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Tagungsbericht 11/96
Diophantine Approximations

17.-23.03.1996

Die Tagung fand unter Leitung von H.P. Schlickewei (Ulm), R. Tijdeman
(Leiden), M. Waldschmidt (Paris) und J. Briidern (Stuttgart) statt. Im Mit-
telpunkt standen klassische Themen wie diophantische Approximation und
diophantische Gleichungen, Einheitengleichungen, Irrationalitdt und Tran-
szendenz, Linearformen in Logarithmen, diophantische Geometrie. Erstmals-
war auch eine kleine Gruppe analytischer Zahlentheoretiker geladen, die vor
allem neuere Entwicklungen im Bereich der Hardy-Littlewoodschen Kreis-
methode vorstellte. ‘

v/

Vortragsausziige

‘) F. AMOROSO: Algebraic numbers close to 1
Given a rational function R and a real number p > 1 define k,(R) as the
LP-norm of max(log|R| 0) on the unit circle. We studied the behaviour of
,,(R) and gave various bounds for it. The results lead to an explicit con-
struction of algebraic numbers close to 1 having small Mahler’s measure and

—
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small degree. This shows that a lower bound for the distance |a — 1 recently
given by Mignotte and Waldschmidt is almost sharp.

R.C. BAKER: Goldbach’s problem in short intervals
It has been known since the 1930’s that, for any A > 0,

EX)=#{2n< X : 2n# p) + p2}

has O(X (log X)~*) members, so that almost all even integers are the sum of
two primes. Montgomery and Vaughan sharpened this to O(X'-%) in 1975,
though subsequent efforts by J.R. Chen and others to give a numerical value
for &, e.g. & = 1/25, contain serious errors. Here the problem is considered
in short intervals. One asks for an estimate of the form

E(X + X?) — E(X) = O(X°(log X)™*)

with a small value of §. This problem has attracted some attention since

Perelli and Pintz obtained § = 7/36 + ¢ in 1993, and Mikawa, Jia and Li

Hong Ze have given better results, the latter being 6 = 7/81 -+ €. In joint

work with Harman and Pintz it is now shown that § = 11/60 is admissible in

this problem. The method requires the Hardy-Littlewood method, the sieve
| of G. Harman and some new mean value results for Dirichlet polynomials
(although the latter are based on the usual principles of Montgomery and
Halasz).

A. BALOG: An additive property of stable sets
An infinite set of positive integers A is called stable if for any ¢ > 1 fixed one
has

#{n<z:neAbuttn g A, ortn € Abut n ¢ A} = o(z).

Clearly any set of zero density is stable. Typical examples of less trivial
stable sets are

Qo = {n: P(n) > n°},
here 0 < a < 1 and P(n) is the greatest prime factor of n. We are interested -
in solving a binary linear equation inside a stable set. The following general- .
ization of a result of A. Hildebrand gives an affirmative answer to a question
of E. Fouvry.

Theorem 1 Let a > 0,b > 0 and c be integers such that (a,b)|c. Let A be
a stable set with positive upper density d(A). The equation az — by = c has
infinitely many solutions z € A, y € A;-moreover d(aANbA+¢) > 0.

J. BECK: Uniform distribution and the class number
Let {z} denote the fractional part of z. A proof of the following statement
‘was outlined:

S (ko - 5 = 3 % 4 o(max e

k=1 o 12 1<t

z| -
M=

[
-
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where a = [ag; a1,4az,...] is the continued fraction expansion, and [ is the
least index for which the denominator ¢ of the I-th convergent pi/q of o
exceeds N. This result has three interesting consequences.

1) We obtain a 3-line-proof of the famous Hirzebruch- Zagler-Meyer for-
mula: if p = 3(4), p > 3 prime and h(p) = 1, then h(—p) = } T, a; where

vP = [lyphan el

2) We can evaluate the diophantine series

N 1
= colog N + O(1)

1 nsin(mna)

where the constant c, can be expressed in terms of the digits in the continued
fraction expansion of e and a/2.

3) A sufficient and necessary condition for the Central Limit Theorem’

about the series 3" {na}. Let a = [ag;a1,a3,...]. Then

1 Tiai({ka} - 1) - F(N) L _ep
—|i1<n<nN: <A - — d
wilisn< 9(V) <3 *m/-we -
as N — oo holds if and only if
n 2 '
Za—; (n = o0).

Here f(N) is the mean value (Cesaro mean) and g(N) is the variance which
is between two constant multiples of 3°!_, a? where [ is defined by the re-
quirement N < g;.

M.A. BENNETT: Simultaneous Pell equations
If @ and b are distinct nonzero integers, then the equations

2?2 —az? = 1

y?—bz? = 1 (*)

have at most 3 solutions in positive integers z,y,z. This result sharpens
work of Masser and Rickert (1995) and is not far from the truth in that,
given a > 2 there exists an infinite family of b’s for which (*) has at least
2 positive solutions. The proof uses simultaneous rational approximation to
algebraic numbers via Padé approximation, gap principles and a lower bound
for linear forms in two loga.nthms due to Laurent, Mignotte and Nesterenko
(1995).

