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TIIt~ cOllft..~rell('e wa.<; organized hy V.N. Moschovakis (Los Angeles), H. Schwicht.en­
herg (Miill(".lIcn), anti A.S. Troelst.ra (Amsterdarn). H, focussed on const.ructive as­
ped.s of IlIat.heHlat.icallogic, ill part.icular on cOlIst.ruet.ive set. t.heory, term re\Yriting
and proof 1.heory, iUt.llit.ionist.ic logic and t.ype t.heory, cornplexit.y t.heory, lalflbda­

calclllus! aud aigorit.hlllic I·andolllness.

TlfCre were J5 pleu:l"Y t.alks and t,wo lecture series, aue on construetive set. theary,
givell hy P. Aczel aud M. R.at.hjell (4 lect.ures), another on t.erm rewriting and praof
t.heory, giv~1J by A. \Veierrllann and W. Buchholz (3 lectures).

The orgauizer's st.rat.egy, to have less t.alks in favaur of more time far self organized
nd.ivit.if:'s, found an ext.rerncly posit.ive echo arnong t.he part.icipants. Quite a number
of illforHlal t.alks ami dis('.1]ssiolls were organized giving roorn for fruitful scientific

allu persoual exchange.

Tlte list. of ahst.rac.t.s includes t.hose talks which, although of highest quality, had ta
he sacrifir:ed 1.0 t.he new st.rat.egy.
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VOl't r agsallszüge:

P. Acze!:
COl1struetiv(~Set Theol'Y

Leet.ure J: \Vhat. is COllstruct.ive set t.heory?

, JisCIISS a COllcept,io(l of gel1eraJiseu predicat.ive const.ruet.ive luat.hewat.ic:-i. I t.heu

explail1 iufonJlnlly the it.erat.ive-c.olllbinatorial nation of set. t.hat. is made precise in
cUlIst.rllcf.ive t.ype .t.heory and leads t.o an illt.erpret.at.ioll of t.he axiom syst.elll CZF
in a :mil.ahle version of COllst.fuct.ive t.ype t.heory.

Lect.ure 2: JudlJd.ivc definit.ions in cOllst.rud.ive set. t.heory.

}. Juclllct.ive defillitioliS of dasses

L. JudlJc.t.ive definit.ions of ser.s

:L A set. cOJJlpact.uess tlJeorern

4. An exalllpJe of '!.U iudlletive rerursive definit.ion

J. Avignd:
Proof Thc'ory aud Typed Coulputatioll

Bot.lJ ordinal recllrsion and higher-t.yped recul'sion call be lIsed to give Ilnt.lIral ~h;'H­

aet.erizations of t.he provably t.otal reclIrsive func.tiolls uf c1assical t.heorics. I will
discliss t.wo reslIJt.s t.ltat, yielu charact.erizat.iolls of t.he seeoHd kind. Tlte first. reslJlt.

is a Di;.dec.t.ica-st.yle ill1.erpret.at.ion of the t.heuries IOn 1 in fUllct.iollal t.lteol'ies Pll
IIsiug predicative polyrllorphisrn and Mart.iu-Lö[ universes. The sec(Hld is a I'paliz­
ability interpret.a.t.ioll that appJies dil'ect.ly tu classical arithrnet.ic in a Tait. cakllilis.

lJ. BergeI':
Modellillg depelluellt types and lluivel'ses llsing the Kleene-Kl'eisnJ fUllc­
tiollals

vVe will I.I'Y 1.0 t\rgue that. it. is useful tu have a const.ruct.ive set-t.heol'et.ic IIlOdel ur
depel1dellt. .t.ypes, ami will Jiscuss in some detail one such model gCllcralizing t.llt~
Kleeue-KreiseJ cont.ill110US funetionaJs. Usiug a densit.yjco-dp.Jlsity theorelll it. call
be showlI t.hat t.ltis is isomorphie to (a" variant. of) Beesoll 's I'ealizability Hlodel of
t.ype theory. Fillally we st.at.e sorne open problerns, among them gelleralizat.iolls
uf Plot.kin's resp. Normann's (cf. his talk on Tuesday) t.lJeorems on SI-S9/PCF­
cOIllputabilit.y in t.IIe part.ial resp. t.otal hierarchy.

W. BIlchholz:
Tel'nt l'ewritiug and prüof theory 111: Ternlination proofs by interpreta­
tion.

We givc an interpret.at.ion uf the Gentzen-Takeuti redllction procedure for tillit.a,ry
derivations in (Tait. st.yle) sequent-calc.uli of first.-ordel' arithlIlet.ic 'lud t.hc subsys­
t.em n~ -CA or secolld-Ol:der arit.hmet.ic, respectiveJy. Each finlt.ary derivat,iou cl is
interpl'eted as a cert.aill well-fouuded infinite derivation d OO in sud. a way t.hat. ir cl
reduces t.o I'ed(d) I>y a Gent.zen-Takeuti l·eullet.ion step, t.hen red(d)~ is a proper
slIh-del'ivation of dOO

• Heuce t.he procedure red t.enninat.es, i.e. there is 110 illtiuit.e
seqllence of del'ivat.ions (ddi<w with di+l = red(cli) for all i. The l11ain poiut o[ 0111'

                                   
                                                                                                       ©



approach is t.lmt red can adually be derived frolll infinit.ary cut.-elimination (and
collapsillg) proceelures.

A. CidlOlI:
TerUliuatiou proofs for rewrite systems and their relevance to proof the­
ory

Equatiollal definit.ions of number-t.heoret,ie funct.ions are nat.ural models of certain
killds of rewrit.e syst.elUs. The int.eract.ion of proof t.heory and term rewriting t.heory
ba..<; givclI rise t.o new and iut,erest.ing result.s and t.echniques ill bot.h domains. This
t.alk will survey sorlle of t.he recent development.s in the analysis of terminat.ion
proofs for rewrit.e syst.erus anel t.heir implications for prüof t.heory.

