution of the
difficulties is suggested within nonstandard quantum-electrodynamics. .

A. Frochard:
COMPLEX STROBOSCOPY AND GHOST SOLUTIONS

Recent developments concerning general complex difference schemes have niee applications
to the discretized logistic equation

y(z +e) ~ y( x - c;) _ 1 2 ( )
2e - -y x

The surprising behaviour of same solutions is related to an exponentially small splitting
of separatrices. The crucial point is the const.ruction of a complex solution of (1), which
is analytic on the S-interior set of the strip B = {x E d:'; Ilmxl< f} .

E. 1. Gordon:
HYPERFINITE APPROXIMATIONS OF T()P()LOGICAL GROUPS
AND THEIR REPRESENTATIONS

The nation of hyperfinite approximation uf Cl. r.opological group was introduced and invcs~

tigated for the case of abelian groups in t.he previütls papers.
Here we present some results abullt IlOIWOlnullltativc p;rotlps which have a hyperfinitl-~

approximation. For example if a comp,i1(:t. .!!;ronp has it then every irreduceble unitary
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rc~prescntat.iol1 of this COlllpact grollp is a shadow of sC)1I1(~ S-c:OntiullOllS irreclncchle repre­
sentation of öL hypt~rtillite grollp. This result. 111i1V h(~ 11sc-'<1 for constrllctioll of t.he irreducehle
reprcsent.a.t.ious of sllc~h groups. A siluple t"xan;ple of a p;rOllp over p-a.tlic nlunbers is con­
sidercd.

The silllilar theorem ho1els for the f(~gt11ar rcpreselltat.ions of locally ("C)1npact groups.
Some applic·a.tions of this theorem and connectio1lS with t.he ergodie theory will be presented
in the talk.

D. Guido:
SINGULAR TRACES AND NON STA.NDAR.D .~NALYSIS

Singular traces, i.e. traces on the algebras uf operators on a Hilbert spare which vaA·
on finite rank operators, where introduced by .1. Dixmier in 1966, and are a key tool inY
Connes non-commutative geometry.

The singular traces which are known up to now described by positive linear functionals
on the sequence of partial sums of the eigenvalues of a compact operator, divided by a
suitable normalizing sequence.

Then the problem of classifying these traces amounts to describe the class of normal­
izing sequences and the set of states, associazed with any such sequence, which give rise
to a trace.

The first problem has been completely solved by Albeverio, Guido, Ponosov and Scar­
latti in terms of an asymptotic condition called eccentricity, generalizing a result of Varga.
When singular traces are studied at a locallevel, i.e. on principal ideals, the normalizing
sequence can be taken as the sequence of the partial sums of eigenvalues of a positive
operator generating the ideals.

The second problem may be solved in terms of decomposition of the aclmissible states
in terms of the extremal ones, and here nonstandard analysis plays a role. In fact, at
a locallevel, examples of singular traces can be given in terms of an easy non standard
formula, therefore all singular traces are in the closed convex hull of the given traces.

At a global level, i.e. when traces are described on maximal ideals, the state needs to
be 2-dilation invariant. Again a simple non standard fonnula, depending on two hyperfinite
numbers, is available, and ergodie decomposition shows that extremal traces are described
by this formula.

The previous results extends to the case in \vhich the algebra is replaced by any t_
11 factor in the sense of ivlurray-von Neumann. •

.T. Harthong:
WAVE PROP~~GATION IN IvIODULATED ~IIEDIA

In this paper \ve propose 111athematicalllu~tll()(ls for the study of the propagation of waves
in a. modulated medium. VVe: call T",(Jd1LlfLtf:(L"'.f~tli1L1". a Ille(lium in which refractive index
vnries in such a manner that it is approxül1atply periotlic in small regions (containillg
ho\vever Cl. large nUßlber of p~riodsJ. P':1·imLi.,: 1l1cclia are particular cases of modulated
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llu-dia.: t.h(~ surfan's al()ll_~ which r.lll' n'fra.-ri,"c· illdc'x is I·OnSt.allt. \tlloclulatioll snrfan's) &lrt"

t.h(~h t.he paralh-l plauc:s. In non -pt~riodic- llHHllllatc·d tucdia. thc' 1l1odnlat.ioll sllrfan's an'
c"ttrv....d: titer il-f(: thc' c'()utottr SllrfiWc's uf ;1 rliIF,'rc'llt.iahlt- rUllC't.ion.

