
MathemRtisches Forschungsinstitut

Obervifolf ach

B E R ICH T

Ergodentheorie

26. bis 31.7.1965

1 6

Die in Oberwolfach vom 26.-31.7.1965 abgehpltene Tagung über

Ergodentheorie stAnd unter der Leitung von Herrn Prof.Ko Jacobs

(Göttingen)0 Von den insgesamt 35 Teilnehmern kamen 30 aus dem
AuslRnd.

Die Teilnehmer:

Adler, R.L.
Beck, Prof. Dr. A.

Benthem Jutting, L.S. van
Billingsley, P.

Blum, Prof.Dr. J.R.
Bocle, Prof.Dr. J.
Bro V!n , Dr. C. C•

Brown, Prof.Dr. JoR.

Brunel, ?rof.Dr. A.
Cigler, Prof.Dr. J.

Csiszar, I.

Dowker, Frau Prof.Dr. Y.N.
Hajian, Prof.Dr. A.
Hanson, D.L.
Helmberg, Prof.Dr. G.

Herault, Prof.Dr. D.J.
Hüpf, Prof.Dr. Eo

Ito, ProfClDr. Y.
Jacobs 9 Prof.. Dr. K.
Ke ane, },il • S •

Ornstein, Prof~Dr~ M.S.

~arry, Prof.Dr. W.
Post, "K • A.

Yorktown Heights/USA

Vllisconsin/USA
Ams"terdanl

I(openha.gen

l~ e~l rviexico

Rennes

Göttingen

Corvallis/USA

Sce?ux/Frpnce

Groningen

Budapest
Landon

Boston
Columbia./USA.

Eindhoven

Saint Sulpice de Favieres
BloomingtonjUSA

Providence/USA

Göttingen

Göttingen

Stanford/USA

Brighton/England

Eindhoven
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Renyi, Prof.• Dr. A-•.

Revesz, Pro.f.• Dr. P.

Roussas., Prof.Dr. G·.

Ryll-l~·ardzev;.Tski., Prof·. Dr·.

Scheffe.r, ~C.L.

Simons, .F. I .

Smi.t, J. C.

S t on.e.., D. nj.
Sucheston, Prof.nr. L.
Urbanik, Pro.f. Dr. K· .•

YTaldenfel.B., Dr. vv.• von

Zieschang, Dr. R.

Budape'st

BudApest

Sen Jose/USA
~~Trocla\~/Polen

Utrecht
Al'11sterdam
Nijmegen

Rochester/USA
ColumbusjUS.A..

V!roclaw

Jülich

Frankfurt/r~:.

Leider ergRben., sich .einige kurzfristige Abs8.gen·; so konnten

Frau A. Ionescu-Tulcea (UrbRne) und die Herren J.G. Sinai

(Moskau) , Anosow (Moskau), Novi~ov (Moskau)~ Gottschalk I

Chacon "( Columbus) undC .. Ionescu-Tulcea (UrbAne.) , mit deren

Änwesenhei t noch bis kurz vor der T8.gung gerec'hnet worden

19a.r, .nicht teilnehmen.:.

Die Tpg.ung 'war' sC'hön und fruchtbar. Die bevrährte Insti tuts­

atmosphäre von Oberwolfach tat ihre Wirkung. MathemAtiker aus

den verschiedensten Ländern' fanden sich zu gemeinsl=lmer Arbeit

und Diskussion und a.uch zu m~sikalischen und sportlichen Un­

ternehmungen freundschaftlich zusammen·. Insges8mt 'wurden
_ 2-2 Vorträge geh~lten und eine Reihe von Problemen gestellt.

Von verschiedenen T~.gungsteilnehmernwurde vorgeschl'B.gen~ der

gegenvJärtigen interna.tionalen Aktivi tät Ruf' dem Gebiet der

Ergodentheorie durch eine jährliche Wiederholung der Tagung
Rechnung zu tragen.

Nachstehend sind Auszüge der Vorträge, sOlJt7ie' die von den Teil­

·nehmcrn .~.ufgelJTOrfenen Probleme zus p nlDlep.gestell t.

VortrA.gsauszüge:

R.L. Adler: Entropy of Chebyshev PolynomiA.ls.

The notion of entropy of a me8sure preserving tr~.nsformation has
a topological 8n~logue. It eRn be defined· for a continuous

mRpping of a compact topological space into itself. In this

setting it is R number which is a homeomorphic conjug~cy

                                   
                                                                                                       ©



:\
.'-.\.

i':..
. • '0(

,':"
1;-:-.,

.. ~. \ .~.