I), elot.e:

Type 2 parallel COlllplltable fllIlctiolls

Tlte p~rallel random acccss lUachine, or PRA M, is a parallel cOlllputing rno<Iel
developed at, t.he elle! of t.be 1970's, alld is the virtual rnachine for exist.ent. parallel
lIIacl.illes like t.he Corwect.ioll Machine, Mas Par, anel leE "Greeneyes tl board. The
illt.uit.ioll fOI" pl"ogranuningslJch SIMD models is t,o use divide and conquer paradiglll
t.ogd.ller \Vit.1I dat.a parallelislIl. NC is t.he most. irnport.ant parallel comput.ation dass
aud ('ol"l'espollds t.o polylogarit.lunic t.ime wit.h polynomially many active processors.

In t.llis paper, we ext.end PR.AM t.o allow different processors t.o simuJt.anollsly make
fllnctioll orade calls, t.heu define a very nat.ural t.ype 2 funct.ion algebra A, and pl"ove
t.hat. t.lw t.ype '2 analogue of Ne equals A. The full proof is lang (60 pages), rehes
ort ext.ension or t.cdllliques of Cook and Kapron, and is a st.rong irnprovement of a
papel' of Clot.e-Ignjat.ovic-I\apron froUl FOCS 1994.

T. Coqu:llld
Furlual topology anu illuuctive definitions

The pllrpose of Hais t.alk is (.0 illust.rat.e how ideas frorn t.he t.heory of loeale (point­
free t,opology) ean illuwinat.e same fact.s in proQf t.heory, and suggest. appropriate
definit.ions or JJlat.hernat.ical COllcepts, like well-quasi-ordering or noetherianity -in a
frarnework such as Const,ruct.ive Set. Theory or Int.uitionistic Set Theory.

First., we presellt. a sillipie example iu algebra: a special case of Jacobson's COlU­

Ilillt.at.ivit.y t.hearerll for riugs. 111 t.he fl'alllework of point-free t.opology, the usual
rcpresent.at.ion t.heorem or rings as rings of continuous sect.ion over a boolean space
bave au eleJllclltary reading, alld J acobson '5 proof can be I'ead as an elementary
proof of (~Ollllllllt.at.ivit.y, wit.h no rnention of prime ideals. This can be compared
t.o t.he analysis hy H. Lombardi (AnIlais or Pure and Applied Logic, 1997) of sorne
nOIl-const.ructive argument.s in algebra.

Next, we give a sat.isfact.ory definitioH of well-quasi-orders and noetherian rings in
lut.uit.iollist.ic Type Thcory (joint. work with H. Persson; the inductive definition of
lloet.lteriau, t.hat. t.he property ltn E (ltl' ... , Un -l) is a bar on finite sequences, was
suggested hy P. Mart.in-Löf). We can prove for inst.ance in this way Hilbert's basis
t.lteorelll. Tlte proof uscs a poiut-free analysis of t.lte Open Induction Principle:

Ir P(J;) is open, amI 'v'x[((y < x)P(y)) - P(x») t.hen YxP(x).

'fitis principle cau be st.at.ed over {O,1], Cant.or space or Baire space. The analysis
of t.his prillciple over Cant.or space llses ID I, and this sllggest.S t.hat t.he poiutwise
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versiOlI rnay lIot. be cOllservat.ive over HA. Sirnilarly, the point.wise versioll over Hail't~

space SllOlIld llOt. he provable in uSllal int.uit.ionistic systellls (of st.l'ellgt.l1 I D 1) likl~

FIM (Kleefle) 01' es (Krcisel-Troelst.ra).

R.Daviu:
Traec~ of SOIlH~ }ll'iUlitive reeursive scheluata

This {,alk is cOllcerlJed wit.h priruit.ive I'ecursive algorithms. I will ;ut.rodllce '.lw I.race
(or l.he (·,OIl1pllt.a1.iolJ or a p.l'. algorithlH on sorlle arguliiellt.s). '['be t.r'Lee is dosely
rdf\t.ed t.o t,lll~ lIot.ioli of sequellt,ial algol'itlHl1s Oll cOllcret.e dat,a s1.ruct.llres (er Berry
alld Clll'icu). I will IIse t.his powerful tool to prove sorlle result.s as

• TI)(~ t1ltilJl(\t.~ ohst.imlt.ion theorem of L. ColsolI and its ext.ellsioliS t.o ot,hl'r
:-;it.lIat.iolls.

• A h,u:kt.racking propel't.y for p.r. algorit.hrus using f\ny killd of first. order dat.a
t.ype.

• The chi\raet,(:,risa1.ioll of t.he. intentional behaviolll' nf sOllle p.l'. algOl'it.llIlIs.

• Tlle l~xist.ellce 01' l10n existellce of (t.race preserving) sillllllat.iolls lwt,weell V,H­

iOHl" extensiolls of p.l'. algorit.hllls (new l'eclIl'sive sdlelllilt.a, ... ).

R. DyrkllOfr:
SOllle (~outl'aeti()l1-freec;alcllii

We preSelJt !.wo results (joiJJt. work wit.h Sani. Negri iu Helsiukj).

First., we give a direct proof of admissibility of t.he st.ruct.llral rules fol' t.he t.I~l'Illillat.­

illg cont.l'act.ioll-fl'ee int.uit.iouist.ic. sequent cf\lculus G4ip frorlt [1] (cf [2]). Previolls
proofs have Olll IIsed iltduct.ion in sequent weight. 01' selllant.ics (01' hot,Ia). 'Ihis IlC'W
prool' Ilses ollly induct.ioll on forrnulae weight. alld derivat.ion laeight., a.mi t.lalls t'X­

kllds t.o a. pl'oof 01' cornpleteness for a sirnilar first.-order cf\lculus G4i (aud t.o sevl~ral

ot.her rdat.0d calculi) ano also t.o a proof of adlllissibilit.y of the :-;t.ruc.t.llral rull~s for

G4ip ext.ellded wit,h variolls positive not,ions such as "apart.ness': alld ~'ex<:('ss" I

t.)ms allowillg easiel' proofs of conservat.ivit.y for such t.heories ()Ver, fot exarllpll', I.lIe

t.heory of equalit.y or part.ial order.