Typicalll1(ullllatp<1 tllpdin an' h()lo.~r:Il11:'. IH-C'ausc- h()lo~r:Il11S n'conl illt.t-rft'rplll'l' frin­
.~(~s. which art~ always c'Olltotlr surfac(~.

Thc Inatlu:matiC'al louIs that WC' pn~"llf in this ]>a.pc'r an' t"spt"ririlly (le\'oted fo thc'"

.ulalysis or the \vaVf" propa~ation in IllCulnl'lt,·f\ llledicl with a. pt'"riod of thn stuUt" order
Ina~nitllde as t.he WaVp.Iellgth.

C. \Vard Henson:
THE SITU.ATIONS ()F GUAR.AIrS H()~I<)GEN()lJS. UNIV"ER.SAL SEPAR,ABLE
BANACH SP.a\CES

A. Guaraii space is a separable Banach ~pan~ _\ \vith the following property: for any finite
dimensional spaces E ~ F. any linear iS()lllOrphislll T : E -+ .\ (iot.o) and any ,\ > 1.
there is a linear isomorphism S : F ~ _\ such that S{x) = T(x) for .all x E E. and
11511 ::; "'IIT II, 115- 1 11 ~ AIIT-II!. \V. Lusky ;·dH)\\"(~tl t.hat .\ is determined tip to a isometry
by this condition, and this unique space is a very natural hut complicated Qbject to study.
We have used the methods of nonstandard illl(llysis tog;ether with additional tools from
the model theory of Banach spaces to obtaill a. llumber of ne\v geometrie results about this
space~ especially concerning the action of i ts antOlnorphism group.

V. Kanovei, M. Reeken:
NEW SYSTEMS OF FOUNDATIONS FOR. ='IONST.-\NDARD ~IATHE~IATICS

A new theory of interna! sets, bounded set tll.f:OT·!I BST, is presented. BST does everything
that is available in IST, Nelson's internal set theory, and, in addition,

* provides the Extension principle for all formulas, .~

* makes it possible to convert every formula to the form 3st TjSt [intem~],
* guarantees that every formula with stanuard pa.rameters is provably equivalent to an

interna! formula,
* aUows to parametrize all definable suhclnsses of sets by a single formula, and
* allows to obtain useful external enlargemcnts of the universe of interna! sete by defin­

able classes.

H, Jerome Keisler (joint work with S. Fajaro):
NEOMETRIC SPACES AND APPLICATH):\"S

We introduce a method which produces a wi(lc~ \"aric'r.y of applications of NSA to probahility
theory t1sin~ c:onventional standard ar~lllllt-l1tS. Gi\"c'u an adapted space (0, P, 11, )tEr anti
a. complete separable metrie space J/. h·r. .Vi = L"( n..\J) he the space of measllrahlt·
functions x : n ~ ~vl \vith the metrie or COIl\·c'r~c:uce in probability. A family uf sllbs~ts ()f
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J\It r.allt~d nf:m:01f1,])(Lf:t S(~t.S i:i d(~tilU'(1. whiC'h :-:hart's tllallY pr()p(~rtit's with th(~ t:olupact sets
hut is mnc.h lar.L!;(~. Fur 4'~XaJn1<~, tohe sets of Drowuiall l11ot.ions in LU(12. C( [0, 1), .IR» anu uf
stopping t.ill1t·~ in LII(w. C[O~ 1» an~ lleocolllpacL A lloutrivial adaph~<l space is Meh if the
int~rs(~(:tioll ,)f a.1lY t:()llIltahlt~ c:haiu of 1l0UCUlpty IlCOt:olupact sets i~ lloll(~mpt.y. TheoTem:
R.ich adapt.c'tl spaces ('XiHt. Tllt~ only llSc.·~ of NSA lten~ is in t.he proof uf t.his theorem (via
Loeb Inea.sur('s). Nlany optiInization anti existc'nce t.heorems can be proved by standard
methods in Cl. rieh adapted space. For exnmple~ for each x E LlJ(n, C([O, IJ, m)) there is a
Brownian motion whose distance from .e is lllinitnal. Other examples include the strong
existence theorems for stochastic d.e. '5 in papers of I<cisler, Hoover and Perlcins, Cutland,
I{osciuk and Lindstr0m, and the existence theorelus of Cutland and Capinski for stochastic
Navier-S t.akes eqnations.

