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' Mathematisches Forschungsinstitut
o Oberwolfach

BERICHT

Ergodentheorie

26. bis 31.7.1965

Die in Oberwolfach vom 26.-31.7.1965 abgehesltene Tagung iiber
. Ergodentheorie stond unter der Leitung von Herrn Prof.K. Jacobs
\ (Gottingen). Von den insgesamt 35 Teilnehmern kamen 30 2us dem
Ausland.

Die Teilnehnmer:

Adler, R.L. Yorktown Heights/USA

Beck, Prof. Dr. A. Wisconsin/USA

Benthenm Jutting, L.S. van Amsterdan

Billingsley, P. Kopenhagen

Blun, Prof.Dr. J.R. New Mexico

Boclé, Prof.Dr. J. Rennes

Brown, Dr. C.C. Gottingen

Brown, Prof.Dr. J.R. Corvallis/USA
‘ Brunel, Prof.Dr. A. Sceaux/Frence

Cigler, Prof.Dr. J. Groningen .

Csiszéar, I. Budapest

Dowker, Frau Prof.Dr. Y.N. London

Hajian, Prof.Dr. A. Boston

Hanson, D.L. Columbia/USA

Helmberg, Prof.Dr. G. Eindhoven

Hérault, Prof.Dr. D.J. Saint Sulpice de Favidres

Hopf, Prof.Dr. E. Bloomington/USA

Ito, Prof.Dr. Y. Providence/USA

Jacobs, Prof.Dr. K. ‘ Gottingen

Keane, i.S. Gottingen

Ornstein, Prof.Dr. i.S. Stanford/USA

Parry, Prof.Dr. W. Brighton/England

Post, K.A. , Eindhoven
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Rényi, Prof.Dr. A. . Budapest
Révész, Prof.Dr. P. Budapest
Roussas, Prof.Dr. G. Sen José&/USA
Ryll-Nardzewski, Prof.Dr. “roclaw/Polen
Scheffer, -C.L. Utrecht
Simons, F.I. . Amsterdam
Smit, J.C. : - Nijmegen
Stone, D.HM. ‘ Rochester/USA
Sucheston, Prof.Dr. L. Columbus/USA"
Urbanik, Prof.Dr. K. Wiroclaw
Waldenfels, Dr. W. von Julich
Zieschang, Dr. H. Frankfurt/i.

Leider ergabenvsichAeinige kurzfristige Absagen; so konnten
Frau A. Ionescu-Tulcea (Urbana) und die Herren J.G. Sinai
(Moskau), Anosow (Moskau), Novikov (Moskau), Gottschalk
Chacon (Columbus) und C. Ionescu-Tulcea (Urbane), mit deren
Anwesenheit noch bis kurz vor der Tagung gerechnet worden
war, nicht teilnehmen.

Die Tegung war schén und fruchtbar. Die bewdhrte Instituts-
atmosphdre von Oberwolfach tat ihre Wirkung. Mathematiker sus
den verschiedensten Lindern fanden sich zu gemeinsamer Arbeit
und Diskussion und auch zu musikalischen und sportlichen Un-
ternehmungen freundschaftlich zusammen. Insges2mt wurden

22 Vortrige geh=lten und eine Reihe von Problemen gestellt.
Von verschiedenen Tagungsteilnehmern wurde vorgeschlagen, der

- gegenwdrtigen internationalen Aktivitdt auf dem Gebiet der

Ergodentheorie durch eine jdhrliche Wiederholung der T?gung
Rechnung zu tragen.

Nachstehend sind Auszilige der Vortridge, sowie die von den Teil-
nehmern aufgeworfenen Probleme zus~enmengestellt,

Vortragsausziige:

R.L. Adler: Entropy of Chebyshev Polynomials.

The notion of entropy of a measure preserving transformation has
a2 topological analogue. It can be defined for a continuous
mapping of a compact topological space into itself. In this
setting it is a number which is a homeomorphic conjugacy
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inveriant. In order to compute this number for‘simple examples
the Chebyshev polynomials naturally =2rise. They are polyno-
mials which map the interval [—1,1] onto itself =nd as a class
form a semigroup under composition.AThe result is that the
entropy of the nth Chebyshev'polynomiel is log n.

L.S. ven Benthem Jutting: A meximel ergodic. theorem for -
non-singular non-invertible -
transformnstions.

