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Variationsrechnung
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Die Tagung.fand unter der Leitung von Herrn L. Modica {Pisa).. Herrn K. Stetfen (Diis-
seldorf) und Herrn E. Zeidler (Leipzig) statt. In Vortragen und Ciesprichen haben die
Teilnehmer aus verschiedenen Lindern (z.B. Deutschland. [talien. USA. Schweiz. Aus-
tralien....) neue Resultate und neue Entwicklungen in den Giebieten MinimalHachen.
harmonische Abbildungen. Elastizititstheorie. optimale Steuerung, Evolutionsgleichun-
gen und allgemeine elliptische partielle Differentialgleichungen dargestellt und diskutiert.

Vortragsausziige

P. Rabinowitz Mullib'uﬁlp solultons of diﬂ'crrﬁlial equations

Variational methods have been developed recently to obtain wultibump solutions of dif-
ferential equations. These methods involve finding a basic “wne buinp -~ solution and then
using it to find multibump solutions. We illustrate with an example. Consider

—Au+u= flz.u) reR"
where we seek solutious u € W‘<Z(R"). f satisfies
v ‘ (fi) feCY (B "« 2)and fis I-periodic in £y, 1 <i<n
(f2) [ satisfies the usual Sobolev growth condition
(f) fe.0)= 0= fulr0)
o) 3> 20 < pFlam) S ufleu) (ng b Fleow = [* fe.0dt)

- Sulutions of the PDE are obtained as eritical pomts of i) = [, LS uf?+a?y= Flr. ).

Lot R denate the sden of eritieal poimts of [ and 8 = RS WP e 8 1) <oal.
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Theorem: Suppose (fi) = (fq) hold and there is an o > 0 such that &+ /Z" i3 finite (¢

being the Mountain Pass ininimal value). Then for cach & € N there is an ro(k) s.t. for

rE () ey £ RN (6) and 'l e € 2P with [l 4] 2 ba(r), (i # ) the set
Be(L 7, e )N R is not empty.
(Here B.(.) denotes an open ball of radius » in W'? and ; u(z) := u(z - j).).

R. Finn ( ,'npillary Wedges
Capillary surfaces u(r, y) are sought in domains containing a sharp corner. We ask when

solutions of the capillarity equation

divTu=2H . Tu:= ——L H =const.

VI+|Vu?’

exist locally at a corner, with contact angles v,, v on the sides.

Dt Setting By = cosv,, B2 = cosv,, we tind the
necessary condition for existence with con-
tinuous unit normal up to the corner is that
(B, B3) be interior to the closed ellipse
T : B+ B2+2B1Bscos2a < sin®2a .
\ It is shown that no solution can-exist in DF
and D7, regardless of growth condition at
the corner. However, solutions do exist in
D¥ and D;. The unit normals to these so-
lution surfaces are necessarily discontinuous
at the corner.

Dy

J. Jost Generalized harmonic maps between metric spaces

Starting with the work of Gromov-Schoen on harmonic maps from Riemannian manifolds
into locally compact Euclidean Tits buildings harmonic maps between possibly highly
singular spaces are attracting geometric interest. The author has developed a general
theory of such maps between not necessarily locally compact metric spaces (some more
special results were independently obtained by Korevaar-Schoen). The existence re-
sult requires that the target space has nonpositive curvature in the generalized sense of
Alexandrov. The existence result is reduced to a theorem on the existence of minimizers
of convex functionals on spaces of nonpositive curvature; the latter space here arises as
an L>-mapping space. For that existence proof an appropriate version of Moreau-Yosida
approximation is used.

U. Dierkes Curvature Estimates for Hypersurfaces of Variable Mean (‘urvature

We generalize the classical pointwise curvature estimates for minimal surfaces due to
Heinz (n > 2) and Schoen-Simon=-Yau (n < i) to stable solutions of the Euler equation
for the integral £.(u) = [ n*\/1+|Duj*dz provided suitable dimension restrictions

hold. The result is as foilows,
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- and suppose that a+n< 4+

Theorem: Let u & (2B (2a)). B (ra) C 2% be a positive, stable <olution of

u R "
liv = = - =
VE+IDulF w1+ D)

(R}

e+ <5.280) Then we have the estimaie

(u'-'+..|.4|2(.-...)<¢-'r"-'*'?¥? Vg e ,,+,,)

when‘ II denotes mean curvatare and [Afis the Iﬂu.,t.h nf the second fundaental fnrm
of M = graph u.