P. E: Kopp:
FROM DISCRETE TO CONTINUOUS STOCHASTIC CALCULUS •
The martingale representation theorem for L2-Brownian martingales provides the stochas­
tic differential a.s thc integrand occuring in the stochastic integral representation of the
given martingale. In discrete time, martingales on the path spaces of random walks have
analogous representations. Working on Wiener spaces one can formulate a natural conver­
gence concept for discrete-time entries to their continuous counterparts which is preserved
under both stochastic integration and stochastic differentiation. Thus invariance principle
is stronger than the usual Donsker principle yielding weak convergence, by taking inta
account functional relationships as weIl as convergence of paths. We show that - modulo
discretisation schemes - the convergence can be e.."Cpressed in terms ~f the L2-norm, and
provide extensions to multi-dimensional Brownian martingales as weil as the Ito-Wiener
chaos decomposition. The ideas presented ,vere motivated by question ansing in the theory
of option pricing. (Joint work with N. J. Cutland and W. Willinger.)

F. Koudjeti:
EXTERNAL PROBABILITY, AN CLASSICAL CENTRAL-LIMIT THEOREM

.A classical construction of m. is based on Dedekind cuts. The real number may be J
as the last upper bound of these cuts. The resulting completion property enables u
build real analysis. If the cuts are external. then witb a slight weakening of tbe notion 0

extrema, they appear to have least-upper bounus in the form af 'extemal numbers'. An
extemal number is defined to be the sum of areal number and a neutrix, i.e. a convex
(external) additive subgroup of IR.

This notion of (external) extrema t,lll'IlS out t.u he convenient, in many cases, far
replacin~ the crossin.~of 'horders' of extc~rlla1:·wt.s llsin~ permanence principles by a simple
analytical consideratiol1 llsin.e; extrema·s.

In our talk we \vill llS~ this notion t.o dc·lillt· t.llt~ In(~cL'iurability of an external set. and
t.lll~n to establish some t"lelnentary res1l1ts of au «~xtc:rllal prnbability. We will deduce the

s

                                   
                                                                                                       ©



·t"xtt·~rnal ('hehyst~v t'cluality' iuul '1.""(' thi:-o lat.·1' n·:,ult. \\"(,11 ;L" an .'xtt"rUiU c·alculus. t.u pro\"('

the classical Laplac"t"s liluit tlu~()rr'm statt'tl :1:-0 folluws:
'Lt~t 'S" st.ilnd ror r.llt: llnmln"r of sn,'n~:,"~ ill a H ßt~rlloHlli ,"uals with probahility p of

suec:ess. Lt~t 1\'( k) lu' t.ltt' prohahilitr or t ht' 1"'( 'ur rhat Sn = ~'. Tlll~ll: for any real Ilnlllllt~r

11 aud b in IR.

. [{ Sn - 1I
1'} 1 1." -!. ]hm Pl (I ~ --- - -- ,.:: tlt =0

t -00 ;npii Jf;.,

S. Kuhlmann:
THE VALU..\.TION THEORETIC INTERPRET.-\TION OF EXPONENTL~TION

IN NON-ARCHIMEDIAN FJELDS

We study the stucture of non-Arehimedian neids aumitting an exponential funetion. that
is an isomorphism of their additive groups Oll.to their multiplicative group~.of positive ele­
ments. We give neeessary cooditions on the residue field and value group. V{e" show that for
a countable non-Arehimedian field, a necessary and sutficient condition for the existenee
of an exponential is that the value groups is a Hahn sum over the rationals. Si~larly, for
power senes fieId, it is sufficient that the value group satisfies the necessary. _condition~ and
is a Hahn product. .

We then examine strang exponentials. that is exponentials satisfying growth and Tay­
lor axioms. We show that the above characterization for countable and power series fields
generalize in this case as weIl.