..... ,.-
i

......;

• i,,":'.

.......~ ..... . ..... .... . ~... '

. .·rt·.. ·:."

.. ' .... --..'

. . ;, .

1.: .. ... ~ .

•• 0'; I

• t .. ~. \, .:.. ~ .,

." .:" ~. .
:.,~ :

;. r- .. : •

"\-}

~,I

.,'
.;.J .

' .. " "}"" ..:".r

...l '~_:;.

• t·""·~ ~'.... _ .

• 1. '.::;.

,'. ;

': -- .,

;
L

} .

'!':
.).; ".,.-",

"I ~ - .' " •

. -.

. ,.:..lo. " ...' ~"!. :.1 ":. ·'T.
• • + :' • ~

~ " .",

1·. I:

· ...1.

..-', :..... ':~

+ ~~', : ,. ","'-r'
·J.I .......,.; .:}

"." ~ ... ,

. ... .. '. ! .~ ~ ~, ..

·... ·:r-.-'··:'
...; r·.

. :.. "

: : :'! ...~.

.... '1,.-:.

: .; ....

~ ..."

;.' .. ':' ~::~':V .....

-r' -

                                   
                                                                                                       ©



- 3 -

inV8ri~nt. In order to compute this number for·simple eXRmples

the Chebyshev polynomi81s naturally 8rise. They are polyno-

mi als TJThich mR.p the int erv 81 [-1, 1] onto i ts elf pnd as a cl B.S S

form 8. serJ.igroup under CODlposit~on. The resul t is th8.t the

entropy of the n th Chebyshevpolynomial is log n.

L.8. van Benthem Jutting: A m8xim81 ergodic.theorem for
non-singular non-invertible­
tr8.nsforrJetions.

DO'}Tker' s proof of the maxime.l ergodie theorem for non-singular

trpnsformp.tions (Jacobs, Neuere Ergebnisse der Ergodentheorie,

p.64) may be Rpplied to non-invertible transformations satis­

fying the condition m(T- 1E) = 0 ~ m(E) = 0 for all E E: B.

P. Billingsley: Connections between ergodie theory pnd Hausdorff
dirrlension.

An account of the connections between ergodic theory (the

Shannon-McMillan theorem) p.nd Hp.usdorff dimension, together

with a review of some recent ap~lications to dimensional
problems involving continued frActions.

J.R. Blum: On raats cf tr8nsformAtions.

Let S be the class of invertible, meAsurRble, non-singular
tr;:msformR.tions of the uni t intervRl onto i tself. ·We show

1) that the tr8nsforIIJ.8.tions wi th roots of every order are dem:;e
in S, 2) th~.t t.he ergodic trr-lTIsforoRtions mi th no roots ~re

dense in the pntiperiodic tr8nsformations, pnd 3) t.h~t the
~ntiperiodic tr;:msform8tions Are nOl'!here dense in S.

J.R. Brown: Tmo extreme-point problems in ergodic theor:v:.

The first problem concerns the convex set M of MArkov operators

on Loo•(X, J ,m) thp..t leave the mep.sure m invAriRnt. Condi tions

are given under which operators arising from measure-preserving

trAnsformations of (X, J ,m). are dense in M, and other partial
results are given concerning the extreme points of M.

The second probIen concerns the extreme points of the convex

set K of invariant probability measures for a fixed Markov

operator T and, more generally, the minimal elements of the
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cone of o-finite, conserv~tive, invpriAnt meRSUreS far T.
Connections with the Martin boundAry are indicRtedo

Ao Brunel: Exenple d' une trB.nsformation pour la quelle il
n'existe PRS de mesure inVRriante finis ou o-finie.

Le pro~l~me est &quivalent PU probl~me suiv~nt: w ~tpnt 1a
derivee de R.N~ correspondpnt A T, l'equation fonctionnelle

f(Tx)w(x) = fex) a-t-elle une solution f ~ 0, mesurRble et

finie, ,p.p.?