As a corollary one obtains the followmg Bernstein type result which has hm-n already
heen established earlier-

Corollary: There are no entire stable wlutlons uE( "( 21 of squation (*).

(Note that the stability condition is essential here.). The proof is hased on a gener-
alized’ Simous inequality (i.e. an estimate for the La'placian of If and J4]) an integral
curvature estimate and a Moser type iteration argument on the hvpersurhce A fiirther.
basic ingredient is a new Sobolev inequality for’ atatlonary surfaces.

M. Flucher Harmonic radius and concentration. hyperbolic radius and Liouville’s

. . A2
- equations Au = e* and Au = i

The-conformal radius of a simply connected planar domain Q is defined as r(z) = 1 /| f'(r)}

‘where f : @ — B} is a conformal equivalence with f(z) = 0. Liouville found that

Robin’s function ¢(z) = —logr(z) is the maximal solution of At = 4¢*'. We discuss two
possible extensions of the conformal radius to multiply coninected domains:

1) the harmonic radius #(z) = exp(—H;(z)), defined in terms of the regular part H, of
the Gireen’s function )

2) the hyperbolic radius R(z) := exp(~{/(z)). defined in terms of the maximal solution
of Liouville's equation Al = 42V

Similar definitions are given in higher dimensions. It turns out that the harmonic and
the hyperbolic radius share a striking number of common properties. - Moreover, their
numerical values are close to each other. The hyperbolic radius mainly applies in ge-

‘ometry. ds = |dz|/R is the hyperbolic metric on . The harmonic radius, in particular

its maximum points. play a central role in elliptic boundary value problems involving
concentration of energy. Moreover, its maximal value appears in various isoperimetric
inequalities. Therefore it is important to have an efficient method for the numerical

- approximation of the harmonic centers.

(joint work with (:. Bandle)

Th. Nehring Embedded miinimal surfaces of anuulus type solving an rztrrwr prob-
lem

Given a compact, strictly convex body X in B2 and a closed Jordan curve [ € 23\
satisfying several additional assumptions. The existence of a. parametric annuius type
minimal surface is proved which parametrizes [ along one boundary component. has free
houndary on (N along the other boundary component and which stays in Z*\ X, As a
consequence of this and a reasoning developed Ly W.H. Meeks and S.-T.Yau we find an
ctnbedded iminimal surface with these properties. Another application is the existence
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of an umlu-ddml minitnal surface with a Hat end, free Imnndnry on AN and controlled
topology.

J. Bemelmans - On a minimal surface supporting a heavy ball

We study an clastic membrane that is bounded by a planar curve T and on which a
heavy ball is placed. "The ball is allowed to move an the surface and we are interested in
a eouliguration of wminimal total energy. If the elastic energy of the membrane is given by
Dirichlet’s integral the energy is £(u) = § [, |Du|? dz —Gh. if the elastic cnergy equals
the area of the membrane we consider F(u) = [, /1 + [Dul?dz - Gih. Here (7 is the
weight of the hall and /i is the £3-component of the center of the ball. The gravitational
force points into the zz-direction. If the position of the ball is given we are faced with
a standard obstacle problem. We analyze the energy as a function of the coordinates of
the center of the ball and show for convex domains 2 that there is at least one ininimizer
for E. The same conclusion holds for F', provided the weight G is not.too large.
(joint work with M. hlpot) .

S. Luckh'aus A pointwise convergence resull for a singular perturbation of the area
Junctional

We look at the functionals Fi(u.) = [{§|Vu|? + F(u)]. It is known that
co if (Jjul—1)2=0

Fe - afIV]+ { loth?arﬁise

ie. F(u,)+fgu < F(u) + [gv for all v — u [p5,= 0-and u, — u in L' then under

mild conditions on F (which allow F(u) = (u —1)2or F(u) { cl:o_ w othel::ls:

we prove

Theorem: dist([(u.), l"(u)) — 0 where l"(u,) = {(z, u.(:) |z € Q} and

C(w) = {(z. u(z)) | = € Nsupp (V) x [0,1]}. -

The main tool is the following

Lemma: Suppose F' [(~145,-1460)> 0, [ul € M | inf(_ 1461450 F' 2 €lgleo

F(~1+6)p>¢€,p> 2, then there exists. ¢o independent of ¢ or § such that for £ arbi-

trary |B, N {uc > —1 4+ 80}l < colBy| . |B,N{u<=1+8} >4 implies

. Now if u, are local minima of F,(u) + [ gu,

1BoaN{u, > =1+ 6o }| < cuet.
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S.Miiller - Microstructures with finite surface energy