P. A. Loeb:
A GENERALIZATION OF RADIAL LIMITS AND THE BEST
APPROACH TO BOUNDARIES

Jürgen Bliedtner and the speaker have recently shown that with a suitable normalization, .
there is a "best" family of filters for which the Fatou Boundary Limit. Theorem holds.
The normalization assigns to each positive harmonie funetion a set of boundary points at
which that function must vanish. Kno\vn liluits, such as those provided by the Lebesgue
Differentiation Theorem, or the Fatou Radial Limit Theorem are used to force consistency
in this assignment. The zero sets, in turn, ar(~ nsed in constrocting the eoarsest filter whieh
produee those limits almost everywhere. This procedure is formulatd in terms of general
potential theoretic settings, hut the result is ne\v cven for harmonie functions on the unit
disk in the compact plane. In this talk~ cOl1cheu in terms of harmonie functions 00 the unit
disk. nonstandard analysis is used to ext(~nd tu .~clleral domains the use of radial limits in
the construction of zero sets.

!)
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G. Lnm(~r:

N()NST.-\.ND:-\ß.D ANALYSIS AND HEAT EXPL()SIC1NS

\Ve considt'r t.11(~ COllt.l'xt of n~ceut work Oll lu'at. :,hocks (clitfusiolls with shocks) in Bana.ch
spa.ce, .Y, fonlluiatioll. [A replacillg t.ht~ 2nd oreh'r (~llipt.ic operators appe.aring in the
clcu;sical application where .1{ = C(n). n bOlluded C m:" with an smooth; A is the
generator uf an irrep;ular boundeu ;,ulalytic senligroup Q(t) on .J( - for precise details and
assumptions see the recent paper of the presellt lecture "Diffusion models with abrupt
changes... ", Evolution equations... ~ Lect. Notes in Pure and Appl Math. Vol. 155, Marcel
Dekker, Ne,v York, 1994.]

Here we study via NSA the transition during an infinitesimal interval of time, say
[0, '11, going from the conditions existing before a shock, at say time t = 0, to t_
prevailing a!terwards. This study leads beyond shocks in particular to the discover.
new phenomena of "beat explosions" and to t.heir adequate formulation in conventional
mathematics as "initial boundary impulses", at say t = 0, j E X. We also obtain an'
explicit formula for the effect (evolution) for t > 0 caused by such a heat explosion j at
t = 0, which adds to the heat/diffusion flo\v that would have taken place without the
explosion. In the simple situation just described, the effect of an isolated heat explosion
(ac~ual1y heat explosion on the boundary) \vould be -Q'(t)j for t > O.

R. Lutz:
ANWENDUNGEN DER NSA ZUR WAHRSCHEINLICHKEITSTHEORIE

We show that nonstandard analysis is a perfect tool to be used in finitely additive prob­
ability theory, due to the fact that the shado\v of f.a. probability law ia f.a tao. This
makes clear a lot of old problems which a.re of great interest in mathematical statistics,
e.g. uniformity, null-probability, extension to larger event spaces or the signification of the
laws of lai-ge numbers.

R. Lutz:
ABOUT MY MASTER GEORGES H. R.EEB

Georges Reeb was born the 12th of november 1!)20 at Saveme, a little town about 35_
in the north-west of Strasbourg. Suddcnly he has passed away on the 6th of november
1993.

He was praud of his origins as thc SOll of Cl. cooper, which certainly influenced bis
geometrical intuition.

. Reeb was an outstanding mathematiciiLu. but also a bright man in his familial and
soda! life. He married Trudy in 1045 auel t.hey got t\VO girls Christiane and Elisabeth.
For his numerous students. he \vas a sort. of :L llloclern ·'Socrates". everywhere dense in the
cnrridors of the "Institut cle Mathematiel11f~s" at. St.rClsbourg. He nlways warmly encoura~ed

t.hem imd asked them t(~n times Cl day his l(~:';(.IIHlary .~ qoui eie neuf?".
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Ht' hr()H~ht 111' in t.lu~ IlH~c·ha.uit"(p,1 :lud t IIpllI().~il·al traclit.ioll of Ht'uri Pnillcan;. PanI
Pailllt'v~ :\11(1 Elie Cartan. Ulldt~r du' eH h'isor~hi p ur his ~v[ast.t'r Charlt's Ehreslnallll lu'
t'f(~;üt'd durin.~ t.he latl~ 40's diP fillll()l1~ folia I ion t.ht'ory. a "uoustc\Iuli\nr' itlt'a of ~l()bal