Une 8.pplicption T de [O,1[dRns [O,1[ eS.t define par son

graphe (fig.). Paur tout n 9 on obtient des intervalles

I , ... ,1 , ... ,Ip et 1e tableau,suivant donne les nombres
Pn 0 n

d'intervalles ayant m~me mesure.

o 1 P P nNb. d'interv. Cn 2Cn 2 Cn ... 2

Mesures 2-n 2-n-1 2-n-P.e2-2n

On definit pour toute fctn. meso,

~ 0, h, le nombre oc (h) = . J h

{xlh(x)~1j

. ---------- --,
I
t
f,
t
t
1

I'- y,,---,
--. f'

'- -... ........ I 4
-..... t

'",,-

,.
Si hk t h, c( (hk) ~ O«h). Soi t E = I I et r l' indicR.teur

n G Pn . n

de Eil. Gn est 1 f ensernble des solutions mesurp.bles 9 ~ 0 de

l'equ8t. approchee: [g(Tx)t:u(x)-g(x)] lfn(x) = 0.11 suffit de

prouver que Cl( (Gn ) = sup €X (g) ~ O. Ce qui se demontre en
gE:Gn

eVRluant un QajorB~t de ~(g) d'abord pour les fonctions

etRgees, puis, a +'aide du lemme 9 pour toute autre fonctions

de Gn .

J. Cigler: Ergodizitätseigensch8ften von Folgen.

T

Für jede Folge UJ o = [xn~ in einem kompakten HR.usdorffraum X

existiert ein minimRler kompakter Hpusdorffraum X 9 eine
Wo

Auf X und eine stetige Abbildung
(,t)

o
derart, daß xn = rr (Tnw

o
) ist. D~bei besteht

stetige TrRnsformAtion

'J{: X --;> X
Wo

ein enger ZusAmmenhang zwischen VerteilungseigenschRften der

Folge {xn~ und Eigenschaften von X ,T und I (X )~ der
Wo T Wo
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Menge aller T-invaripnten Ma~e. Es erweist sich als zweckmäQig~

einen Begriff der "Pseudoergodizität rr einzufÜhren 5 der für

X "- X mit dem üblichen Begriff d~r Ergodizität übereinstifumt ..
Wo

Dieser Begriff erlaubt U.8o eine ergodentheoretische Charakteri--

sierung gleichmäßig gleichverteilter Folgen sowie eine einfache

ergodentheoretische Deutung und Herleitung eines Gleichvertei­
lungssatzes von v~n der Corput.

Für spezielle Folgen ergeben sich. u. a •.. einfache Be~Neise bekannter

Sätze. Beispiel: 'X = T1 (= Gruppe der reellen Zahlen mod 1),

Wo = {p (n) ~, p (t) = aot
k

+ •. ~ + ak , ao irration8.l, ergibt::.

= Lk

(k) ()j-1 k')X = Tk , T (x 1 ' 0'. 0 ,xk ) (x2 , · · · 'Xk 9 -1 xl· 1+ . B. "
Wo \ . {-J+ 0"

j = 1 'J

IT(X ) = m = HAersches Ma~ Ruf Tk (k-dim. Torusgruppe) .
. W o

Y.N. Dowker: On a mixing problem.

Let (X,ß ,N) be a G-fini te measurable space wi th the 6' -ideal

of zero sets N. Let T be a 1-1 measurRble, non-singular trans­

formetion of X onto X. T is called 8 gener8lized K-eutomorphism
if there exists. a' subalgebra 0( of.ß such that

co. CD.
T 0<. ~ 0<. , .V T\x = ß, ./\. T~ = trivial plgebra.

l=-CD. l=-OO

T is called a generalized mixing if

(1) )?-(T
n

A) - p.. (TnA) ~ 0 for A € ß, JJ' a,nd~ normalized
measures on (X 9

ß ,N).

Question: If T is a generalized K-automorphism iso it a generalized
mixing?

Partial results: (a) If T is a generalized K-automorphism then
( 1) holds for every A C V' Tio(.

(b) If T preserves a G -fihit·einvR.ri~nt me2.sure m on (X,ß,N),

T is conserva tive 2nd OC contains at least one set of finite

m-measure then (1)holds also for every set A of finite m-measure.
(c) Under the same condition.as in (b) 0 = lim (~(TnA)~(TnA))
far e\ler~l A ~ ß
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A. Hgjian: Tr8nsformations cf 0( -Type .•

Let f be an ergodie measure preserving trpnsformation defined

on B. ()-finite (infinite) measure space (X,B,m). Vve assume the
measure·sppce is non-atomic.