(Certain alloys undergo solid-solid phase transformations that lead to a complicated ar-

rangement of different phases on a microscopic scale. Mathematical models for this phé- -

nomenon lead to ill-posed variational problems and the existence of minimizers is in gen-
eral open. Here we study the problem of characterizing stress-freee states (or pointwise
3 !i) W< a<cl<
let QC 2% u: Q—R% e W'™ and £ = {x € Q: Du(z) € SO(2)}.

Theorem: If Du € K a.e. and PergE < 30 then u is locally a function of cne variable
and ¢ E consists of straight lines which can only intersect at ¢Q.

Remark: The conciusion does ot hold if the assumption PerE < o is dropped.

minimizers of the integrand). Let A" = SO2) L S0O(2) ;

.
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R. Klitzler \ maddfication of L. Yoaug's flow problims

This paper deals with the metamorphoses of problems of the calealus of variatons info
transpattation fow problems. This approach allows nut ondy 2 simplification of existence
theoreins but also the inclusion of extended problens with several sourees and sinks and
branching out solutions. These investigations are imbedded in @ duality hetween Lrans-
portation How problems and deposit prablems which generates suflicient and neeessary
criterions for optimality.

S. Pickenhain Second order sufficient vptumality condstions i oplimal control and
an application to a class of problems in calculus of rarations
For an optimal control problem of Dieudonné-Rashevsky-type second veder sutficient
optimality conditions for strong local minimality are developed by nsing methods of du-
ality in optimal control. These second order condition generalizes the known sufficient
conditions aldso in the caleulus of variations. The obtained I.hcon-m is applied to the
variational problem . .

/:k(t)\/l+|Dz|'-’dz—-min! L QCEL>
Y] - . .

L. Ambrosiv On lower semicontinuily of quasi-conver integrals mn SBV

In variational problems involving integral functionals dependmg on vector valued lunc-
tions .

F(u):/nf(Vu)dz ’u‘:QCR"—»R"

a natural question is the research of necessary and sufficient conditions which ensure the
lower semicontinuity in Sobolev spaces. The natural condition. introduced by Morrey, is
the quasn—convexnv }

f(A)meas(Q) < / fIA+Vp)dz  YAEM ™ e CHRY. 4;
a :

Quasi-convex functions include convex functions-of the determinants of the minors of
the matrix. the so—called polyconvex functions. We extended the lower semicontinuity
results of \40rre) Acerbi-Fusco and others to functionals defined in SBV(Q.RY), the
simplest one being F(u) = fn fVu)dz+H"="(5,). The main feature of these functionals
is that discontinuities of u are allowed and are penalized by their H"~'-dimensional
measure. ‘The space SBV(Q, R¥) consists of those functions u € BV(Q. =¥y such that
the (distributional) Jacobian of u is the sum of an absolutely mminuous measure and i
measure supported in the jumnp set S,.

G. Alberti On the structure of the singular sel of u conver function

Let f be areal convex function on 2" We are concerned with the sets
Z fi=tee®™ | dimidf(e) =k}

where k= 1.2, ...n. df is the subditferential of £, then df(r) is always a non-empty

closed convex set in " We prove that for every & the set Zk s in =&y dimensional.

o
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More precixely, we show that it can be covered by countably many manifolds of class
€ and ditension n — k up to an H"~*-negligible set. (We call this property (n — k)~
rectifiability of vlass (/%)) This result allows to give some weak (but still pointwise)
detinition of the second fundatnental form of the singular sets Zk. Of course it may be
extended to convex surfaces of arbitrary dimension and in this case we generalize an old
result by Besicovitch (and others).