t.opolo~y at a tinu~ where lOl"al prohlt'llls ~t't'lllt"d to lu: t.ht! iUlport.allt Olles. Aftt~r 11 Yt'ar~

as a professor at GreuolJle. he c'alllC bcwk t.o Sr rasb()tlr.~ alul fo\ultlt·d his O\Vll sc:hool of
(lifferential topology, baseu on the "St~lllillajn' tr;ljt~ctori('Il", which enlphasize on foliatioll
theory, ciifferf'ntial forms and eCluat.ions. c·Olltl':H"t. .~('()Jnctry ... In the ~a.rly 70's. lu' lc'arnt.
about Robinsou!s NSA and claimed at t""l'!T luar.heloatician he c:ould meet (thc 1l10st, of
\VhOln ti<~\V a\vay in a hurry !) that a kind ur rc'\"()lutiOIl ha.d t:olue up in matheluatics. rhe
Inost important in this century...

This \vas the starting point of the :·...n )ud ~du)()l hc crea.ted. which ~ew up in t.h~

philosophy of llsing NSA in everyday lllat.llt,:ulilt.ies as a t.ool to gct simple and· na.tural
proofs and to detect new mathematical pht'uoulcn('L Somc sort of ., green" mathematics.
indeed. The axiomatic presentatioll of ~SA. hy E. Nelson \vithin IST in 197; gave a
second impulse to the alsacian schooL it was partly because t.his formal s~tting points
out Reeb's philosophical conviction that infinitesitnals \vhere an unexpected benefi.t of the
impossibility to formalize completely the intuiti\"e feeling that all natural·numbers, being
obtainable by the successive addition of one, are of the same kind. His':question "Les
entires naifs remplissent-ils N?" became famous in France and more widely in Europe.
where he is considered as a subbtle and efficient. propagandist of NSA.

He was an enthusiastic man, highly ~nj()yillg the deep affection that he shared \vith
his students.

M. Oberguggenberger:
GENERALIZED STOCHASTIC PROCESSES

In this communication a new approach to generalized stochastic processes is presented.
geared to solving nonlinear differential equations inyolving distribution valued processes.
Employing ideas from the theory of multiplicatioll of distributions as weil aB nonstandard
analysis, differential algebras of stochastic processes are constructed which contain all
processes with continuous paths together \vith their generalized derivatives. The method
is based on factor algebras in the algebra of SCCl'lcnces of processes with smooth paths. Two
special choices are discussed and compared with each other: an ultrapower construction
• 4:'00P and a Colombeau-type algebra GP. Nonlillear stochastic differential equation are
shown to admit generalized solutions in both a.l~cbras.

Related work has recently undertaken hy S. A.lbeverio, Z. Haha, T. Lindstr0rn, B.
0ksendal, S. Pilipovic, Va. V. Radyno, F. Rnsso and co-\vorkers.

J. Oikkonen:
PLAYFUL (H.o\HN) POWER,S

Hahn powers have b~en eonsidered durill~ t bis Til.~\lU.~ in (~onnection to fields of power
series. We discuss two other applit."ations 1)1' rhis i( lea.
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1) Snitahh' ~iun.~s C'iLU 1)(~ u:.;ed t.u giv(~ lll.'alliu.!.!; t.o t.llt~ fnnlilia.r l~ql1ati()ns (1 + '/)" = 1,
(1 + ,/)6+1 = (1 + q)lJ . (I + '1) an<! (1 + II)fl = SllPi(l + TI)8 i for H = sup; 8i whcn Tl
anti H a.rt' liupar orders. Tllt~se .c;nnlC~ iuspc'ct. linea.r ordin~s in t.crnlS of thcir initial
spgmeut.s. (:·wc·! .1. ()ikkoIleIl~ :\. n'cl1rsioll priuciple for linear ()rdin~s, .ISL. 1!)92)

2) BrowniCl.ll tllot.ion inspect.s a. dumaill iu a al1alo.~()llS way leadillg t.n a. (lefinition of
Harmonie 11lciUittrc. This analogy is csp('cially strong in connection to a. hyperfinite
representntion. (see J. Oikkonen, Harnlollic analysis and nonstandard Brownian mo­
tion in thc plane, Math. Scand., 1985)
It is sho\vn in A.. Mekkler and .1., Oikkollen, Abelian p-groups with no invariants,
JPAA, 1093. that (torsion subgroups of) snitable Hahn powers H" of Abelian ~
groups lend to groups with no invariants in a strang sense formulated in terms of
approximations uf Ehrenfeucht-Fraisse games.