Secolld, wc show tolle c.ornpleteness uf a terrnillat.ing contract.iou-free cakulus for
Dlllllluet.t.':-; logic LC; t.his calculus has the property t.laat. f\1I its infercllc.e rules
are illvert.ible, wit.h e1ear advantages far autornat.ed proof search alld raising au
int.erest.iug quest.ioll about, t.he relat.ionship between invertibilit.y of all I'ules alld t.he
liueal'it.y of t.he 1\ I'ipke rnodels.

[1]. RO, "Colltract.iou-free calculi for intuitionistic logic", J. SYlllholic Logic 1!J9:l.

(2] A.S. Tl'oelst.ra cv. fl. Schwicht.enberg, "Basic Proof Theory") Cal[lhridg~ Ulliv.
Press 1nUG.

(:~] RD & S. Negri, ':AdJllissibility of st.ruet.ural I"ules for cOlltrf\et.ioll-free illt.uit.ioll­
ist.ic sequent. calclJli", ill preparat.ioll, 1998.
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L. Gordeev:
How t.o reselle Hilbert's ProgralJllue llsillg Integral Calcllius

Hilbert,~s reject.ion of t.he ~~ignorabimus" might. st.i11 nmke sense beyand t.he Ilaive
fillit.islll. Somc reutarkable result.s abont. Lukasiewicz' real valuecl logic make evell
::ltopeless~~ problems (like Q1Sine~s COIl(NF)) rornput.able Ilsing basic Riernalln/Le­
hes~lle Int.egral Calculus .

.J. Il. 11 illdlcy: .
CUl'l'y·s last. )ll'ohlclu: iUlitating laulbua-beta rcductioll iu cornbinatory
logic:

Tlw last. prohlelll Oll wltich Curry worked berore he died in 1982 was t.hat. of defining
a I"(~d IIctioll in cOlllhiuat.ory logic t.o correspond closely t.o t.he usual ß-reduct.ion
in A-calruills. Sev~ral solut.iolls t.o t.his problem have been posed sinee t.hell, hut.
t1espit.e SOlllC illg{~llllit.y in t.heil' forrllulat.ion~ noue has been really clean anti sirnple
t'IHJ1Igh t.o IIlake il.s d(~vdopillellt. at.t.rac.t.ive. I helieve tlle task of finding a wOl'kable
eOlllhillat.ory !J-J"('du('.t.ioll is one of t.he main unsolved problems in combinat.ory logic.
(It. is not. a '~t.idy"' prohlem and it prolIlises no beaut.iful solution, but then, Ileit.lter
dops I'.~al lif(~.) Tltis t.alk w011ld disClISS nit.el,ia for ac.ceptabilit.y of a ß-I'eduetio~l,

alld des("'l'ihe t.he kllowu calldidates allel how ffil' they succeed 01' fail in sat.isfying
t.lwse .

.J.lIl1dC'hllaier:
Oll a "rcaP~ tahlt~an calelllus für intuitiollistic propositionallogic

Tlw wdl kliOWIl t.a.hl(~all cakulus TK fOl' c1assical proposit.ionallogic ha.c;; t.wo feat.ures
whidl dist.illguislt it. frOll1 llsual t.ahleau calc.lIli for int.uit.ionistic proposit.ionallogic:

A) TI\.-dcrivafiou ... al!ow ext.ract.ioll of c1a.c;;sical models.

B) 1'1\.- rulr.s allow ('xt.rar.t.ioll of c1a...;sical sernant.ics.

Ohviollsly ("'olldit.ioll B) is IIIlJclJ st.ronger t.ltan condit.ioll A). Fol' iust.anee con~i~iol1

U) Illakes l.hr ("OIllpl~t.~lJrss pl'oof cOlllpletely t.l'ivial. Now for int.uitiollist.ic logic.
t.hen~ <trf~ a lIlJlltlWI' of calr.llii sat.isfyillg "he analogue of A). 111 t.his talk we present.
a. r.akllius TJ wltirh in addit.ion also sat.ises ß) aud t.hus yields a very pel'spictlOus
rOlllpl.>t.l'lIeSS proof for illt.uit.iollistic logic wit.11 respect to Kripke selnant.ics,

lJ. Kohlellbadl:
The 1l0-COllutel"eXRIUple interpretation aud restrictcd forlllS of cornpre­
hellsioll

IJI t.he first. part. of t.his t.alk we aouress the quest.ion to what extent t.he use of higher
t.ypes is lIecessary for a local amI modular analysis of proofs and the extraction of
cOllst.ruc1.ive dat.a. \'Vhereas Gödel '8 fllnct.ional int.erpretat.ion 01' various realizabilit.y
int.erpretat.ions, wltich use fuuc.t.ionals uf arbitrary finite t.ypes, respect t.he logical
deullct.ioll rllies wit.11 lüw (".()lIIplexit.ies involved, this is not t.rue far the so-called
1I0-colillt.ercxalllple illterpret.at.ion (n.c.i.) of Peana arithrnet.ic PA which only uses
fllllct.iollals of low (~ 1) t.ypes.

"Ve det.Cl"Illine exact.ly t.he ("'OJllplexit.y of t.he n.c.i ..or t.he lIlodus ponens ruJe

1. poillt.wise für givell flllld.ionals of fixeJ cornplexity sat.isfying the n.c.i. of
arhit.rary rrelliises in .c(PA)
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2. 11 11 ifOl'lIl1y' ill (lrhit.l'ary fllnct.ionals sat.isfying t.he n.c.i. of al'hit.l'ary pl'ctniscs
ifl L:(PA).