V. BERNIK: Khintchine type theorems on manifolds
There are two versions of the classical Khintchine theorems in metrical the-
ory of diophantine approximation (homogeneous and inhomogeneous).
1964 Sprindzuk proved Mahler’s conjecture, and W.M. Schmidt obtained
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the general metric theorem for curves in the plane. In 1989 the theorem of
Sprindzuk (Bernik) and in 1995 the theorem of Schmidt (Dodson, Bernik)

- were improved to the analogous Kintchine’s theorem in the case of conver-
gence. There are two theorems in the case of divergence. Let ¥(q) be a
monotone function with £02, ¥(g) = 0.

Theorem 1 (Dodson, Bernik). The inequality
lazz™ + a12™ + ao| < Y(H)'/?

has for almost all z € C an infinite number of solutions for a set of positive
measure. Here H = max(|aol, |a1], |az|)-

Theorem 2 (Beresnevich, Bernik) The inequality |P(z) +y| < H"¢¥(H)
has for almost all (z,y) € R? an infinite number of solutions in quadratic
integral polynomials P, and H = H(P) is the height.

D. BERTRAND: Diophantine problems on algebraic groups with
real multiplications
Let O be the ring of integers of a totally real number field, and let G be the
universial vectorial extension of an algebraic variety A defined over a real
number field k. Assume that End A ~ O, and that dim(A) = rkzO. Then:

Theorem 3 A non-torsion k-rational point of G cannot lie in the mazimal
compact subgroup of G(R).

The proof consists in pushing out G to each of the extensions of A by G
which admit multiplication by O, and in noting that the determinant of the
corresponding 1-motive can be computed in terms of periods of differential
forms of the third kind on A which are eigenforms for the action of O. Their
non-vanishing then follows from Wiistholz’s theorem on periods.

E. BOMBIERI: Heights of algebraic points on subvarieties of abelian
varieties and linear tori

Let X C A be a subvariety of an abelian variety and let & be the Néron-
Tate height associated to a symmetric ample divisor. It is well known that .
ﬁ(a;) = 0 if and only if z is a torsion point of A. Bogomolov asked whether

points of A(Q) of small height had special properties, and in particular if
points in X(Q) of small height were discrete in A(Q) with respect to the

distance d(z,y) =/ h(z —y) on A(Q)/ tors. Of course, for this to be true
one needs to remove from X all translates of abelian subvarieties.

Theorem 1 Let X° = X \ U{Y'} where Y runs through all translates of
abelian subvarieties of dimension > 1 contained in X. Suppose that A is a
CM abelian varicty. Then X°(Q) is discrete in A(Q) in the sense thal for
y € A(Q) the set of points z € X°(Q) with d(z,y) < c¢ is finite provided ¢ is
sufficiently small. The constant ¢ > 0 and the number of points depend only
on the degree of X and A.
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There are several generalisations. Proofs are elementary and depend on
Fermat’s congruence a” = a mod p.

P. BORWEIN: The order of vanishing of polynomials of low height

Theorem 1 Every polynomial

p(z) =Y a;z’ (a; €C,la;| < 1)

=0

. has at most cy/n(1 — log|a,|) zeroes at 1; here c is some absolute constant.

This is essentially sharp. Sharp estimates for the minimal norm of such
polynomials are also given.

D. BROWNAWELL: Some transcendence results in positive char-
acteristic . 5
Let 7 be the period of the Drinfeld exponential function ec(z). Then e.(Tz) =
Te(z) + (ec(2)).

Theorem 1 a) z,e.(z),ell(2),..., el’l(z),... are algebraically independent.
b) 1,m, 7l ... wl8=Y) are linearly independent [F,(T), 4
where [i] denotes the divided derivative given by (T = (T, n>0.

J. BRUDERN: Binary, quarternary and octary cubic forms
(joint work with T.D. Wooley). Let @,,...,®4 be binary cubic forms with
integer coefficients and non-zero discrimants. Let A(P) be the number of
solutions of the diophantine equation ’

& (z1, 1) + ... + Pa(z4,94) =0
. subject to |z;| < P, |yil < P (1 <7 <4). Then, for any ¢ > 0,
N(P)> P (*)

One expects an asymptotic formula for A’/(P) with main term about P®,
and can indeed show that N (P) <« P5* so that the result is close to best
possible. The proof uses a p-adic iterative process within the framework
of the circle method. The same method also yields that almost all natural
numbers satisfying certain necessary congruence conditions can be written as
n = ®,(z,,51) + ®2(z2,y2), with integers z;,yi. These results improve work
of Chowla and Davenport (1961). They had to assume that ®, is diagonal,
and also missed the lower bound (*).

W.CHEN: A result of Lev in irregularities of distribution
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The following surprising result of Lev was discussed: Suppose that P is
a distribution of N points in the torus U* = [0, 1}¥ where k > 2. For every
x € U* let B(x) denote the aligned rectangular box with one vertex at 0 and
one at x, and write

D[P; B(x)] = #(P N B(x)) — Nvolume(B(x)).