Dowker's proof of the maximal ergodic theorem for non-singular
trensformations (Jacobs, Neuere Ergebnisse der Ergodentheorie,
p.64) may be applied to non-invertible transformations satis-
fying the condition m(T"'E) = 0 = m(E) = 0 for all E € B,

P. Billingsley: Connections between ergodic theory =nd Hausdorff
dimension. '

An account of the connections between ergodic theory (the
Shannon-iicillan theorem) snd Heusdorff dimension, together
with a review of some recent applications to dimensional
problems involving continued fractions. '

J.R. Blum: On roots of transformations.

Let S be the class of invertible, neasursble, non-singular
transformations of the unit intervel onto itself. We show

1) that the transformations with roots of every order are dense
in S, 2) that the ergodic transformations with no roots are
dense in the =ntiperiodic transformations, end 3) that the
antiperiodic transformztions are novhere dense in §.

J.R. Brown: Two extreme-point problems in ergodic theory.

The first problem concerns the convex set M of Markov operators
on Lam(X’}’m) that leave the meesure m invariant. Conditions
are given under which operators arising fron measure-preserving
transformations of (X, #,m) are dense in M, and other partial
results are given concerning the extreme points of M.

The second problen concerns the extrecne points of the convex
set K of invariant probability measures for a fixed Markov
operator T and, nore gencrally, the minimal elements of the
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cone of §-finite, conservative, inveriant measures for T.
Connections with the Martin boundsry are indicated.

A. Brunel: Exenple d'une transformation pour la quelle il
n'existe pas de mesure invariante finie ou o-finie.

Le probléme est équivalent ~u probléme suivent: w étsnt la
dérivée de R.N. correspondsnt & T, 1'équation fonctionnelle
f(Tx)w(x) = £(x) a-t-elle une solution f > 0, mesurable et
finie, p.pn.?

Une applicetion T de [0,1[dsns [0,1[ est d&finé par son
graphe (fig.). Pour tout n, on obtient des intervalles

. I ,...,T ,...,1I et le tableau suivant donne les nombres
Pn ° Pn '

d'intervalles ayant méne mesure.

Nb. d'interv. q° 20;

PaP n
n * 0o o 2Cn0002

o-n 2—n—1 .2—n—p.‘2-2n

Mesures

. o

On définit pour toute fctn. nes.,

ek e - e e

2 0, h, le nombre « (h) = ' Jf h . i

si h fh, «(h)— x(h). Soit E, = CIpn»et ¥, 1l'indicateur
de Eh' Gn est l'ensenble des solutions nesurables, > 0 de
" l'equat. approchée: [g(TX)aKx)fg(x)] Y;(x) = 0. I1 suffit de

prouver que ¢x(Gn) = sup ®(g) —> 0. Ce qui se démontre en
gv‘CGv1
évaluant un majorant de «(g) d'abord pour les fonctions

étagées, puis, a 1'side du lemnme, pour toute autre fonctions

de Gn'

J. Cigler: Zrgodizitdtseigenschaften von Folgen.

Fir jede Folge w_ = {x,} in einem kompakten Hausdorffraum X
existiert ein minimeler kompakter Heousdorffraum X s €ine

. . O
stetige Transformation T auf %ﬂ und eine stetige Abbildung

T: X —> X derart, dal x_ = 7 (7%, ) ist. Dobei besteht
. “q n (6]

ein enger Zusammenhang zwischen Verteilungseigenschaften der

Folge {xn} und Figenschaften von Xwo, T und IT(Xub)’ der
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Menge aller T-invarienten Hale. Es erweist sich als zweckmdbig,
einen Begriff der "Pseudoergodizitat" einzufﬁhren, der fiur

X =X mit dem iiblichen Begriff der Ergodizitdt ibereinstimmt..
W

o ) I3
Dieser Begriff erlaubt u.a. eine ergodentheoretische Charakteri-

sierung gleichmdBig gleichverteilter Folgen sowie eine einfache
ergodentheoretische Deutung und Herleitung eines Gleichvertei-
lungssatzes von van der Corput.