S. Hildebrandt On freely stable minimal surfaces

Consider a boundary configuration ([.S) consisting of a "support surface” § and a
Jordan arc T that meets S exactly in its endpoints P, and P. Let C(I,S) be the

_class of surfaces X € H'3(B,R%) . B = {w = u+iv: [wf < l,v > 0}, which map

Deutsche
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(' = {|w] =1. Im w > 0} monotonically onto I and [ = (—1,1) = dB - C a.e. into S.
Let N : B — R3 be the (iauss map associated with .X', 9(z) be the surface normal of
S defined on a tubular neighbourhood of S, and 'S = =V be the Weingarten map of
S. A variation

- 2 -
r\f(-.¢)=X+(AN+%Z+o(62) . Z=pNonl,

is admissible if (( ¢) € (T, S) for [¢] <« 1. Taking into account that for a stationary .X
in C(T, 8) we have

-l-/ |VN|2dudv=/ E|K|dudv < o0,

which follows from (iaui-Bonnet’s formula and the free boundary condition of X on I,
we compute that

2 2 ~
T A(X ) = d—‘i;A(X(.,s)) = 82A(X,\) + /B (XuZ)u + (X, 2Z), dudv

where 6°4(.X,A) = [3(IVA? + 2EAA?)dudv. Suppose that A [¢= 0. The assumption
X( €) € C(T. 8) for {e] « 1 uniquely determines Z on /, aamely Z = AN, S(X)N)‘R(X)
on /. A stationary surface X in C(T,S) is said to be "freely* stable if i AX,A) 20
for all A with A [¢= 0. The authors describe conditions on (I',S) guaranteeing that
(T, S) bounds exactly oue freely stable stationary minimal surface. This result is used
to investigate the existence and behaviour of stationary minimal surfaces in a wedge.

References: S.Hildebraundt, F.Sauvigny: Uniqueness of stable minimal surfaces with par-
tially free boundaries. Bonn, SFB 256, Preprint Nr. 290 To appear in: J.Math.Soc.Japan

(joint work with F. Sauvigny)

F. Tomi Hypersurfaces with prescribed Gauss curvature and boundary

In my talk | report on the following result which was obtained in collaboration with
Nina Ivochkina (St.Petersburg). Let B C ®"*! he a strictly ronvex compact body of
class (J49.(0 < v < 1) and p : S™' — I8 an embedding of class (**. Further-
more, let ¢ € () be a positive function such that maxe < min Koy where Kp
denotes the Gauss curvature of a hypersurface /°. Then there exists a strictly convex
hypersurface diffeotnorphic to an n-dimensional closed ball such that dAM = PS5ty
and Ky(z) = clr) for all 2 € M,

o
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H.C. Wente Constant Mean (’urmxlarr Bubbletons of Fruate and Infinde Pype

The classical Biacklund Transformation produces i W constant Ganss curvatnre (GO
surface with A = —1 frmn a given one by an appropriate tangent transforinati
L. Bianchi observed that  similar but more complicatéd procedure applies to the
K ="+l and by extension to the H = 1/2 parallel surface. Such surfaces correspund
ta solutions of the elliptic sinh-Gurdon vquauom w(u. r). Starting with the round
= l/.! eyvlinder with anr.»?p.)mhng wofu. r) = 0 one obtains a sequence e, (woe) of
solutions with corresponding 1 = 1/2-surfaces.  These are the bubbletons. The n't

ane

bubbleton rexembles an infinite round éylinder to which n-clusters of spheres have heen -

e of linite

attiached. They move freely with respect to each other. These bubbletons
type in the sense of soliton theory. We show that any cinc innersion of aevlinder with

flat ends must be of tinite type. Finally. one can take limits of the n- bubbleton séqueice

to create a new cme surfaces of infinite type

F. Helein Ginzburg-Landau équation and renormalized energy

We are interested in the asymptotic behaviour of maps 1 from a two-dimensional do--

main 2 with values into che complex nummbers which solve the so—called Ginzburg-Landau
equation

l - N
Au+ —-u(l =luf*) =0

as the parameter ¢ goes to zero. F. Bethuel. H. Brezis and myself proved that under
some hypotheses such solutions converge to a harmonic map with values into the circle
57, with isolated singularities. The position of these singularities is gouverned by some
variational principle: they are critical points of a renormalized energy. which may be
computed "explicitely . Various extensions or lmprovemema where I’ound by M. Struwe.
F. Bethuel/T. Riviére and S. Baraket. .