Also, for y € U* let P +y be the translation of P by y modulo U*. For
g € [1,00) write

D,(P) = ( [, 1D1P: B dx)™"

Write also
Doo(P) = sup |D[P; B(x)]|-
xeU*

Theorem 1 (Lev) There ezist positive constants A\(k), Ay(k) such that for
every q € [1,00) we have

A1(k)Dos(P) < sup Do(P +y) < Ax(k) Doo(P)-
yeU*

S. DAVID: Heights on abelian verieties

(joint work with J.B. Bost). In a recent work, Masser and Wiistholz
proved an estimate on the degree of the smallest abelian subvariety containing
a period of a given abelian variety in its tangent space. This theorem is well
known to imply uniform isogeny estimates first establishes by Faltings. Our
aim was to clarify the effectivity of the above stated result. In addition to
bringing down the exponents to essentially the best possible bounds, we solve
the question of effectivity by proving a totally explicit comparison estimate
between the Faltings height of an abelian variety and some modular height.
This proof avoids recourse to the Satake compactification.

L. DENIS: Transcendence properties of Bessel-Carlitz functions
Let k be a rational function field over the finite field with ¢ elements, ko
its completion with respect to the infinite place and ¢ a completion of an
algebraic closure of k. L. Carlitz has defined the analog of the classical
Bessel function J(z) and its derivative J'(2) in this situation. Call these
analytic functions J(z) and AJ(z) C.L. Siegel proved that if a is a non-zero
algebraic number then J(a) and J'(c) are algebraically independent over Q.
It is now shown that if e is in the algebraic closure of k in ¢ and is not zero
then J(a) and AJ(e) are algebraically independent over k.

M. DODSON: Metric diophantine approximation on manifolds
The functional relations between coordinates of points on a manifold are
an obstacle to transierring classical results in Diophantine approximation to
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manifolds. In joint work with Rynne and Vickers it has been shown that
Khintchine’s theorem on simultaneous diophantine approximation holds for
smooth (C3) manifolds M embedded in R™ and satisfying some curvature
conditions. Similar results for the linear forms version of the theorem have
also been obtained and the Hausdorff dimension of the associated exceptional
sets determined.

In the case of convergence in Khintchine’s theorem, the manifold is re-
quired to be 2-convex (this reduces to non-zero Gaussian curvature for sur-
faces in R3) almost everywhere. In the harder divergent case, where quasi-
independence is needed, more severe restrictions are required, and certain
submanifolds of M have to be 2-convex. For simultaneous approximation, a
mild decay condition on the error has to be imposed; this has the effect of
forcing dim M > 2L, Although this might be a technical difficulty in the
arguments it might also be connected with the positive curvature of M and
the inadmissibility of the lattice {p/q : p € Z*,q € N}. However, only a
slightly stronger decay condition gives an asymptotic formula for the number
of solutions of the system of inequalities, using a method of W.M. Schmidt.

J.H. EVERTSE: Singular differences of powers of 2 x 2 matrices
(joint work with R. Tijdeman) For two matrices A, B € GLy(C) let

Sap = {(m,n) € Z*: A™ — B" is singular}

Two pairs of matrices (A, B), (A1, By) are said to be equivalent if there is a

matrix J € GLy(C) such that (JAJ™!,JBJ') is equal to one of the pairs

(A1, By), (B, Ay), (AT, BT), (BT, AT) where CT denotes the transpose.
Questions by Polligton inspired us to determine the pairs (A, B) for which

. Sap is infinite. It is easy to see that these pairs can be partitioned into
‘equivalence classes with respect to the equivalence relation defined dbove.

Deutsche
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We determine all equivalence classes of (A, B) such that at least one of A, B

can be diagonalised, and Sa,p is infinite. Moreover a necessary condition for .

a pair of non-diagonalisable matrices A, B with infinite set S4,5 is given.

The basic tool is a result of Laurent on exponential polynomial equations
in several unknowns which is applied to det(A™ — B") = 0. Laurent’s result
goes back to Schmidt’s subspace theorem. These results were applied by
Pollington in his research on normality with respect to matrices.

E. FOUVRY: Gaussian primes
Theorem 1 (Fouvry-lwaniec) Let \; € C with |\i] < 1. Then

Y MA@ +m) = Y Aw(l) + O(z(log z)™4)
P4m?<z 24m2<z
where A is von Mangoldt’s function,

_ x(p)
v =I10- 7).
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x 15 the non-trivial character mod 4§, A is any positive number, and the
implied constant in the error term depends only on A.

By choosing for A; the characteristic function of a dense set £ (which
means #(L N [—z,z]) > z(log )~ for some ¢ > 0 and z tending to infinity)
we deduce that the number of Gaussian primes 7 such that || < z and Re
7 € L has the expected order of magnitude for ¢ — co. The proof uses large
sieve techniques and properties of the polynomial {2 + m?.