H. t.IUUS out. t.hat. t.lw H.<:.i. of PA in Gödels's T (01' -equivalellt.ly- hy 0« tll)­
reclIrsive fUlJctionals) ean be oht.a;neu by a lotaJ proceJure (OB t.lte level of t.lH:' fl.c.i.
of t.he forlll1Jlrt.<; illvolved), hut. t.hat is Hat. possible for t.he H.c.i. of it.s fragll1ellt.s PAu
(wit.h Lu-induc.t.ioll only) iu t.he corresponuingly rest.l'ided dasses of fUlIr.(.iollöls.

As t.he lIlain t.eclJlIir.i\1 1.001 we IIse a det.ailed analysis of t.enllS whir.b are huilt. ltp
;11 a spec.ific: way out. of a weak form of haI' recllrsion and T. This also giv~s l'iSI'~

t.o a Ilew PA-ronservat.ive ext.eusion A of the syst.eru ACA u (arit.hlllet.ical illduct.ioll
aBt! COIllpl'ehensioll) whose 11 ~-theoreIllS have a H.c.i. ill T which call he ohl,aille(!
dirüctly [rolli Uwir praofs ilJ A.

Ju dw secoud part. of this t.alk we det.el'luirw t.Jle COlllp,1t.atioual amI pl'oof-t.heol'dic
st.l'engt.1t of fr·aglllellt.s of A wit.h l't-~stl'icted fOl'lllS uf arit.lullct.ical COlllpWhCllSio)J
alld cllOice tiJerehy gellcralizillg c1assical result.s due t.o H, Friedlll'lll alld .J. Paris.

H.. lvI au.lles:
Laluhda Calcllii with Mouotone Iuduc:tive Type~

Sysh~llIs ill lJat.lll'al d~dlf(".t.ioll st.yle ur t.enns denoting proof.."i of sec.oIfd-ordt~r propo­
sit,ioual lo~ir. illdlJdiug least. fixed-points are c.onsiJered. The jJ-redu<:t.ioJf rllies for
t.hose proof t.enu:-; are giving rise t.o st.rongly nonflalizing and ronfluenl. t.enn I'l~writ.e

syst.ellls. ft. is wdl-kllOWlI t.hat. it.erat.iolf lIlay he eoded iu Gin\l'd's Sysl,elll F. For
l.his reasou sJ)l~cial fOCHS is Oll full primitive recufsion. \\lhieb are r.J1f~ resl.ricr.iolIS
of huildillg illdllct.ive typl~S? Syst.ems' wit.h posit.ive illJuct.ive 1.YPt~S, wi1.h IIlOIlOt.OII(~

ifldllet.ive t.yp<..'s ("fiere is a t.erlll wllOse t.ype expresses lIlonot.onicit.y) aud eVClI all)' i11­

duet.ivt~ t.ype are cOllsideret!. The last. systern is in t.he spirit. of Meudler's LIes 19K7
syst.elll. lt 1,llrlls out· t.hat. t.here is a I'eductiou-preserving elubeddilfg of tll.: sYSt.<>.IIIS
of 1I10not.Olle iudlld.ive t.ypes int.o the system of (st.rict.ly) posit.ive Iloll-illt.erleaved ilJ­
uuctive t.ypes-stl:ict.ness being possible in t.he int.roduct.ion-based lffouot.oue syst,elff

indlldillg tlle (second-order) exist.ent.ial quant.ifier. An ext.ension of Mendler's sys­
t.elfl and it.s dualizat.ion are t.he only syst.ems for which a direct. nonnalizat.ion proof
lias· to he carried ollt., i'\.ud t.hey are free froll1 restrictiolts such as lIfollot.ou;cif.y wtticli
in t\l1"11 allows for very elegant st.ructural proofs. In sUlluna: Monot.ollicity illst.ead
or posit.ivit.y does not. even wake t.he syst.ems st.rouger wif,h respect. t.o reuuct.jo\l.

The open qllest.ioll is if t.ltis reduct.ion is also possible in syst.erlls wlJere 11 rJ iver­
sal qU;lllt.iticat.joll is len. out.. This seelHS to be needilJg t.he st.lldy of perrflllt.al.i\'(~

cOllw~rsiolls a.":i weil as variable eliminat.ion reduct.ions for sums and It-t.ypcs.

Silort. talk of< :W Illinut.es: Two very easy proofs of norirializat.ioll of silllply t,ypt~d

A-calculus lfsing illdllct.ive definitions

(A proof of weak nOJ'(nalizfl.t.ioll hy indudiolJ Olt nOrIllfd fanus. A pl'oof o!' st.rollp;
uonllalizat.iou hy iudlJ(:t.ioll Oll a set. SN.)

I. Moel'dijk:
Models for Martin-Löf Type Theory

\-Ve disclISs t.he possible illt.erpretat.ion of such t.ype t.heories in cat.egories of slll:,avcs.
t.fte event.ual gO'l1 being a bet.ter underst.andiug of t.he relat.ion het.weell t.opos t.1Jf-~or'y

and t.ype t.heory (respectively models of fZF [1] verslIs eZF).

[11 .Joyal~IVloerdijk: A!.Qr.brcLic Set. Theor1J (Carnbt'idge U. P.)

,.
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1<'-11. Niggl:
The /,-M(~a~'lne as a Tool for Classifying COluputatiollal CODlplexity

Tlae t.wo silllply t.yped t.erlll syst.erns PR.) and PR2 are considered l bot.h for represent.­
illg algorit.llIlls cOJnput.ing priUlitive recursive funet.ions. PR) is based on primitive
reell l"sioH, ami PR.'l on recursioll on not.at.ion. •

The /,-mr.aSU1'C [Ni95] is elllployed tn detennille t.he cOlllput.at.ional complexit.y of
algorit.llIlls i1& PRi alld t.o unifonnly int.egrat.e traditional results in su hrecursioll
t.heory wit.1a resourre-free dlaract.erisat.ioHs of su h-elelllent.ary cOlllplexit.y classes.