G. Buttazzo Nonconvez Funclionals on Various Function Spaces

It is known that on LB(€?) a "local” functional F is weakly lower semicontinuous if arid
only if it is convex and in this case it takes the form F(u) = [, f(z.u)dp. This is ot
true if L?(Q) is substituted by the space M(Q) of all measures with finite total variation.
In this case a local weakly-*-l.s.c. functional is characterized by the form N

F(A):/ﬂ/(z.xé);uw/

\A,

,a(z.x')+/ oz, Mz))d#
A _

for suitable integrands f,.¢. In the case of functionals on BV(Q "."‘ a c&m;;lm.e»

characterization of all local 1.s.c. functionals is noi known. We give some partial results
on the lower semicontinuity and relaxation of functionals of the form

F'(u):/f(Vu)dz-{»/ ;([)'u)-i-/ al[u] = v dHE!
1 NS, v

S
which can be seen as models of energies for elastic bodies with fractures.

M. Chipot Analysts of mucrostructures

Let o027 — 23 he continnons amd sueh that seey = 00 75 = Lk (L

o
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denotes the set of m x n-matrices.) Let 1 € (4(wy), the convex envelope of the w;'s.
One of the wodel result that we address is:
Theoren; Assume Rk(wi—wj) =1 ¥ j # i Then there exists a constant C independent

i‘;l:f /ﬂtp(Vv(z))dz < ChY?

where 1'% = {v : @ — R.vcontinuous v [x€ P,YK € €, v = 0 on dQ}. h is the
mesh size of the v.riangulat.ion €h. More generally we look at the question of producing
sequences uy € VP such that fn ©(Vur) — 0. Such a sequence presents usually oanlla—
tions that indicate the appearance of microstructures in applications.

M. Struwe The asymplotic behaviour of minimizers of the (Yinzburg-Landau model
i 2 dimensions

Let 2 C R? be a smooth possibly multiply connected domain with boundary

M =TU...UFk, and let g : 9Q — S' be a smooth map of total degree d = Zk d,
where dy is thp mlegree of g fr,: [p = 5‘ — 8t 1 <k<K.

Define H! = {u € H"}(Q,R? : u = g on dQ}, and for ¢ > 0 consider minimizers
u, € H} of the Ginzburg-Landau energy

1 9 1
E(u) = i/ﬂ]Vul'«{-ﬁ(l ~luldz, ueH!.

Then there holds:

eorem: For ¢, | O let u, = u,, minimize £.,. Then a subsequence u, — u weakly
in H,”(Q\{zl, .z;},R?) and weakly in H'?(Q, R?) for any p < 2 as n’ — oo, where
u:Q\{z1,....zs}’ — §' is harmonic.
Remark: For a star shaped domain (necmanly simply connected) this result is due to
Béthuel-Brezis-Helein (BBH). From their work it then also follows that in the theorem
above J = |d and z; € Qo , 1 < j < |d|. Moreover, the position of the singular points
z1,..,Z|4) can be characterized by means of the renormalized energy introduced by BBH.

K. Beyer On the initial-value problem for capillary surface waves

The Cauchy-Poisson problem is considered here which asks for the solution of the initial
value problem for the potential flow of an ideal incompressible fluid having a free bound-

ary. The approach applies nonlinear Fourier analysis to the corresponding Bamiltonian.

system of evolution equations. Assuming the initial data to be sutficiently regular exis-
tence of a unique local in time solution is proved.

M. Fuchs Approzimations for some model problems in nonlinear lwodimensional
elasticity '

Let Q denote a bounded region in the plane representing the undeformed state of the
elastic material under rousideration and consider a stored energy density of the form
I|F‘|z + h(det F) where h € (:*(0,20) is convex. nonnegative ind satisties the natural
growth condition limy o h(t) = +30. For ug € H'*(2.2%) such that A < detVun < A
(a.e.) for positive constants A, \ it is easy Lo prove that the variational problem

E(u) := / éIVull" + W(detT 1) — min! ' {*)
-

o
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in € 1= wo+ ' adinits asolution but nothing is known abont the regalariiy of min-
imizers. We therefore replace A by a sequence by of suitable approsinations and show
that the corresponding minimizers 1 converge strongly 1o solntion w of (*). Moreover,
we have the following results:

- there oxists an open subset (2, of (2 such that u, € (12 for any 0 < ¥ -2 L and

192 - ] 22 0.

zo belongs to 82, iIf £y is a Lebesgue point for Vg such that det Cua{ra) > 0 and
5 rlo

fﬂ.m.n IVus ~ (V) w© 0.