K. GYORY: The number of families of solutions of decomposable
form equations
(joint work with J.-E. Evertse) Consider the decomposable form equation

F(x)=+b inxe€Z" ()

where F' € Z[z,...,z,] is a decomposable form and b € Z \ {0}. Using
a quantitative result of Schlickewei (1990) on S-unit equations the speaker
obtained in 1993 explicit upper bounds for the number of maximal families
of solutions of (*), as well as for the minimal number of those families of
solutions whose union contains all the solutions. Considerable improvements
are now possible. An explicit upper bound for the number of solutions of (*)
is obtained provided that this number is finite. When the number of solutions
is infinite, an asmptotic formula of the form c(log N)" + O((log N)"!) holds
for the number of solutions of (*) with max|z;| < N. This generalizes a
result of Gyory and Pethd (1977) on norm form equations.

" Our results have been established in the more general situation when the
ground ring is the ring of S-integers of an arbitrary number field. The main
new tools are a general result of Evertse (1995) on Galois-symmetric S-unit
vectors and an improved and generalized version of some results of Schmidt
(1990) and Gyéry (1993) on decomposable form equations.

M. HATA: An application of Beukers’ integral
Considering the double integral [ fg P(z)Q(y)(1—zy)~'~"dz dy where P(z) =
Q(z) = (z(1—2))*,n € N and S = [0,1]?, F. Beuker’s gave an elegant proof
of the irrationality of {(2) = %. It seems natural to modify his integral
in order to study arithmetical properties of some other numbers. Here we
change the integration domain S to the new S; = [1,2] x [1, 1] and obtain a
non-quadraticity measure for log 2:

[log2 — & > H %' (H > Hq, H,effective)

where € is any quadratic number with height H. Although the double integral
over S, diverges, it can be justified as the limit as 2 — 1 along a curve in
the upper half plane of

_P(2)Qy)
F(z) = ././sz (1 = zyz)t! dz dy.
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Taking real and imaginary parts of lim,—1,ims>0 F(z) one obtains a simulta-
neous rational approximation to log2 and log?2. The choice

P(z) = (2 — )"/l (z — 2/, Q(y) = (y — 1)/ 2y — 1)

gives the result. For the estimate a complex 2-dimensional version of the
saddle method is needed.

K. KAWADA: On the representation of numbers as the sum of
four cubes
Let E(N) be the number of natural numbers not exceeding N that cannot
be written as a sum of four cubes. Then, for any € > 0 there is a n > 0 such
that
E(N + M) — E(N) € M'™", providing M > Nas+e,

This is an improvement of a result due to Bridern and Watt who obtained
the exponent 2 in place of 1585 T.D. Wooley pointed out that the above
result can be improved by new results due to him which he described during

this conference.

M. LAURENT: Linear forms in two logarithms
Let a;,a; be two non-zero algebraic numbers, b,,b; be positive integers.
Lower bounds for the absolute value (archimedian and p-adic) of A = b, log o, —
bylog a; and af' — o (which is roughly the same) are obtained. We get
bounds of the shape

log|A| > —CD*(log B)? log A, log A, -

23
where D is an upper bound for the degree [Q(a;,az) : Q], B is an upper
bound for by,b,, and log A;,log A, for the absolute logarithmic height of
oy, 2. Here C is a constant (absolute or depending upon p) which is fairly
small, around some dozens in the archimedian case.

H. MAIER: The size of the coefficients of cyclotomic polynomials

Let ®,(z) be the n-th cyclotomic polynomial, A(n) the absolute value of
its largest coefficient. The following result is obtained: Let i(n) — oo for
n — co. Then A(n) < n¥(" on a sequence of asymptotic density one.

The method of proof consists in the analysis of ®,(z) on the unit circle
in combination with techniques from probabilistic number theory.

T. MATALA-AHO: Irrationality results for p-adic logarithmic and
binomial series

In joint works with A. Heimonen and K. Vaananen we investigated some
lower bounds

joo= 2y > B, = max(jm, ) > Ho(e)
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for the values o of a class of Gaussian series  F;. Now irrationality measures
my(a) for p-adic logarithmic and binomial series are obtained. Let 1 < 1/s €
Q. p /s, er|r|: < 1. Then

r slog |r|,
my(log(l - -)) < 57— |
» (log( s)) = 2log|r|, +logr +1

There exists a similar bound for r/s < 1. For binomial series (1 + z)'/* there
are analogous results.

B. DE MATHAN: Roth’s theorem in positive characteristic
Let K be a field of positive characteristic p. It was proved by A Lasjaumias
and the speaker that Thue’s theorem holds for every algebraic element o €
K((T~')) which satisfies no(!) equation a = (Aap® + B)/(Cap® + D) where
se€N,A,B,C,De K[T), AD-BC # 0. An example of such an element was
given by Bucle and Robbins. For this element, Roth’s theorem holds in the
form ja — P/Q| > |Q]~*~¢ but not in the stronger form |a — P/Q| > [Q|2.