To set. t.lle st.age, II-hased mod;fied Heiuermann classes Rr: are defined. Extending
t.he Scilwicht.enhergJM iiller dlaracterisat,ion of t.he Grzegorczyk cIasses Eu for 11 ?
:~, it. is SllOWll Vu ~ 1.EO +1 = 'Rl . The proof does not refer t.o any rnachine­
ha....ed cOlllput.at.ioll 1I1Odel, uulike t.he Schwicht.enberg and Müller proofs. This is
due t.o t.he not·iou uf modijied rcc-ursion lying on top 0/ each other provided hy
t.he 1'-lIleasure. By Rit.chie's result., 'R.t r.haract.erises the linear-space cOInputable
flllldiollS. Accordillgly: a sllOrt. and st.raightforward proof is present.ed showing t.hat
'R.~ droarac.t.el·isc~s t.lle polYll1onial t.ime comput.able funet.ions, t.hus streamlining t.he
pl"oof alld resllit. of Bdlant.oni alld Cook. Furt.hermore l t.he c1a.<;ses 'R'2 and 'R.~

(·.oillcidp at. allel flhove level 2.

ROlllldiug off t.he t.alk, it. is outlilled how t.o extend t.he JI-rneasure to subsystems Ni
anti .N'.! of Gelders T which do not. support. recursion in all JJigher t.ypes. ."

D. NOl"Jllallu:
COIllpntahility ovcr the partial cOlltinllolls fll11ctionals

Let. {P(k) hEIN he t.he hierarchy of part.ial continuous funct.ionals. \Ve show t,hat
every equivalehc.e dass of t.ot.al funetiolIaIs cont.aining a recursive one will also con­
l.aill olle S1-S9-c.OInput.ahle, 01' eqllivalel1tly, one that is PCF-definable in the sense
of Plot.kin. This iuvulves replacil1g Ilondeterminist.ic parallellism in higher t.ypes by
det.erminist.ie. sequeut.ialit.y.

M. Rat.lajell:
Coustrlletive set theory

I gave t.wo led.llres following t.wo leetures hy Peter Aczel.

Lcrtu1'e 1: (i) Tlte R.e.qular Extension Axiom (REA). The axiom REA asserts t,hat
any set. is cout.ailled in a regular set.. The addit.ion of REA t.o CZF has the effect
t.!aat. bOlJllded iuduc.t.ive definit.ions uefine set.s, i.e.t.heir least fixed point.s. After
explainilJg tolle role of R.EA in t.he proof of t.he latter 1'esult, 1 pul. forward several
reasolls why R.EA should he considered the const,ructive analogue of the Powerset.
Axiolll.

(ii) Con..,tr-uctivf CllOice Principles. The gelleral axiom of choice i5 taboo in con­
st1'uctive set t.heory as it irnplies excluded middle. But several mat.hernatically
illlport.ant. farrns of choice are legitirnate, the st.rongest being t.he P1'esent.ation Ax­
iOfll (PA). PA illlplies the axiom of dependent choices which implies count.able
choice.

(iii) Proof-thcOl·etic strengths. CZF has t.he same proof-t.heoretical strength as t.he
dac;sical syst.elll ID 1 (iheo1'Y of uon-it.e1'ated induct.ive definitions) or Kripke-Plat.ek
set. t.heory. Tbe laUer st.ill holds when Subset. Collection is ornit.ted. The t.heory
CZF + REA is lIIuch st1'onger. It is proof-t.heoretically equivalent to a fragment. of
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second order arithrnet.ic ba..<;ed Oll n~ cOInprehension and bar induct.ion.

Lcdure 1/: (i) I discussed tohe not.ions of inac:cessibility aud Maldo's hienuchy of
inaccessibilit.y in CZF.

(ii) Friecllllan and Scecir'ov have invest.igated large set. axioms on t.he basis of IZF,
t.o the etfecl. t.hat. IZF + LSA and ZF + LCA have t,he same st,rellgt.h, where LCA
is a buge c.ardinal axiom and LSA its pert.inent. large set axiom. The sit.uat.ioll is
cOJllplet.e1y different. wlten t.he large set axioms are cousidered in t.he fralllework of
CZF. 1'0 give an example:

CZF + Vx3y[x E y 1\ Y is a Mahlo set.]

and
KP + Vo3h:[rj' $ K. 1\ Ii is recUI'sively Mahlo]

are of t.he same st.rengt.h. Anot.her exarnple is weak cornpact.ness. Tlw pat.t.erll set>uls
t.o propagat.e.

A. Sc.edrov:
Proof Galues, Optiluization, alld COlllplexity

LilH~ar logir. proof garlle is played on linear logic fOI'mula.'i. It.s IIlOves are illst.ances of
reverse inferencc ndes of lillear logic.. There are t.wo players , called prOpOnl~llt. aud
oppollent" allel a separ;:\t.e verifier. Proponellt.'s goal is t.o playa seqllcuce of 1110\"':0;

t.hat. cOlIst.it.ut.e a fo 1'111 al proof of an input. forrnula. Opponel1t t.ries 1.0 force 1.lw
direct.ioll of proponent.'s evidence in a way t.hat. lf1akes it. irupossihle for propoueut.
t.o oht.ail1 a fOl'lurt.1 proof. Several versions of t.his garne are discussed, ea.eh \\·it.1J
a lIuuwric S<:Ort~ t.hat. reflect.s the numbel' of c:ertain preferred axiOllls used ill a
eorllplet.e or part.ial fOl'lllal proof. The capabilit.ies of t.he players JIIay differ. \Vhile
propolIent. is al ways omnipotent, in sorne versions of t.he game opponent. 's derisious
are ha.sed ollly Oll a fair c.oin t,oss.