Fur spezielle Folgen ergeben sich u.a. einfache Beweise bekannter
Satze. Beispiel: X = T1 (= Gruppe der reellen Zahlen mod 1),

k , : . : _
w, = {p(n)}, p(t) = aot t ...t a, a irrational, ergibt: .
| £ [¥ j-1 1a )
‘ Xwo = Tk, T(X‘]’O"”Xk) - (X2’..,’Xk, "j (-1) Xk—j+1+k.ao)’
: j=1

IT(%”b) = m = Haersches HMab auf T, (k-dim. Torusgruppe).

Y.N. Dowker: On a mixing problem.

Let. (X,3,N) bve a G-finite measurable space with the & -ideal

of zero sets N. Let T be a 1-1 measurable, non-singular trans-
formetion of X onto X. T is called = generalized K-2utomorphism
if there exists a subalgebra o of A such that

00 . ® .
Toe > ot , \/ T = B, /N T = trivial 2lgebra.
i=-0 , i=-00
' T is called a generalized mixing if

(1) y(1™a) — /4(TnA)-Ea O for A €8, y2nd « normalized

measures on (X,8,N).

Question: If T is a generalized K-automorphism is it a generalized
mixing?

Partial results: (a) If T is g generalized K-sutomorphism then
(1) holds for eVery A€ L/:T%&‘

(b) If T preserves a G -fihite invarisnt measure m on-(X,B,N),

T is conserva tive 2nd o contains at least one set of finite
m-nmeasure then (1) holds also for every set A of finite m-measure.

(c) Under the same condition .as in (b) 0 = 1im ()*(TnA)jM(TnA))
~for every A€ 8,
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A. Hajian: Trensformations of x -Type.

Let ¥ Dbe an ergodic measure preserving trensformation defined

on a G -finite (infinite) measure space (X,B,m). We assume the
measure. spsce is non-atomic.
Definition: Y is a transformation of type of for some ¢ with

0 <« £ 1 if 1im n(f"a n 4) = o m(4A) for every measurable

n—>oo _
set A with positive and finite messure.

We show by construction that for every o« with O L <1 a
transformetion of type o exists which is ergodic and measure
preserving with the measure of the whole space infinite.

In general it is easy to show that given 2ny ergodic measure
preserving transformation Y defined on an infinite measure
sppce then either ¥ is of type O or of positive type (but not
necessarily of a given type o¢ ). This mesns that either

Tim a(¥™A A A) > 0 for 211 A with m(A) > 0 or

lim n( Y22 A" A) = 0 for a1l n(A) < . (Details to appear).

D.L. Hanson: Roots of the one-sided N-shift.

A method for obtaining pth roots of the one 2nd two-sided
N-shift with N=kP heve been known for some time. A.proof is
given that in the case of the one-sided N-shift there is no
p-th root unless N=kP. The nethod of proof applies to other N
to one trensformetions as well., A new nmethod of obtaining p-th
roots for the two-sided kp—shift is given.

G. Helmberg: Uber konservative Transformationen.

Ornstein und Halmos haben gezeigt, dab eine invertierbare kon-

servative Trensformetion T in einem G-endlichen Mabraun (X, %, ),

die & (TE) < w(E) fir alle & € X erfillt, meBtreu ist. wird
die Voreaussetzung der Invertierbarkeit weggelassen, dann hat
*

/a,(TE)_S/u(E) fir alle E €IK&/§ = duBeres MaB induziert

dureh) noch stets ' (TE) = u(E) =w(r™'E) fir s1lc 3 € R
und "im wesentlichen" Invertierbarkeit von T zur Folge; jede
der Voraussetzungen /f(TE) 2 mM(E) fir alle E € R bzw.
A(17'B) < u(B) fur slle B R ist mit der MaBtreue von T
dquivalent, wihrend «(1”'E) ¥ &(E) fir alle E € R MaBtreue
von T nicht zur Folge hat. Als Anwendung 148t sich der Zer-
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legungssatz von Hopf 2uch auf maﬁtreue, nicht invertierbare
Transformationen ibertragen und die Mabtreue der durch eine
konsérvative mnabtreue Transformation induzierte Transformation
zelgen. In den Beweisen spielen duale Aussagen zum Wiederkehr-
satz fir konservetive Transformationen eine Rolle.

Y. Ito: Weakly wandering sequences.

Let ¥ be an invertible,.oon—singular, neasurable tresnsformation
on a probability space (X,B,m).
Def. 1 {n }' is cslled a weakly wandering sequence for ¥ if

there ex1sts 2 set B of positive measure such thet

o ‘m(f B/\)"JB)=O(1={=j).