E.M. MATVEEV: Elimination of the mulpile n! from estimates for
linear forms in logarithms
Let K C C be a field. Suppose that a1,...,a, € K* satisfy the Kummer
condition [K(V/ar,...,y/az) : K] = 2" with fixed values of loga;. Put
=[K:Q]ifKC R and D = 2K : Q] otherwise. Now write

A; = max{l, Dh(a;),|loga;|}, Q=A,...A4,,

p = rankr{log ay,...,log o, }.
Consider a homogeneous rational linear form in logarithms
A=biloga; +...+byloga,

with b, € Z. It was shown that there exists an absolut constant C > 1 such
that

log |A| > —C"p"D*Qlog(eB) log(C™p"D*N/A,,)
where B = max;{|b;]A;/A.}.
M. MIGNOTTE: On the Thue equation az™ — by™ = ¢

We consider a binary form F(z,y) = az™— by withn >3, a,b € N*, a # b
and the equation F(z,y) =c, C € N*. In 1937 Siegel proved

Theorem A. The inequality |F(x,y)| < ¢ has at most one solution (z,y) €
Z? with gcd(z,y) = 1 provided

(ab)%'l > 462n~‘2(nnpl/(n-|))ﬂ.

pin
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Here, using a recent result on linear forms in two logs of Laurent-Mignotte-
Nesterenko we obtain a general lower bound of the form

|F(z,9)| > lyI"~%(*#"" forn > Ci(a,b).
As a corollary of this result we obtain

Theorem 1 In the special case F(z,y) = (b+ 1)z™ — by®, b > 1, suppose
that 0 < |F(z,y)| < min{(2" — 2)b, $n?b%} with |z| # |y|,zy # 0. Then z"

and y" are of the same sign. Ifz > 0,y >0, theny >z > 1, y > nb(y — z) _

and n < 600.

In the special subcase (b + 1)z” — by™ = 1 combining Theorem A and
a refined version of Theorem 1 we get: if (z,y) # (1,1) is a solution, then
n < 350 and b < 370. o

H. MIKAWA: A variant of the Eratosthenes sieve &

Sieve methods seem to produce an ambiguity between integers with an
odd number of prime factors and ones with an even number. From this point
of view it is of some interest to note that

p(n) =1 implies Y pu(d)=0.
din
d<y/n

The relation to the sifting process and. the effect on finding primes has been
discussed. In particular, the problem of primes in almost all short intervals
has been considered.

Y.V. NESTERENKO: Modular functions and transcendence prob-
lems

Let P(z),Q(z), R(z) be the functions introduced by Ramanujan in 1916,
J(z)= 17280—(;%(_5%, and let j(7) = J(€*™") be the modular function.

Theorem 1 For any complez number q, 0 < |q| < 1, among q, P(q), Q(q), R(q)

there exists at least three numbers algebraically independent over Q.

Corollary 1 Let ¢ be algebraic, 0 < |q| < 1. Then the numbers in each
set

1) P(q),Q(q), R(q); 2) J{(q),08J(q),6%J(q)

where § = z%, are algebraically independent. In particular all these numbers
are transcendental.

The assertion 2) was conjectured by D. Bertrand in 1977.

Corollary 2 Let p(z) be a Weierstrass elliptic function with algebraic
invariants g, g3 and complex multiplication over the field &; let w be the pe-
riod of p(z). Then for any 7 € k, Im 7 # 0, the numbers 7,w, e>™" are alge-
braically independent. In particular, the numbers in each set {m,e", [(1/4)};
{m, eV3,1(1/3)}, {m, e‘/E} where D is a positive integer, are algebraically in-
dependent.
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Theorem 2 Let ¢ € C, 0 < |q| < 1 be such that the transcendence degree
of the field K = Q(q, P(q),Q(q), R(q)) equals 3 and let § = (6,,0,63) be a
transcendence basis of K. Then there ezists a constant v > 0 depending only
on q and 0 such that for any polynomial A € Z[z,, 72, 3], A # 0, one has

|A(8)] > exp(—vt(a)*(logt(A))*)

where t(A) = log H(A) + deg A. In particular such an estimate holds for the
set of numbers w, e, T'(1/4).

Theorem 3 Let Ly, L, be positive integers. Then for any polynomial A €
Z(z,z1, 72, 73], A # 0, with deg, A < Ly, deg,, A < Ly one has

ord A(z, P(z),Q(z), R(2)) < 2(10)*L, L,

where ord denotes the order of zero at z = 0.

P. PHILIPPON: Algebraic independence and K-functions

Two applications of the new_construction-extrapolation of an auxiliary func-
tion invented by Barré-Sirieix, Diaz, Gramain and Philibert are given to solve
conjectures by Mahler and Manin on the transcendency of the values of the
modular j function. The first application to Eisenstein series generalizes this
result and contains the proof of algebraic independence of the three numbers
m,e" and ['(1/4) obtained by Nesterenko. The second application gives the
expected lower bound for the transcendence degrees of the fields generated
by certain values of functions satisfying functional equations. It generalizes
results of Mahler and improves a result of Amon. The new method applies
to an interesting sub-class of the G-functions (“K-functions”).