Probahilist.ic garnes considered in comput.at.ional complexity t.heory, such a.s 80­
callecl int.eractive prot.oeols, rnay be represented in the proof garne. The polYIlOInial­
t.irtle reprcsellt.al.ions we cOllsider preserve proponent,!s rnovcs, oppolleut,'s IIIOVC8,
propollent. 's st.rategies, a.s weil as proponent. 's optimal strat.egies. In t.his way, OIW

transfers t.o t.he lillear logic proof game the complexity lower bOllnds for t.he ap­
proxilllatioH 01" t.be expeeted score when proponent. plays alrnost. opt.ilnally. Ld 118
say t.hat, a q-heurist.ic , 0 i q i 1, is a func.t.ion from forrnulas t.o inst.ances of reverse
inference rllies (t.hat. is, proponent's st.rategy) slIch t.hat t.he opt.imulrl scon~ aris­
ing from t.he tJse of t.his inference ru Je inst.ance is wit.hin lIIult.iplicat.ive rat.io q of
t.he optimal score. An)' polynomial-t.ime q-heurist.ic fol' M LLT, proposit.ional llIult.i­
plicat.ive fragment. ext.ended with addit.ive propositional const.ant.s, w01llJ yield P =
NP. Furt,herrnOl'e, cornputing any q-heuristic H fol' t.he proposit.ional rnultiplic.at.ive­
addit.ive fragillent, MALL, would decide rnelIlbership in any language in PSPACE,
usiug t.inte (lud SprH:e at l110st a polynolllial great.er t.han t.he time ami space lIecded
t.o COlllpUt.C H. TlJis is joint. work wit.lt J .C. Mit.chell and P. D. Lincoill.

P. Seliuger:
Finite laluhda luodels

11. i~ well-kllowll t.hat a rnodel of the unt.yped lambda calculus, in t.he t.rac-lit.iollal
sense, CtllJ never he finit.e 01' even recllrsive. By cont.l·ast, we preseHt. a lIot.ioll or finit.e
models for t.he lambda c.alcllius. These fillit.e 1l1Odeis are models of redlldinn, rat.her
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t.hal1 of (~oll\'ersion, anu t.herefore thcy are not. subjec.t. to the usual limit.at.ions on
size aHU CO111 plexi t.y. A model of reduct.ion has an underlying set which is part.ially

ordered, ami it. sat.isfies a soundness propert.y of t.he form

\Vt~ work wit.h a definit.ioll of synt.act.ical models of reductioll t.hat was given by
Plot.kiu (] H94) iu (.he spirit. of t.he fmniliar s)'nt.acf.ical lambda Jnodels. Models of
reduct.iou are ea."iily cOllst.ruct.ed, and in fact. there exists an abundance affinit.e unes.
Morcover

l
we ooserve timt. models of reduet.ion sat.isfy a limit.ed form of soundness

for cOllvertihilit.y: M =ß N => [1\1] 8 [N], where a 8 b lueans that a and bare
cOlllpat.ihle, i.e. (3c) a, b $ r.. \\Te exploit. t.his propert.y t.o give simple finitary proofs
or t.erm incqllalit.ies. 111 exalllples, we show that models with as few as four elements
aJ'(~ ·sufliciellt. (,0 dist.inguislJ cert.ain unsolvabfe t.erms.

A. Set.zcr:
Ordiual systelllS

Ol'dillal syst.ellis are t.he abstract. description of what. ugood" ordinal not.a.t.ion sys­
t.ellls sbould he like: Hew 'ordillals are defined using smaltel' ones and when intro­
ducillg a new ordinal. all ordiuals below it. are kllown hefore t.he new one. Using
ordillal syst.ellis we can describe in a different, aud as we hope more intuitive way'
ol'dil1al not.at.iul1 ~yst.ellls whidl are usually considered as inapredicative ones, Sillce
we havp a luore ahst.nu:t. Ilot.ion, t.he weJl-ordering praofs become easier. We hope ­
t·hal. is of course 1II00'e a philosophical rat.her ·than a lIlat.hematical question - t.hat.
they C;\l1 he rf'garded as illt.lIt.ively well-urdered, which would justify in a rathel'
din'rl. \Vay t.he cOlisist.eIlCY of' t·he theories of t.hat. st.rengt.h as weil. We will define
onlilJal sy~t.eHls IIp t.o t.he level of Maldo.

H.. St.ilrk:
Why t.lle eOI1~tallt ulluefiueu'! Logies of partial terlllS fol' sh'ict and 11011­
:-\triet. fuuet.iollal progralunliug lauguages

:i" o_ .. j

The \Vorld of ftllldiollal progl'aulilliug is split. illto t.wo part.s, the world of 'stric"
~vallJ;lt.jolJ (i\'J L.ScllCllIe) ami the world of lazy evaluat.ion (HaskelJ,M'randa).·We
are illt.erest.ed ill t.lw logical fOtllldat.ioll COllllllon t.o bot.h worlds. For this purpose
we int.r()dlJrt~ t.he Basic Logic 0/ Padial Term.s (BPT). This logic proves propert.ies
of PI'ogl'allls which arl~ valid under both strict and lazy evaluation. BPT cont.ains
a definedness prcdicat.e hut. no (:oust.aut. deuot.ing t.he object 'undefined'. In t.his
rcspect. it. is silllilar t.o Beeson's logic of part.ial terms. In addition, the system SPT
t:out.ains a schellle of induct.ion for least. fixed-point recursion. This scherne can
oe t1sed t.o provc IIseful program t.rallsformat.ion rules like t.he reduction of nested
a,-.; we.1I as it.erated rectlrsion t.u simultaneous recursion (cf. Moschovakis' Formal
Lallglla.ge of R.(~cllrsion FLR). Moreover, logics for strict (call-by~value) and lazy
(f.all~hy-naulc) evaluat.ion can be oht.ained from BPT in a very simple way. For
caJJ-by-value we adel axioms saying t.hat variables are defined; for call-by-name
we recl'lire axiolllat.ically t.lmt. each type contains undefined objects. Since both
ext.cllsions arf' adequat.e for t.he corresponding evaluation st.rat.egy, we have a simple
logieal explanat.ioll of c:all-hy-value and r.all-by-narne evaluat.ion.
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T. St.l'aluu:
Lcuge Metapl'edicativity

M dal'rf'.dir:ativ"ity is a Hew general t.erm in proof t.heory which describes t,he aualysis
and st.udy of formal syst.eJlls whose proof-"theoretic st.rengt.h is beyonu t.be Fefe 1'1 11 au­
Sdliit.t.e ordinal 1"'0 hut. whieh are uevert.heless alflcuable 1.0 predicat.ive lIIet.hods.