. 3)

H.Osswald:
ON LINEAR CONTINUOUS FUNCTIONALS ON THE HARDY SPACE H1

The notion "Hardy space" comes from the theory of analytic functions in connection with
Potential Theory, and can be transformed to spaces of martingales via hitting time of
Brownian motion.
. . Fix an adapted Loeh space (A, (bdtE[O,l]Y) where (bt)tE(O,l] is the standard part of
an interna! filtration (at)tET, where T is a hyperfinite discretization of [0,1]. The space
H1 is the space of (bt )-martingales such that SUPtE[O,l] Im (', t).is integrable. We prove
the existence of integral representations of linear continuous functionals and use them to
construct H1-valued measures.

The stochastic integral ia exact the Pettis integral w. r. to these measures.

M. Munoz de Ozak:
LIFTING THEOREMS FOR TWO PAR.~NIETERMARTINGALES

Following the paper "Nonstandard constuction of the stochatic integral and applications
to stochastic differential equations" D.. N. Hoover and E. Perkins, I give the two parameter
version of some theorems, in order to sho\v that if ."<. is aßt-martingale, then st(X) •
is a. large martingale and if X is a large mnrtin.!!;n.le~ then there is a 6t martingale lifting
for some at in T.

Y. Peraire:
OSCILLATORY SYSTE~dS \VITH RELATIVE NONSTA.NDARD
ANALYSIS TOOLS

Thc general frame\vork uf IU,}" speach wonld Iw Relative Interna.! Set Theory (RIST}.

l::!
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Thc~ lall.~lla.~(1 of nIST cuutaillS a hinary pn'dicaft' '. .... t .'. ;11111 this pennits t.u ch'tiUt'
h~v(~ls in du" 1l1!i"c'rsc' uf the sC'ts: a it'vd i:-ö ;a dass uf ('cl'livalc'uct' fol' tht' n!latioll uf ''tlcl'tis­
ta.ntlardic:it.y" cl('nnt'd hy ., x is C'(luistalldilrd tu y if X .-:t y auel y .d x". Relativc!ly t.u coach
level (~()rrcspouc.ls prill('iplt~s of t.ransfpf. iclt'aliz:lr,iotl ;ulCl ... tnn.fla.nli:atioTl al1al().~()lls t.o t.lu'
Nelsuu's axiouls, hut ., truus"cD'ill principh's" (l1sill.!!; :-ii!Utllt.alll'olu;ly se"t~ral levc~ls) t'xist

t.OU, In filY aCC"()llut. I shall t~I11phasize ollly t.",o poillt,S:
1) I shall investi~ate thc possibility to "pt"l' transfers only on il. sllhfornlular of Cl. givPtl

fonnula (partial transfer) anti givc au applica t.iOll.

2) I shall pro,'e a. t.hcoreIu of idealizatioll re'lat,i\.'e t.u 1
1

~alact.ic fonnulas (of t.hc form
3IJ x ~(.r). with cl'(.c) interna!) ilud p;i\"t' au application.

M. Reeken:
DYNAMIC.~L SYSTEMS FROIvI THE N()NSTANDAR.D P()INT OF VIEW

A.s in any field of some complexity looking at. it in the language of BST opens up ne\v
perspectives on the fundamental notion of the neId and their interdependence.

The field of topological dynamical SYSt.CU1S is an interesting example of this kind.

s. Samborski:
FAST CHANGEMENTS OF VISCOSITY~ SOLUTIONSFOR H:\MILTONIANS
DEPENDING OF PARAMETERS

The boundary value problem

€Dr.y + H(x,Dy,a) =0 -v/r = 9

where x E n- c (JRR )*, r = an, D-gradient, (J, E IR* is studied in nonstandard domain
with infinitesimal € and standard Hamiltoninn H depending on a nonstandard parameter.
Let us say that a "fast changement" occurs if for two values al and a2 ot the parameter
a, at - a2 the Hausclorff distance between the shadows of corresponding solutions y(a. )
and y(a2) is perceptible, The main theorem describes the unique possible scenario of this
"fast changement" in a generic situation. Applications are connected with "catastrophes"
for the value function of control problems.