The same theorems Lold in case Q C 2" . n > 3.if |Tul? is replaced by [Su]™ for some
m > nin the stored energy functional. Motivated by the above results we conjecture
partial (' -regularity (up to a set of vanishing Lebesgue miasure) for solutions u of
problem (*). : :

(joint work with (i. Seregin)

J.F. Grotowski Energy Minimzing Ilarmnu;rlmaps with an obstacle at the free
boundary 3

We consider partial regularity for energy minimizing maps satisfying a partially free
boundary condition. This condition takes the form of the requirement that a relatively
open subset of the boundary of the domain manifold be inapped into a closed submanifold
with non-empty boundary, contained in the target manifold. We obtain an optimal
estimate on the Hausdorff dimension of the singular set of such a map, viz we show
‘H - dim(Sing(u)NLT) < m—3, m > 3 and additionally Sing{u)NX is discrete in M NET
if m = 3. where the domain manifold has dimension m, T is the free boundary, and u is
the energy wninimizing map under consideration. Our result can be considered to be a
regularity result for a vector valued Signorini, or thin obstacle. problem.’ :
(joint work with F. Duzaar)

E. Kuwert Ezistence and Compaciness for Disk-Type Minimal Surfaces of Least
Area with boundary curve in a Given Homotopy (lass

Let S be a closed set in R" and let a € m(S) be a homotopy class of free loops in
§. We study the problem to minimize § fg |[d.X(w)|? dudv among maps from the disk
into R" with boundary value £ = (X {98) € a. Introducing a modified concept 7,(S)
(which is natural), we discuss the assignment of homotopy classes to r € H'/?(R/2r.5)
and particularly its compactness properties. We give an example showing that there
can be infinitely many different homotopy classes which can be realized by loops with
equibounded energy (here § is a smooth genus two surface in %*). This disproves cor-
responding statements made in previous papers on the subject by Tolksdprf and R.Ye.
Our main result concerning the minimum problem is as follows: .

Theorem: Let § C R™ be compact and n € 7(8) with infimum energy E.(a) < x.
Then any minimizing seq e has a subsequence which deconmiposes in a well-detined
way both in energy and in homotopy into a finite or countably infinite collection of
surfaces X' @ B — 27" sach of which being @ minimizer with respect 1o its own

nontrivial homotopy class.

If Douglas” sutficient condition is impaosed on o then Eo(a) is attained and the set of
winimizers is strongly compact in 113 (Z /2. 5) modulo e stomorphisin geoup of the
disk.

Forschungsgemeinschaft
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E. Scholz On quasi-minimal and manimal surfaces with boundary in a collection of
affine.-lincar spaces ..

Consider alline=linear spaces g (k= 1,...,N+3) in R? (p > 2) satisfying cepmy Nevg # 9

and further technical conditions. We search {6r minimal surfaces X : B — R” with

- X{() C rvi, where the arcs v, come from a suitable decomposition of J8

(e ={w=c"]7€n, ma]} ). Al first we fix a ‘parameter vector T = (7.5 TN 4a)
and cousider then the varl:u.lonal problem.
D(X) = 3 /[ X2+ X2 dudy — min! *

for X' € ((BWN((B) with X(74) C ax. Then minimalsurfaces appear by minimization

over 7. We used and modified iethods which were worked out for the case that all g
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are lines in R”. The following results have been proved.
- It exists a unique solution X7 of (*) which analytically depends on .
~ The function () := D(XT) is analytic in .

- The critical points of 6 correspond with minimal surfaces bounded by the given
configuration.