Defini tion: f is a transform8.tion of type oc far same IX wi th

o < 0( ~ 1 if lim m(fnA 1'\ A) = 0( m(A) for every me9.surable
n~<X)

set A with positive and finite meRsure.

We show by construction that for every cx- 1"'i th 0 < d 5:. 1 a
trR.nsformption cf type 0< exists nThich i8 ergodie and Inea.sure

preserving 1qith the neasure of the whole space infinitea

In general i t is e8sy toshow that given any ergodic measur.e
preserving trR.nsforma·tion l' defined on EI.n infinite measure

sppce .then either f i8 of type 0 or of positive type (but not
necessarily cf a given typ'e cx: ). Thi s mep.ns thet ei ther

1im m(fnf.. () A) > 0 for all A with m(l\.) > 0 or

lim o( 'fnJ. 1"\ A) = 0 for all m(A) < ro. (Details to appear).

D.L. Hanson: Roets Gf the one-sided N-shift.

A method for obtaining pth roots of the one Rnd t~o-sided

N-shift with N=kP h8ve been known for same time. Aproof is
given that in th€ ease of the one-sided N-shift there is no
p-th root unless N=kP• ~he method of proof applies to other N
to one transformations 8S weIl. A new method of obtaining p-th

__ roots for the two-sided kP-shift is given.

G. Helmberg: Über konservative Transformationen.

Ornstein und Halmos haben gezeigt, da~ eine invertierbare kon­
servR.tive Trpnsform?tion T in einem G-endlichen Ma.IJrp.uEl (X, Qf, '1")'

die ".u-(TE) ~ ;t·(E) für alle E E:: 0(. erfüllt, maßtreu ist. Wird
die Voraussetzung der InvertierbRrkcit weggelassen, dann hat

* *ß (TE) ~ JA- (E) für 8lle E € nCI"" = äußeres Me.ß induziert

durch!") noch stets '#(TE) =".u(E) =,;u.(T- 1E) für alle E € d(,

und "i6 'Nesentlichen" InvertierbR.rkei t von T zur Folge; jede
der Voraussetzungen ;: (TE) 2. ".a(E) für alle E € '!t bzw.

/,(T-
1
E) ~)L (E) für pIle E € Je ist mi t der Maßtreue von T

äquivalent, während ;"(T- 1E) )" p(E) für R.lle E E:: ot llIIaßtreue

von T nicht zur Folge hat. Als Anwendung läßt sich der Zer-
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legungssAtz von Hüpf ?uch auf IDfllStreue, nicht invertierbare

TrRnsfornatiünen übertragen und die Ma~treue der durch eine

konservRtive ma~treue Transformation i~duzierte Tr~nsf6rmation

zeigeno In den Beweisen spielen duale Aussagen zum Wiederkehr­

satz für konserv?tive Tr8nsformationen eine Rolle.

Y. Ito: Weakly wRndering sequences.

Let ~ be Bn invertible~ ~on-singulRr, neasurRble tr~nsformation

on a prob~bility space (X,B,m).

Def. 1 [nil i8 cplled a weRkly wRndering sequence for f if
there exists a set B of posi tive llieRsure slic'h thet

. n. n'.
n( 'f lBI1 f J B) = ° (i ~ j) •

Def. 2 {n·l i8 c811ed a recurrent sequence for f if no
l .

~nfihlt~ subsequence of [nil isa we2kly wandering sequence.
Let us novv 8SSUTI18 that Y' i8 ergodie pnd admits Rn infini te

(but ~-ftntte) invpri~nt meAsure ~ equivplent to ffi.

DefG 3 {h·l i8 cRlled a dissipative sequence for Y if for- l

holds 8.8.

n.'f ,(f lX) < Q)
every

00

L
i=1

Proposition 1. If {ni} is R weRkly wpndering sequence for ~,

then it is ~ dissipative sequence for', pnd if [nJ isa
dissipptive sequence for 1, then there exists 8. subsequence

fnjl which is weDkly w8.ndering. However it is not true in
general thnt every dissipative sequence for f is a weakly
wqnde~ing sequence far f 0

Propo~jtion 2. Let for each pos. integer k, I; = {ki/i=O,1, ••• j
~md Ik = f ki Ii=-1 , -2, · · · ~ . Let f n) be 8. weE1kly wRndering

sequence for1'8nd let N. = [ni - n j li=1,2, ..• ,j=1,2, .•.I. Then

for e~ch k, the set· theoretic differences I; -N pnd I k _ N
Dust eRch cont8in infinitely rnqny numbers.