Def. 2 {nI} is c2lled = recurrent sequence for ¥ if no

infinite subsequence of {n is = we2kly wandering sequence.
Let us now assume that Y is ergodic =nd admits 2n infinite
(but 6-finite) invarient measure A equivalent to m.

Def. 3 {ni} is ca2lled 2 dissipative sequence for ¥ if for
1 > oy |
every £ €L (u) E{: [£1(Y *x) < o holds a.e.
i=1

Proposition 1. If fn 11 is 2 weakly wgnderlng sequence for P,

then it is a dissipative sequence for ¥, 2nd if {n } is a

dissip=tive sequence for ¥, then there exists = subsequence
.\ fnj} which is weakly wandering. However it is not true in

general that every dissipative sequence for ¥ is a weakly

wandering sequence for ¥ .

Proposition 2. Let for each pos. integer Kk, I; = {ki,i;0,1,...f

and I = fkili=-1,-2,...% . Let fni} be a weakly wandering

sequence for¥fand let N = {ni-nj]i=1,2,...;j=1,2,...}. Then

for e2ch k, the set theoretic differeﬁces I; - N 2nd I£ - N

must each contain infinitely many numbers.

Proposition 3. Let {ni} be & weokly wendering sequence for ¥ .
Then, there exists a positive integer k such that {n, }‘;{n +k |
i1s 2g=2in weakly wandering for ¥ . (In fact, there ex1sts
infinitely many such k).

Proposition 4. Let {ni} be 2 weakly wandering sequence for ¥ .
Then the density of n; is zero, i.e, lim % = 0.
' i—01
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Proposition 5. ¥ is 2 positive type transformation if and only

if there exists a recurrent sequence for ¥ .

K. Jacobs: OnPoincare's recurrence theoren.

Let T be a continuous mapping of a polish spece £ = {w, a..}
into itself. For =ny sequence J = to,t1,.;;» of integers such

T .
that 0 <t <t < ... let £2()) ={we&|wr F—>wi,

]
t
V(]) = {n|n prob. ricas. in§ , mT
Put Rpgo = YR Vigo = YV
‘. Then the following results hold:
1. Recurrence theorenm: If n € k/fec then m(SZrec) = 1.
2. For any J, V(J) 1is e simplex, but not necessarily weakly
compact. The extremal points of V (J), if there are any
(every mixing m € }/(J) is extremsl), are mutueslly orthogonal.
3,.If T is 1-1 onto, with a2 continlous inverse, then it per-
mutes the extremel points of V (J). ,
4. If T is as in 3., »nd if m is an extremsl point of \/(]);
then either m is periodic of m is wandering:

k —> n (wevakly)-}

nr® | mr® (0<s <t)

In the latter case no stronger finite invariant meesure exists, -
hence 1. is not in general a corollary of the classical -

® Poincare's theoren.
5. Recurrent Bernoulli, #arkov, and Gaussiesn measures can be
constructed by partly intricete methods. .
I heve a theorem which asserts convergence 2.e. of ergodic
means of continuous, but not of bounded measurable functions,
under assumptions on the measure which imply sSomewhat more
than recurrence, and some independence.

W. Parry: On the coincidence of three invariant o-2lgebras
associated with an affine transformaztion.

The maximal partitions with zero entropy, quasi-discrete
spectrum, =nd the distal property, associated with an ergodic
affine tronsformation of a compact connected 2beli=n group,
coincide.
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P. Révész: Sowms problems ond a few results on mixing
transformations.

“e say that 2 transformation T defined on a probzbility space 5
{X,%, #} mixes the function f(x) € L2(X,/0 if for any g € L

E(f(1"x)g(x)) — E(£(x))E(g(x)) (n —s ® )

If T mixes eny element of L2 then T is a mixing trensformation.
The chearacterization of 2 mixing transformstion is a very
complicated question (sce for instance the problem of Blum in
the Trensaction of the New Orlesns Symposium). The following
type of questions will be studied: '
‘ 1) Can we find sn element A of ¥ such that T %A is a

‘ sequence of independent events if T is mixing? _
2) If fni} is =n erbitrary sequence of integers snd T mixes
f, then is the strong (or the week) law of large numbers

1X)f ? Converscly if the strong (or the wesk)

valid for ff(Tn
law of large numbers is valid for =ny n, and »ny f € L2,
can we state that T is mixing?