K. Stroyan:
FINITE DIFFERENCE APPROXIMATION nF HIGHER. DERIVATIVES

We prove the following discrete form uf Tayloc's Theorem and its converse and diSCllSS

generalizations.
THEOREM: A real-valued eiJ;enfunc:t.ioll is /I. ·t.iult·~s t"ontinuously differentiable if and

only if the polynomical interpolatctl at (1L + 1) innnit!'ly c:lose finite points is elose t.o a
polynomical dependent only on thc (~()mlllOl1 standard part of the interpolating points.
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T. Toclorov:

A GENEnAL EXISTENCE IlESULT FOll ['lNEAR. PAIlTIAL DIFFER.ENTIAL
E()U.ATI<lNS \VITH Sw[()()TH C()EFFICIENTS

vVe provp il: ,l!('l1t~ral (~xistcnc(~ n:snlt for essl'utiCllly all linea.r partial (liffcrential cquation::i
\vith SIDooth nH'tficiellts in an al,l?,;cbrn A(H) of localizablc gencralizecl functions. The
algebra A(n) is clefined as a factor spaee of t.he class of nonstandard interna! smooth
functions. In particlllar, we show thnt H. Le\vy's equation has solution whenever its right
hand side is Cl. t"la:o\sical smooth function. Therc i~ a strong similarity between the algebra of
generalized fUllCt.ious A(n) anti thc variety of al,~ehras of generalized functiolls introduced
recently by .Tea.n F. Colombeau and other authors in the framework of standard analysis.
For that reason \ve view this work as an a.ttempt to establish a connection between.Ji:
non~tandar~analysis and the n~nlinear t.he~ry of .~eneral.ized function with the belief.
the InteractIOll bet\veen them will prove frtutful far both.

F. Wattenberg:
ECONONIIC ~/IODELS BASED ON THE IDEAS BEHIND
SIMULATED A.NNEALING

The behavior of optimization algorithms hnsecl on the simulated annealing is strikingly
similar in many ways to the behavior of ecollomic aglnis responding to a combination
of centralized deterministic influences and decentralized, individual, random influences.
In this talk \ve are particulary interested in the \vay that changing the connectinity or
topology of the state or behavior space by introducing new neighbor relationships can
speed up convergence in the equilibrium without sacrifying the efficiency of the economy
at equilibrium. Working with nonstandard models we deal with state spaces parts of which
are manifolds and parts on which are not.

B. Wietschorke:
EXTERNAL EQUIVALENCE RELATIONS IN TOPOLOGY
AND FUNCTIONAL ANALYSIS

In the context of Nelson's Interna! Set Theory (IST) \ve use the concept of exteinalE~
a.Ience relations developed by Reeken in on ler to give external characterizations of s.
elasses of locally convex spaces. For this on t.he dual of a given locally convex space
.Y several external relations are defincd. Thc coinciuence of two such relations leads to
an equivalent standard condition givin.~ SCHllc' informations about the topology on )(. In
that way \ve are ahle to describe loc:ally ,'Oll\"C'X spaces \vith invariant nonstandard hulls
(HJvl}-spaces), quasinormable and Sch\\':lrtz :-:pac:es. Thc result concerning Schwartz­
spaces confirms a conjecture posed by Gr:ljll~c~r.

As an application \VC .t;ive an improv(·lI1l'ut. ur a result due to Benninghofen~ Richter
ilntl Stroyan~ by sho\vill'; r.hat the locally I:OIl\'t'X t.opolo~y assor.iated to a certain kind of
infinitesimals is ahvays a. St~ll\vartz t()p()lo~y.

1.+
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\V. \·VilliuJ!:er:
(lN H()\V T<> NIAI~E MC)NEY IN THE ST()(,K~I:\nKETUSING NSA

EUlpirit'al t~\"ic.lellce fronl actnal st()t~k J>l'in' 4 bt;1 ~ll.~~t·st t.llt~ llse of stn(~ha.stic tllo.lt·b; in
nuauce t,hat a.re not c:()vt~reJ hy thc t.raditiollal :'t·lllilllal't.in.~ale fratne\vork. In partit"ular.
t.his t'mpirical eviclence suggests that "loll~ ·ra~l!.!;(· tlq)('ndencp" (also called the ·'.Tost"ph
Effecf') he aCCollIltcd for when modelil1~ :,tod\: prin' 111()\·f~ments.