M. POE: Distribution of solutions on S-unit equations
Consider the equation

apt' ..o + Bt B = e B (1

Assume that a,3,v are fixed non-zero relatively prime rational integers,

Pi,--.,pr are distinct rational primes, all not dividing afy. All solutions
of (1) with

ISa<M (1<i<s) (2)

are considered. It is shown that with at most 2s° exceptions all solutions lie

in a smaller box
i< s?log sM

a; —a
log p:

where a; denotes the smallest exponent of p; occuring in all solutions of (1)

and (2).

(1<i<s)
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A. POLLINGTON: Riesz products and normality
(joint work with G. Brown and W. Moran) For 6 > 1 let B(8) denote the set
of real numbers z for which {#"z} is uniformly distributed modulo 1. Then,
as shown by Schmidt, B(r) = B(s) (r,s € N) if and only if r* = s™ for some
n,m € N. For non-integer ¢, we have

Theorem 1 B(1) C B(¢) if and only if log/log ¢ € Q and either
I $=a"¢=a'm aeN and Q) C Q¥),

or

2. Yp=0"¢=0"0+0"%cZ and m|n. b

We employ the method of constructing a Riesz product measure p on
a set of non-normal numbers with respect to one base and then show that
with respect to this measure y-almost all numbers are normal with respect
to the other base. This uses Davenport-Erdés-LeVeque and digit arguments
on transform space.

We are able to extend this method to the case of 2 x 2 almost integer
ergodic matrices settling a question of Schmidt in this case. The applica-
tion of Davenport-Erdds-LeVeque now requires a certain matrix identity to
have only finitely many solutions This result was obtained by Evertse and
Tijdeman, and was also reported on at this conference.

D. ROY: Algebraic approxnmatlon to transcendental numbers
and algebraic independence
(joint work with M. Laurent and M. Waldschmidt) The problem of prov-
ing algebraic independence using interpolation determinants has been open
for some time. Two solutions for this problem are proposed. The first one
is based on the existence of good algebraic approximations to families of
complex numbers in a field of transcendence degree one. The second uses
a generalization of Gelfond’s lemma in which multiplicities are taken into
account. 4

A. SCHINZEL: The Mahler measure for polynomials in several
variables .
Let F € C[z,..., z,] and define the Mahler measure M(F) by

M(F) = exp /[0 VOB, 2m) doy . o,

Theorem 1 Let F = Y4_, apzf*' ... 22%, where ay € C* and the vectors
ar = [akr,...,ag] are distinct. If there exists 1 < i,5 < s and a vector
v € R® such that

va; <vag <va; forallk#i,j

then

MPP + o < S

13
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Equality holds if F(zy,...,2z)F(z(',...,27") has ezactly 3 terms.
This generalizes a result of V. Gongalvez.

H.P. SCHLICKEWEI: The equation z +y =1
Let G C (C*)? be a finitely generated subgroup of rank r. We study the
equation z 4+ y = 1, to be solved in elements (z,y) € G. Let N be the
number of solutions of this equation. Two years ago, the speaker derived the
first bound for N that depends only on r, namely

N < 22”+36r’

This was improved in a joint paper with W.M. Schmidt to
N < 2l3r+63rr'
In recent joint work with F. Beukers we proved

N < 28r+8 .

W.M. SCHMIDT: The distribution of sublattices of Z™
The similarity class of a lattice of rank n may be parametrized by the orbits
of the action of GL,(Z) on the generalized upper half plane H.,, consisting

of matrices
1 T2 ... ZTin
7= 0 Y2 ... $?n
0 0 ... ys

with y; > 0 ( = 2,...,n). Put differently , it may be paramerized by the
points of a fundamental domain F for the action of GLn(Z) on H,.

Now let 2 < n < m. Let D be an open subset of 7. Then the number
N(D,T) of sublattices of Z™ of rank n and determinant < T whose similarity
class belongs to some Z € D has

N(D,T) ~ c(m,n)u(D)T™

as T — oo where u(D) is the invariant measure on H,,.

A. SHIDLOVSKI, Y.V. NESTERENKO: Linear independence of val- \
ues of F-functions

Theorem 1 Let fi(z),..., fm(2) be E-functions, satisfying the system of dif-
ferential equations

Y =D Quvi, QueC(z), k=1,...m, (n
i=1
and linearly independent over C(z). Then there ezists a finite set A C
C, dependent on fy,..., fm such that for any £ € A\ A the values of
S1(8)s- -, fm () are linearly independent over A.

14
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Let p be a prime ideal, generated in Clz,z1,-.-,Tm] bY allin zy,...,Zm
homogeneous polynomials @ with the property Q(z, fi(2)s. .-, fm(2)) = 0.
Denote by p¢ the image of p in Clz1,-- -, Tm] under the spezialisation z —
€ € C. There exists only finitely many ¢ (points of bad reduction) such that
p¢ is not a prime ideal. The set A in the theorem contains zero, singular
points of the system (1) and points of bad reduction. We conjecture that the
theorem holds for any £ € A distincy from zero and singular points of (1).