3) If we know that T mixes some f € L2, can we state that T

is mixing?-

C. Ryll-Nardzewski: Fixed points of semigroups of endomorphisms
in lineAar speces.

Let G be a certain semigroup of endomorphisms of a2 linear,

. locally convex spzce X 2nd Q a G-invarient (i.e. T(Q) €Q
for 211 T € gG) convex #nd wezskly compsct subset of X. G is
called non-contracting on Q(G € NC on Q) if for every pair
X,y of different points the null vector O does not belong to
the closure of the set {Tx - Ty : T€ ¢} .

Theorem: If G € NC on Q, then there exists 2 fixed point of G
in Q. Corollary: There exists an invarient mesn value of weskly
almost periodic functions on arbitrary groups.

The full text will be published in the Proceedings of the

Pifth Berkeley Symposium (1965),

C.L. Scheffer: On the use of martingsle convergence theorens
in the definition of entropy. '

Using convergence theorens for martingales indexed on 2 directed
set, it is possible to give ~n exiension of the definition of
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the Kolmogorov-Sinai entropy, which is based on the almost
everyvhere part of the Shannon-McMillan theorem instead of on

- the L1—part of this theorem. In this way it is possible to

prove for a general clesss of functions Y that the ¥ -entropy,
defined below, satisfies for ergodic ~utomorphisns

o pm)

whcere H is the Kolmogorov-Sinei entropy of the system =nd H(f)
is defined in the s=me w2y s H, but sterting from the expres-

sions
1Y - D u(n) ¥oun))
P aes

inste=ad of |
H =

§

This gencralizes = recent result of Guseve.

ZE;“(A)Ilog/“(A)I
A€ ]

F.H. Simons: Zerlegung meBbarer Treunsformetionen in
Konservative und dissipative Bestandteile.

Ein weiterer Beweis eines Zerlegungssatzes fiir melbare Trans-
formstionen, welchen Prof. Helmberg in der Mathem=tischen
Zeltschrift 88 (1965) 358-367, versffentlicht hat.
Satz: Es sei T eine mebbare Treansformation in einem G -endlichen
MeBreum (X, X,4).. Dann existiert eine Menge Y € K mit den
folgenden Eigenschaften:

1.) 77 lysy

2.) Die Beschrdnkung von T »uf Y ist konservativ in (Y,)Zanu)

’

®
3.) Y' = U ow, ", wandernde lMenge.
B e

Y ist durch 1), 2) und 3) bis 2uf eine Menge von u-Ma 0 ein-
deutig bestimmt.

D. Stone: Ergodic orbits.

It is shown thst 2 1-1 ergodic measure preserving transformetion
T on the unit interval I is determined by the orbit

Ty ={r%|n = 1,2,... J of almost sny x € I in the following
sense: A sequence f = f T(n)|n = 1,2,...} is » "determining
sequence" (D-seq.) if it satisfies 2 (complicated) conditions.
Every D-seq. § determines (=.c.) » unique transformation T

by 2 generalization of the "continuity rulet: If K(ni)-——»'g,

Forschungsgemeinschaft © @




F

Deutsche
Forschungsgemeinschaft

s




UFG

Deutsche

Forschungsgemeinschaft

- 11 -

then }(ni+1) — T} x. If further | is uniformly distributed,
Ty
is & D-seq. satisfying further (compliceted) conditions. Then:

is neasure preserving, but not conversely. An E-sequence

Every E-seq. determines =an ergodic measure preserving trans-
form=ation. Conversely, 1f T is an ergodic measure preserving
trensformation; then for almost ~ll x, }x is 2n E-seq. =nd
the transformation it determines is T (a.e.). Conditions are
21lso given, in terms of the genecral orbit, for T to be weakly
strongly mixing. |

L. Sucheston: On invariant measures =2nd maximal ergodic
- theorem for operators.

Theorcm 1: Let K be 2 set of real-valued functions on X =nd

assume that K is a linear sprce #nd 2 lattice under pointwise
operations. Let V be a positive linesr operetor on K, N be =

o

positive integer end set for =n f € K
n-1

: i
gy = Mmax R = 48y > 0.
oqaar =00 7 4 = ley -

~ Then (1)‘f'1AN > hy - Vhy with hy = mex (O,gN) (includes

Hopf's meximel ergodic theorem). Corollary. Let K =1 __,

v 1. Then for each x € X, men(f.1A )(x)] > 0 where
~ Oy

m(xn) = min L(xn).