J. Souéek Composition of weak diﬁcam’orphis-ms

We consider the romposmon of
(i) a map f: Qc R* — RV with a transformation u : Q C R — QcRr"
(ii) two weak diffeomorphisms vou, wv: Q— Q CRm
Typical théorems are - -

Theorem I: If u € Dif*¥(Q, Q)‘ v € Dif" (Q Q) with 1/g+1/r < 1 then
voug Dif*™(Q. Q) with /s = I/p+d'/(rp') . I/m=1/1++/(qgl).
Theorem 2: If ug € Dif'9(R, Q) , supy [Juellaisrs < o0 and vg € Dir"(ﬁ,'ﬁ),
supy ||velaiges < o0 and ‘1/q+ 1/r < I'then vg o up — vou in dif 1(Q, Q).
Here:
difrI(Q,Q) := {u € LP(Q,Q : |M(Du)| € LP(R), supp dG, C 0Q x 89,

3i € LY(, Q) with |M(Di] € £(Q) s.t. Gy = Gz}

where M(Du) = (l. Du, M23Du, ... det Du) minors of Du, (i, the current.integration on

d
the graph of u ; s T e 1y £~ u and supy [|uellgigrs < 5.

( lullaigrs = Jo IMDuP + [31M Difs = [, |MDul + A2 ). Digre(.fyis

. i
the smallest class containing the (' -ditfeomorphisms and being closed under i

G. Huisken New estimates for the evolution by mean curvature

Let Fa: [ — =2 be thé smooth enbedding of- a curve in 22 Then we consider the
curve shortening tlow

%I“(p.l) = Hu(p.1). F(p.0) = Folp) .

1

o



Ty

and compare the extrinsic and intrinsic distance functions .40 1< N0 — B
manely d(p. ¢, 1) = |[Flp. D= Fly, Olgs. lp.g. 1) = ]: ds{t). I is shown that for cmbedded
curves the guotient d/1 can be bounded frow below uniforly iu tume iF this s teue on
the houndary of the curve. For closed curves the same cesult is shown for the quotient
/v where v = ¥(l) = "-'siu -,‘_-u'. and L is the total length of the vurve. As an application
2 new proof of (irayson’s thearem concerning the snicoth contraction of embedded closed
ctrves is obtained. Furthermore, long-time existence and asymptotic hehaviour can be
analysed for curves with boundary and complete nonclosed curves.

K. Smoczyk Symmeltric hypersurfaces in Ricmannian manifolds contracting to Lie-
groups by mean curvatare .

Let )_7”' be_a hypersurface smoothly immersed in a Riemannian manifold .q’f+'~nlntl
let Mg := M™ be given locally by some diffeomorphism Fy - I/ C R™ — Fo(l/) C

Mo C N™+1_ Then we want to find a family ﬁ(..t) of ditfeornorphisms belonging to ~

hype'rsurfaces N-i. such that they satisfy the evolution equation
{ = . -~ ~ = .
ﬁ FE=HGE . Fel, FLO=F 8
[

where H(Z.t) is the inward pointing mean curvature vector on M.. Let G* be.a Lie-
group that acts by isometries on N and assume further that the action is smooth. proper
and free. Then we consider the case where Mo is invariant under the Lie-group action
and show that the cross—sections M, := M,/ contract to a single point in finite time, if
m — k > 3 and Mo satisfies a strong convexity assumption. As a direct consequence we
get that M, contracts to a single fiber (p} := {q | 3¥ € G with ¥(p) = q} in finite time.

K. Ecker On Regularity for Mean Curvature Flow of Hypersurfaces

We give a survey of the current state of the regularity theory for hypersurfaces moving
by their mean curvature. The main contribution here is still Brakke's regularity theorem
proved in 1978. In the special case of the first singular time it states the following: Let
(Mq)eg(o.7) be a smooth family of hypersurfaces in R™*! moving by mean curvature such

that H™ | M, =T ‘H™ | Mt in some ball Br(zo) C R™*! (here H" denotes n-dimension-al
Hausdorff measure) where M is an n-rectifiable subset of R™*! (this is the so called unit

density hypothesis). Then the singular set St at time T satisfies X" (ST N Bgrj2(z0)) = 0.

In view of certain examples, e.g. a thin torus contracting to a circle, one would expect an
improved estimate on the singular set namely that dim St < n ~ 1. In the special case
where the mean curvature of the hypersurfaces M, is positive. results in this direction
have recently been proved by B.White and T.[lmanen. One would also like to remove
the very restrictive unit density hypothesis in Brakke’s theorem. We show how certain
techniques involving curvature integrals and also a new mean value inequality can be
used to greatly simplify Brakke's original proof which so far has beer inaccesible due to
a rather difficult expositional style. ’
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