C. STEWART: On prime factors of integers of the form ab+ 1
. (joint work with K. Gyory and A. Sarkézy). For any integer n exceeding
1 let P(n) denote the greatest prime factor of n. Denote the cardinality of a
set X by |X|. The following result is a multiplicative analogue of a result of
P. Erdés, R. Tijdeman and C. Stewart.

-

Theorem 1 Let ¢ > 0, and let k,! be integers with k > 3 and 2<1<L
(ﬁ’f;‘fﬁﬁ;)’n. There exists a positive number C(e) which is effectively com-
pulable n terms of ¢, such that if k > C(e) then there are sets of positive

integers A, B with |A| = k and |B| = | for which
P(T] TI(ab+ 1)) < (log k)"*'*.

acAbeB

M. SKRIGANOV: Ergodic theory on homogeneous spaces, dio-
phantine approximation and lattice points counting polyhedrons
It is shown that counting lattice points for polyhedrons can be reduced to
simultaneous diophantine approximations for linear forms. These diophan-
tine problems are then interpreted in terms of certain flows on homogeneous
spaces SL(n,R)/SL(n,Z). As a result, we derive from ergodic theorems
on semisimple groups that for any expanding polyhedron the lattice point
counting has a logarithmically small error for almost all lattices with respect
to the invariant measure on SL(n,R)/SL(n,Z). Applications to algebraic
‘ number fields, uniform distribution and spectral theory can also be given.

e,

J. THUNDER: Hermite’s constant for number fields
For n > | Hermite’s constant is the smallest real number ¥, such that for
any positive definite quadratic form @(x) in n variables there is a nonzero
integer point z satisfying Q(Z) < v, D'/™ where D is the discriminant of Q.
This definition can be formulated using heights, and can then be used to give
a definition for Hermite’s constant over a general number field. Upper and
lower bounds for these constants are obtained.

”

C. VIOLA: A group-theoretic approach to irrationality results for
the dilogarithm

Let Ly(z) = %, 2 be the dilogarithm. In joint work with G. Rhin, for

n=1
Lo(1) = n%/6 the irrationality measure 5.441243 is proved, improving recent
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results of M. Hata. This is obtained by applying to double integrals of the
type

zh(1 = z)'y*(1 —y)’ dxdy

/ / (1 = zy)iti~t l —zy
the action of the permutation gronp related to the Gauss hypergeometric
function. The method extends to yield irrationality proofs and irrationality
measures for Ly(1/q), for suitable integers g # 0, 1. In particular, Ly(1/6) &
Q. In 1993 Hata showed L(1/q) ¢ Q for any integer g € (—o0, ~5]U[7, 00).

R.C.VAUGHAN: The Montgomery-Hooley asymptotic formula and
some generalizations.

Let
|4 ) )
@@=3 2 [z 0 0) - 5]
(aq)_
where
b(z,q,0)= Y An)
n<z
n=amodgq

‘and A is von Mangoldt’s function. In joint work with Goldston the following

theorem, improving earlier results of Barban, Davenport-Halberstam, Gal-
lagher, Montgomery, Hooley and Friedlander-Goldston, is obtained.

Theorem 1 Suppose that the generalised Riemann hypothesis holds and let

Ulz,Q)=V(z,Q) — Qzlog Q + czQ

where
log P

(p-1)

c-’y+log21r+l+z
Then (i) when 1 < Q < z one has
U(z,Q) < Q*(2/Q)"/** + 2%/*(log 22)*/*(log log 3z)?
and (ii) there is an absolute constant C such that when z/Q — oo with
Cz*"(log 2z)'*"(loglog3z)¥" < Q < z

one has

U(z,Q)Q7" = Qu((/Q)'").

An unconditional theorem, for more general sequences than the primes, was
also described.

P. VOJTA: Roth’s theorem with moving targets
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Theorem 1 Let k be a number field, S a finite set of places of k, C € R, and
¢ > 0. Then any infinite set of tuples (z, (atv)ves) in E#S! with log Hy(ax) =
o(log Hi(z)) for all v € S must have

C
,,1;[5'"1: - av”u Z Hk(:t)_z"'_‘

for all but finitely many tuples (z,(a.)).

When #S = 1 and a, € K for some fixed K D k, this follows from a
result of van der Poorten and Bombieri (1988).

This statement was suggested by a conjecture of R. Nevanlinna proved by
C. Osgood. The proof follows Steinmetz’s simplification of Osgood’s proof.

J.F. VOLOCH: Linear forms in p-adic roots of unity
(joint work with J. Tate) Let C, be the completion of the algebraic closure

of the p-adics. If ay,...,a, € C, there exists a constant ¢ >0 such that for
any roots of unity {,...,( € Cp either 32 a;(; =0 or ITaii| > e
We also speculate when a,,...a, are in a number field, how the constant

¢ varies as we vary the place in the number field.