Theorem 2: Let T:L1(X, a,p) —> L, Dbe a2 positive line=r
contraction. The following =2re equivalent: (0) There exists
2n f €L with £ >0 =#nd Tf = f. (1) p(A) > 0 implies
iﬁf T, (A) >0 with T (4) = i&n1dp.

(2) p(a) > 0 implies M[?Tn(A)] >0 with M(x,) = mix L(x,)

(3) All Bsnech limits on ﬁh(A) agree snd T is conservative.
Theorem 3: T is conservative if and only if for each .

A, Ac{ZT*1, = o},

K. Urbeanik: Bntropy in Quentum Mechanics.

Two stetes ¥ ~nd ¥ of a physical system H (H - = hilbert
sprce) are said to be equivalent with respect to the physical
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quantity A (A - a self-adjoint operestor in H), in symbols
¥ % ¥, if A hes the same mean value at both states ¥ and ¥ .
This relation divides the set of 21l states into disjoint
classes which are called macrostates 2nd will be denoted by
capital Greek letters @, ?, .o+ « In the quantum macrophysics
the concept of macrostates is a substitute for the concept of
states (microstates). The mean value M (45) of A at the
nacrostate ¢ is defined as the common value of mean values
(AY,y¢) for all VY€ @ . According to Jaynes principle of
maximum uncertainty we define the entropy SA(Q)) as the
maximal uncertainty concerning A when the mesn value MA(Q>)
. - is known. One c¢z2n prove that SA(cf)) is finite at every
macrostate @ if the operator A has discrete spectrum
X1,22,... and there exists a real number ¢ such that

Zz_e X ¢ @ . Bach operator A satisfying the last conditions
k=1

will be called thermodynamically regular. The motion of the
system in question is determined by the Hamiltonisn H. The

law of the motion is customarily written as the Schrodinger
J

equation 1'11—5;6- Y =Hy .
Theorem 1: The relation Zf is invariant under the motion iff

the operator A commutes with the Hemiltonian.

This theorem shows that in general macrostates with respect to
‘ operators non-commuting with the Hamiltonisn brench out during

the motion of the system. Therefore it is necessary to 1ntroduce

a new concept of entropy at time t. We define S (@)) to be

the meximal uncertainty at time 1 concerning A when the initial

mean value H, (@)) is known.

Theorem 2: (Principle of increase of entropy) SZ((I)) > Sflx‘(@)

(t >0). B

Theorem 3: (An analogue of Boltzmann's H-theorem) Suppose that

A has infinite spectrum. Then either T3in SF(@)) = o for all
t— o *
macrostates for which ¥ (@) is different from the lecast 2nd
the greatest eigenvalue of A, or +Ti?ﬂ St(@) < oo for all
TP
A and uO;re strongly non-commuting,
i.e. spectral measures of 4 and o do not commute.

The first case holds whenever
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W. von Waldenfels: Mathematische Theorie des statistischen
Starkeffekts.

In Jehrc 1913 entdeckte Stark die Verschiebung von Spektral-
linien durch duBere elektrische .Felder. Ist das elektrische
Feld nicht zeitlich konstant und fest bestimmt, sondern ein
stochastischer Prozess, so erhdlt men eine Linienverbreitung.
Nimmt man an, das leuchtende Atom sei umgeben von cinem Gas
geladener Teilchen, die Teilchen seien im Raum "rein willkiirlich"
verteilt und besidben Geschwindigkeiten "rein willkiirlicher"
Richtung aber festen Betrages, sei auBerdem die mittlere Teil-
chendichte innerhelb des WeiBkopfradius (der charskteristischen
Lénge des Problems) sehr klein gegen 1, so erhdlt man die dem
Experimentator geldufigen Erzgebnisse:

In der Mitte verhdlt sich des Linienprofil, sls sei das Atom
stoBen infinitesimaler Teilchen =usgesetzt. Auf den Linien-
fliigeln hat man zu rechnen 2ls sei das elektrische Feld wohl
von Zufall a2bhdngig, aber zeitlich konstant.