In t.his talk~ a "fractional" versioll of t lu' witll'ly tl~ed Black-Scholes option pricill.~

model is prcsented that (i) is based on fractiollal On)\vniall nlotion. (ii) accounts for lOll.e;­
range dependence anti is therefore inconsi~r.ent, with the semitllnrtingale setting, anu (iii)
allows for "orbitrage" oppertunities ("fret..> Iuudlt..'S"). ~Iathenla.tica.l problems of pracrical
importance to finance for this class of fractiotlill Dlack-Seholes luodels are dealt with usin~

methods from nonstandard analysis. (This is joiut w'ork with N. Cutland and P. E. I~opp,

Univ. of Hull, England.)

M. Wolf!:
SUPERST.J\BLE OPERATORS AND SE~dIGnOUPS

..­
:'0lIl'"

Nagel and Rübiger defined a contraction T on t.hc Banach space E to be superstable if the
semigroup {in : n 2:: O} of the extension t Ull every ultrapower E is strorigly relatively
compact. We give an intrinsie definition of this notion and generalize the characterization
of Nagel and Rübiger. Moreover we treat the case of strongly continuous semigroups in
the same manner generalizing a result of Riihi.~er and Huong. Our main result reads as
follows: If E is superreflexive and the peripheral spectrum of T is countable then T is
superstable. The converse holds for arbitrary Danach spaces.

Jiang-Lun Wu:
ON GENERALIZED BOCHNER THEORE?vI ON LOCALLY CONVEX SPACES

This talk presents a nonstandard approach to Rndon extension of cylindrical measures on
weak dualspaces of locally convex spaces. The results obtained are applied to generalize
the (classic) Bochner theorem to the case that Radon probability measures are defined on
the weak dual spaces of locally convex spaces. "Ve also compare our result with other topa­
logical descriptions of characteristic functiol1i1ls uf prohability measures on other infinite
dimensional spaces.

B. Zimmer:
FINDING LOST Rl\DON-NII~ODY~vI DEnI\·ATIVES

Radon-Nikodym derivatives uf absolutely .:OIlT.illlUH1S Vf~c.t()r measures uf bounded variation
are tlsually obtained through a limiting pro.·..ss O\·.'r nner iUld finer partions. lf the Banach

                                   
                                                                                                       ©



spa.C(~ lc:(:ks t.h(~ Ra.dou -NikoclYlll prOp(~rt.y. t.lH~:·w lilllit.s luay not (·xist. Nonsta.n<1arc1 Analy­
sis nllows llS to ., ra.tt(~t1" th(·~ Illt:a....ntl"(· span~ and t.lu~ Da.ua.ch spat:<~ such t.hat wc can recnver
thos~ lost c1(~riva.t.ivp.s. P. A. Lo(~h slu)\\~(~<.1 that t.lu~n~ is a hyp(~rtinit.e interucl1 partition of
t.he nonstC\lltlard c~xt(:Ilsion .. [O~ 1J of t.lu:, lluit illt.(·rval. which is tiner than any standard
Lebc~sglle lIH'a.sllrable (>fu·titiou. This fine llonst.:l.udarel partition {Al, ... , .4.11 } allows us tu

recover th()s(~ lost. derivatives by detining; Cl. fuuct,iou r..p = 2::~1 :~L~:~.r ..4ä which defines an
interna! S-integrnble fUDCtioll from * [0. 1] t,() t.IH~ s~t. of t~lemenlsof finite norm in the noo­
standard extension of the Banach space. Conlp()~ing this map c.p with the projection on the
nonstandarn huH. we get a function which \VP. can integrate with an appropriate integral.
This way we obt.ain that 1/( ..4.) ::::::: J..o\ "Pd* J... or, after composing cp with the projection onto
the nonstandard hull, that v( ..4) = iT (f•..\ C;d* J...). If the Radon-NikodYm derivative exists,
then Jr o· (1~) = 11' 0 cp, i.e. our constructioll generalizes the Radon-NikodYm derivat_

Berichterstatter: A.. Ponosov (Bochum)
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