111 t.his talk we givc a geueral slIrvey aud int.roduction t.o luetapredicat,ivit.y. lu par­
t.icular, we UiSCllSS variolls exalllpies of metapreuicative syst.ems, illcludillg (i) sub­
syst.ems of secolld order <lrithrnetic, (ii) first. anu seC()I}t1 oruer fixed point. t.lteories,
(iii) ext.t::lIsious of I\.ripke-Plrüek set. theory withollt. fouudat.ioll, aud (iv) syst.ClllS 01'
explidt 11\t\.t.hellHttics wit.h uni verses.

Ilelevaut. keywords for 0'11' t.alk are: al'it.hrnet.ic.al transfinit.e recufsioll aud d€~pefld(:llt.

r.hoice; ,·est.rict.ed haI' iudllct.ion; t.ransfinit.e hierarc.hie:.; of fixp.d point.s; t.ransfillit.(~

fixed point, recllrsion; hyper inaccessibilit.y, Mahloucss wit.bollt fOlJlldat.ioll :U1d I)(~­

youd; lIuivcl'se operat.ors.

G. Tak€~uti:

Forc.iug aud coulplexity theory

'fhis is a joint. work wit.h lVI. Yasurnot.o.

Let. N he a cOIIIl1.ahle model of the t.rue aritillnet.ic. TIt( lN) where L'1 is a sl.:-lIIdal'd
III(Hlel 01' aril"llIIwtic. Let 1/. E N be a llolJst.alldard element..
TIJell

1\1 = {x E N I x ::; TI. # ... # Tl. far SOHle 1l # ... #1l }

is a IlIodd of hOllnded arithllletic. 52' Let. l'n =jn land J\rlu = {I x I I J: E j\tJ}
\Vllel·t.~ I a I is I.lle lellgt.h of the billary expression of a. Now illt.roduce hoolt"~all

variables po, PI, ... 1 ])11,,-1 alld generate a boolean algebra obtailled frolJl )lolYlJlonial
size cil'cllit. fl'OIIl Plh]Jll" 'lPn(,-t,O, 1. We define MB := {X E Al 13y E "llu(X :
y ---,0 B)}. Let. I he an ideal of B. I is said to he Mo-eornplet.e if

an E NI Vi < an (bi E l) ---,0 V bi E J.
i<an

Sillce AI/ I B, I are all cOllnt.ahle, if i E I t.hen by fOl'cillg we ean have a g(~lIeric

ult.rafilt.er G such t.ltat. G n I = 0. Let. us deuot.e a rnorphism made hy G hy "c;, and
define 1\4(G] = {h(;(X) I X E NI B } where for X : y - B, ItG(X)::tI ~ {O, 1} is
defined hy "i < Y - h(;(X)(i) ::= hG(a) =a.

A1[G] sat.isties:

1. Polynorllial time cornput.able functions are defiued iu 1\1 [G].

2. Let. cp(a) be a sharply hounded forrnula. Then M 1= VXip(x) - M [C] F
VJ;lf'(x).

a. If M[G] is not. a model of 8 2 • t.hen P:f:. NP.

\'Ve couject.ure UmL 111 ost. A1 [Cl are not. a model of S'l. sinc.e t.he t.rue uefillit.ion
[rp] E B is defilled for every sharply bounded forrnula cp by

[3x ~lt I rp(J:)] = V [If'(x)]
;t;$1~1

It IE A1n[Vx ~I tl ip(x)] = /\ [r.p(x)ß
x$I~1

hut. [Ifl] call1lot he de1illcd for not. shal'ply bouuded fonnulas.

10
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---- -------------------------------

TlJis is t.he basic t.heory of forcing. \Ve discuss t.\\'o specific cases.

1. A sllbset. C of A1 is ~ C1.t in A1 iff

(i) a E C - a + 1 E C

( ii) b < a E C -- b E C

C iu A1 is kfuu-inaccessible (Moo = {lxii xE lWn}) iffVa E MooVf E M :

f : a - A1 11I011. incr. 1(0) < C < f(a - 1) -- 3x E a.f(x) < C< fex + 1)

Theorelll: TlJere exists an A1oo-inaccessible cut. C in Mo.

Let. G = (V, E) be a graph. S' ~ V is a ciiqtte in G ifr

Vv, Vi E S(v #- Vi ~ {v, v'} E E).

The diqup. 1l11mlu~r of Cl graph G = (V, E) is k iff

VS' a clique I5 I~ k 35 a clique ISI= k

Tlw iudrpr.ndent 7t"ltmbcr of a graph G =(V, E) is k iff

VS illdepeuuellt. set. ISl~ k

,e:; is au inderJf:nde71t seI. ifr

t\ 35 independent set. 151= k

VV,V' E S(-u:f:. v' ~ {v,v'} rJ. E)

Ld G be Mnwina('.<:essihle and

i] < i'2 < ... - C' il > i'2 > ... -- C

1110 - il > :i , ... , jk - ik+t > :.ik, ...