Problens.

1. Let h,(¥) denote the measure theoretic entropy of ¥. Then
B (9) < hyg o (9).

2. Let X be compéct netric, homeomorphism. Then h(¥) = sup Quﬂﬂ
over all regular invariant measures.

3. X compact topological group, Y continuous Qutomorphlsm° Then
h(y) = (Y) where s is Hasr measure.

4. Suppose that

(1) (£,B) 1is a measurable space

(2) A is an algebra of bounded measurable functions on ($2,B)
with 1€A _

(3)¢: Q —Nis an inverfible, bimeasurable mapping

(4) X is a2 comp2ct Heusdorff spaoe

(5) for each x€X, 4 1s an invariant probability measure for ¥ .

Qf fdu  is

(6) the mapping 4 : X —>» A* gziven by e (T)

continuous for the weak * topology in A®.
Then for each f&€a, 1 L f <o
n-1

k
lim (l% Z (Y y) -/ax(f)lp/ax(d}’)

I
o

T N

Forschungsgemeinschaft . © @




P

o,

©

Forschungsgemeinschaft

Deutsche

UFG




- 14 -

uniformly for x€X.
. Does there exist a p-th root for a 2-sided N—shift such that
the p-th root maps a one-dimensional set onto »n ® -dimensional
set? ' '

6. Can one exhibit a p-th root (other than the known ones) in
the case of the one-sided kP-shift?

7. In a probability space w1th trpnsformatlon, what can be said

about the rate at which |1 - p(\j T A)l —> 0 under various

sets of conditions?

8. Let N(w,Ak) =n if Tw€ 4 end Tw € A for exectly

k o«'s in the set {1,...,n}. What can be said about the regu-
. larity of the sequence N(w,A,k) =nd about its .veriation from

the sequence {k expected first return time of a point in A to A}9

9. Es sei (X, X,mu) ein total 6-endlicher Malraum, T meBbar,

M={WeR|WNATDW = 0 fir alle n > 1} . T heiBe rein dissi-

@®
pativ, wenn X =\JW_, W € M. T heiwve nicht singulidr falls
k=1 ,

A(E) = 0 & «(T-1E) = 0.
a) T sei nicht singuldr und rein dissipativ. Existiert ein
aquivalentes G-endliches invariantes Maw? (Die Antwort ist ja,
falls T invertierbar ist). '
b) Sei T rein dissipativ und ergodisch. Muﬁ,a-rein atomar sein?
(Die Antwort ist ja,falls T invertierbar ist).
c) Existiert ein Beispiel einer konservptlven Transformation T
" (d.h. & (W) = 0 fiir Plle WEM) in einem endlichen MaPrPum mit
der Eigenschaft (T~ E) 2 m(E) fir =1le EER, (T E)=¥/u(E)
flir mindestens ein EER? (Fir m(X) = oist ein Beispiel
bekannt),
d) Es sei X (lok=2l) kompakt mit 2bzihlbarer Ungebungsbasis,
® = Borelmengen, T stetig. Gilt TRc R 2
0. If X = [0,1] and f(x) = x, T mixes f(x), is it true that
T is mixing?
11. If X 2nd f(x) are arbitrary 2nd the smallest G -algebra with
respect to which f(x) is measurasble is equal to B(f(x)) =
end T mixes f(x), is it true that T is mixing?
It is easy to see that if T mixes f(x) € 12 »sna {nif is an
arbitrary sequence of integers, then
' N

() B> 0002 — 0 o)
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provided that E(f(x)) = 0. Conversely if for sny ink} (1)
holds, then T mixes f(x).
12. If T is mixing #nd f(x) € L' is it true for any [}

N

llZ f(Tnkx) —> 0 r.e. (N — @)
k=1

(provided that E(f(x))= 0)?
13. If T is ergodic »nd lim w(T™™A AA) > 0 for any A with
m(A) > 0, is it true that llg/a(T'nAf\B) > 0 for any A,
B with w(4) > 0, m(B) > 02
Die Probleme stammen von R. Adler (1-3), J.R. Brown (4),
Hanson (5-8), Helmberg (9) und Révész (10-13).

M. S. Keesne
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