J. WOLFART: Jacobians of CM type .
Let X be a nonsingular projective algebraic curve, defined over C, and of
genus > | (for simplicity). If Jac X is of CM type it is defined over a number
field, and X can also be defined over Q. )

Theorem 1 If X is defined over Q it has a covering curve Y with “large
automorphisin group” Aut Y, i.e. any proper deformation of Y decreases
#AulY. Jac X is of CM type if and only if Jac Y is of CM type.

(The proof involves the existence of a Belyi function on X and Fuchsian
groups). Y is also defined over Q.

Theorem 2 If X has a large automorphism group it has a Jacobian of CM
type if e.g.

- the genus of X is 2 or 3 or

- Aut X is abelian.

Examples: Klein’s quartic, Fermat curves

Counterexamples: Bring’s curve (g=4), Macbeath’s curve (g=7).

Ideas of proof: Consider periods of first kind on X and their behaviour under
Aut X, apply linear independence results for these periods (Shiga-Wolfart)
coming from the analytic subgroup theorem, or transcendence results for
Siegel modular functions (P.Cohen-Shiga- Wolfart).
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T.D. WOOLEY: Progress on exponential sums over smooth num-
bers
The exponential sums

e P,R)= 3 e(alz"),

z€A(P.R)
where e(a) = exp 2mia and
AP,R)={n€[1,P]NZ:pln - p < R}

have been fundamental in recent approaches to a number of additive prob-
lems, including Waring’s problem. Hitherto, mean values of such suins,

U,(P,R) = ]0 "If(as P, R dar

have been estimated, for s which are not even integers, by Holder’s inequality.
Thus, if t is the integer with 2¢ < s < 2t 4+ 2, then

Us(P, R) < Un(P, R)Hl_%sUztn(P, R)F.

In new work, we provide a method, extending Vaughan’s “new” iterative
method, which provides non-trivial estimates for all moments. Amongst the
corollaries one has:
) .

/ l 3 e(cws)|6 da & Pt

0 " zeA(PR)

where R = P", n =n(e) > 0 and A3 = 3,24959.
(I1) The number A of integers n < z which are the sum of three k-th powers
satisfies N > z8—°""" | coming close to the expected lower bound N > z3/*.
(11T) Also the new estimates proved important in the proof (with R.C. Baker
and J. Briidern) of:
When Aj,..., A7, u are real numbers with A;/); irrational, \; # 0, there are
infinitely many integral solutions of

[Mzd 4+ .. 4 Aad +pl < (max |x.-|)"°_‘.

Some problems posed at the problem session

D. BERTRAND: For any integer N > 1 denote by ®nx(X,Y) = 0 the mod-
ular equation of level N, and by J(q) the usual modular invariant. The
following would extend the theorem of Barré, Diaz, Gramain and Philibert:

Conjecture: Let g, g2 be non-zero algebraic numbers of absolute value < 1
such that J(q;) and J(q.) are algebraically dependent over Q. Then ¢, and
g2 are multiplicatively dependent; in particular, there exists an integer N > 1
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such that ®n(J(q1), J(gq2) = 0.
In relation with the 4-exponential problem we mention the following conse-
quence of the conjecture:

“Corollary”: Let o,z be positive real algebraic numbers distinct from 1.
Then (log o, )(log a2) and ((2) are linearly independent over Q.

P. BORWEIN, D. BOYD: Does there exist a polynomial p(z) = 1 + a1z +

: ...+ anz" with a; € {0,1,—1} which has a repeat root of order 5 at some

. point a with ja| # 17 In general can such polynomials have non-cyclotomic
factors of arbitrary high order?

J. BRUDERN: Let s, be the strictly increasing sequence of those natural
numbers which are the sum of two cubes of natural numbers, and define the
gapset as G = {sp — Sp—1: 71 2 2}. 1 conjecture that G has positiveﬂ‘ensity,
This would follow from the following paucity type estimate. Let T'(P) denote
the number of solutions of the diophantine inequality ”

0<zl+zi—yl—yi=ai+zi—vs—vi <8P
with 1 < z;,y: < P. Here I expect T(P) « P which would imply the
conjecture.

A. SCHINZEL: Let F € Clz,...,z] be a polynomial, let L(F') denote its
length and M(F) the Mahler measure. Let F,, be polynomials over C. Does
liMase = L(F,— F) = 0imply lim M(F,) = M(F)? (D.W. Boyd has shown
the answer is yes under the additional assumption that F,, € C[z1,...,2]
and deg F, is bounded).

R. TIIDEMAN: A Beatty sequence is a sequence of the form {{na+8]}acz

or {[na+ ] }nez where @ > 1 and 3 are reals. The complement of a Beatty

sequence is a Beatty sequence.

Is it true that for m > 2 there are only finitely many ways to split Z into m
. Beatty sequences with distinct o’s?

Berichterstatter: Jorg Briidern, Stuttgart
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