-,f--+-4- ... -+- ... -J-~--l---J--

i l i'2 i:i C h h il rn.o

Let. 11.n = H1u(r~{I-t). Then we defille a funct.ion {St,S2} such t.hat

Let. A : 11.0 - B, A(i) = Pi I 7no be the set. of vertices. Let [i] = {O,l, ... , i-I}.
We defiue bt , b".!l'" I b;, b~, ... by

..,bk +t = I [ik+d - [id lJas t.he clique number i1:+1 - ik - k'

but [i1:+1 + 1] - [ik] has no (i1:+1 + 1) - ik - k clique I
b~+1 == I [JA: + I) - [jk+t + 1] has the independent nurnber jA: - jk+t - k

hut [jA: + 1] - U1:+tl has HO ik + 1 - ik+l - k independent set I

COllject.llre: Let I be the Mn-cornplete ideal generated by b11 b2 , ... , bll' b~, .... Then
1 ~ I. ...

TheoreJII: 'rlle conject.ure iwplies P :f:. NP.

2. This t.i 11 Je wc illt.roduce Booleall variables Pi for evel'Y '1 E 1\1 and gellerate Booleall
algehra ß by polYllowical size c.ircuit. frOlli Pt, P2, ... I pi,.... Let 1I0 E J\1o and

J1
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d E 1\1. Defiue td : au - B by td( i) = Pa,)d+i· Far d < d' define bd,d' = [tdl S; td].
Let. I be an A1n-cornplet.e ideal frorn bd,d' (d < d'),

TllcorelJl: 1 fJ. J.

\Ve d iscllss the int.el'esl,ing model M [Cl obt.ained fwm this J,

S. Tenvijn:
Algori t1uuie R.alldoUH1CSS ana Lowness 11

This is t.lll~ COlJlIt.erpru·t. of t.he t.alk by D. Zambella. 'rVe present. some joilll. work
wit.h Ant.olJin KUCel'il.

\Ve pl'ovP' t.hal. t.hcl'e is a nOBrccursive set A t,hat is low for t.he dass 1(. of Mart.ill­
L(if-l':1udolJl set.s: i.e. A is such that R. =1?A.

S.'l'llpailo:
Fiuitary l"(~dlletiolls for loeal predicativity

Usillg t,he rOllrept. of Ilotations for infinitary derivations, introduced by Burhholz, we
ddil1~ linit.al'y l'edlJet.ioJls corresponding to the rnethod of loeal predicat,jvity. First.
Wl' cOlisider illfinit.flry syst.em T~ of recurslvely inaccessible ordinals and defilJe
cont.i IIIJOUS operat.ors [.'Y of predicati ve cut elimination, bounding operat.ors ßC,{j I

and collapsi IIg operat.or 'D. Theil' pl'opert.ies are:

rl~r => [. (d) l~h"f..l')r
fi 'Y (j-W'Y

d~r:C => Be ß(d) ~r, C ß if C E E~ and f..l' ~ {J
fT I (j

.d~r
t?rx

=> 1J(d) ~r

Tlleu we cOllsider fiuit.ar'y system Ti., which includes infel"ence symbols

~.

'IIJ

o .
0([:-Y ) ~(1J)o

and show how reduct.ions for t.his syst.em are derived from infinit.ary ones.

Our work explaius T.Arai's reuuet.ions for t.he syst.em T2 of n2-reflectiug urdinals.

A. Vissel':
The adnlissible rllies of Heyting Arithnletic

\-Ve show t.hat. tohe aurnissible rules in the language of IPe for subst.it.utious ill HA
al'e precisely t.he SrUBe a..c;; t·lle adrnissible rules for subst.itutions in Ipe. Tlte pl'oof
uses a r"es\Jlt. d \Je t.o G hilardi who shows t.hat. the exact forrnulas are preeisely t.he
fOI'Blulas wit.h t.he ext.ension property.

12
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A. Voronko\':
Herbrauu's theorenl aud eqllational reasouiug

\Ve. disc.uss SOHle decisioll problems for logic wit.h equality relat.cd t,o Herbrand's
t.heorern. Then we explain how result.s on t.hese decision problems helped UH to
dassify der.idable prenex c.lasses of intuit.ionist.ic. logic.

A. \Veierrllrtnll:
Tenu rewritiug aud Proof Theory

111 t.he first. talk we survey recursion- and proof-theoretic analyses of terminat.ion
prnofH for rewrit.e syst.ems. lu part.icular we analyze t.ermination orderings in terms
of t,he slow gruwing hierarchy. Fillally we prescut sante surprising result.s ahol1t.
l,he growl.1. rat.e of t.hc slow growing hierarchy. R.emarkably the hierarchy (GO)O<€II
becOIlles filst. growing if its llllJerlyillg system of fundamental sequences is defined
as folIows: (W U + ..\)(x) =WO + ..\(x + 1]; wA(x) =wA{:rJ; wo +1[x) =WO . (x + 1). (Hel:~_ ..
we aSSIlIlIe W

U +,\ > ,\ E Li1n.)

111 the secolld talk we prescnt a const.ructive terrnination prouf for Gödel's systein'­
T which is of lowest. possible proof-theoretic complexit.y. Using met.hods of Howard- ~~.

:\1Id Scllüt.t.p we define a fllnct.ion I : T - w such that. (Vs, t E T)[s reduces to t. =>
I(s) > I(t)]. Allloug at.her t.hings t.his result. yields an opt.illlal derivat.ion lengt.lts
classiticat.iol1 for T alld it.s fl'<igmellts. .

D. Zalllhellrl:
Aigoritluuic l'<lnUOlllUess allu lowness

Ahst.ract.: I shall disCllSS Mart.ill-Löf aud Schorr raudom set.s and set.s t.hat. aI'e
low [or •. lIese c1asses. I will give a recursion t.heOl·et.ic characterization (not.abIYI
1101. U1P.llt.iolliug lueasure) of heing low for Schorr randolll (a result. obt.ained wit.h
S. Terwijll). I shall cornpal'e t.his result. wit.h one of I\ucera and Terwijn Oll towness
[01' Mart.in-Lüf random set.s.

Berichterstatter: Ulrich Berger.

1:~
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