Proposi t~on 3. Let I nil be 8. we ~kly w~ndering sequence for 'f .
Then, there exists A positive integer k such that fnJv fni+kl
is egRin weAkly wAndering for r. (In fact, there exists
infinitely mAny such k).

P:ropo~~tiqE-4...~. Let f nil be:? wep..kly wandering sequence for 'f .
Then the density of n. is zero, i.e. lim i = 0.

l i ---+ co n i
                                   

                                                                                                       ©



:::~ ·-.r .. ', ;= :.; ..... :.. )

r-
J..

'..::.i..t ~-.1 .~,-.:' ~J.~.. f .i.
.. ..-~ '.

: .. ~ . ;.

. ~ :- .

:. }. I .~ •

. .-.~ .~ 'i"·
.i. .....;

:. ·_·.(\CLL

.i.".~ .

", --.......... --... -............-.....-..... " .... _ ...~ ... ,,' +~.

,'-I "

:' ~l ",
:...... J

~. ~:~':. ;~:' ~
+ -" - ,._::~ _ ..----

, .: ...... ;..

. ;

'.1.

. . ~ ~ ~ . ..

~ -.~.

, .
....•. f' 'T

.1..'_' ..J...

. ... .:,.

"::'1'

•

r.:~

i
.:.: i

i ../':.

\ .•..;:~. " .. ~
\ ,

:.1 "..,'
• I :. .= ~ .

.\'

,",
~:··i i J.. ' ....

, :..

..
.,'

.... .:,'"";"
.~ • .. I ••,

).:...

...- -_..... . ~ .. ~ ' ~ .. >... . .' - ~.- ..

• : __ • Wo ••+: '+ ~ C.. . :" ..:.
., _ - -. "'----

I

~

                                   
                                                                                                       ©



- ·8 -

Proposition 5. f is a positive type trqnsformation if 8nd only

if there exists FJ. recurrent sequence fer 'f .

K. J FtCO bs: On Po inc are f s recurrence. t.heorem.

let< t 1 < .0.o < t
- 0

th9,t

Let T be a continuous I:lRpping of 2 polish sppce .Q. = f vJ 9 00. J
into i tself 0 . Für ?ny sequence J = t o ' t 1 ' ....:. of integers such

t kS6 (J) = {oJ E: Q I wT ~ LV 1'
t kmT ~ m (weakly).}

Put

V' (J) = {In Im prob. moas. 'in fl

.Qrec = YfG (J), Vrec = U V(J) ·
. J

Then the following results hold:

1. Recurrence theoreo: If D. E: Vrec then m(5& rec) = 1.

2. Für 8ny J, V(J) is 8 simplex, but not necessRrily we8_kly

compe.ct. The extremal points cf V (J), if there ~.re any

(every mixing 0 € V(J) i8 extrempI)9 Are 'mutuplly orthogonal.

3 .. If T i s 1-1 onto, ~Mi th 8. cotJ. t inuous inverse, then i t per­

nutes the extrempl points of V()).
4. Xf T is as in 3., pnd if m is an extrenwl point of V(J),

then either m i8 periodic of m i8 wandering:

S I tnT --L mT ( 0 .5:. s < t)

•
In thc Iptter eRse no stronger finite inVAri8nt measu~e exists,

hence 1. is not in gene~01 B corol18ry of the' classical ~

Poincare's theorem~

5. Recurrent Bernoulli, Markov, 0nd Gaussi8n measures eRn be
constructed by partly intricate methods ..

I bpve 8 theorem which asserts converg~nce p.e. cf ergodie

means of continuous, but not of bounded measurable functions,

'under ass1.ln1ptions on the measure VJhich inply s.ome 1Nhat more

thRn recurrence, and some independence.

vv. PA.rry:· On the coincidence of thre'e invRriR.nt o-plgebras
p.ssociqted 1·~ri th Rn B.ffine tr p nsform8.tion.

The maXinl?l p.qrti tions uri th zero entropy, qU8si-discrete

spectrum, qnd the distAl propertY9 associated with 8n ergodie

affine tr~nsformqtion of 8 compact connected pbeliqn group,
coincideo
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Po Revesz: Soüe problems end a few results on mixing
.:tZp.nsf 0 rmati o-:.:.n=.s-=.8 _

~e S2y that a trAnsformAtion T defined on a probability space

{X,f,;uf 11ixes the functian fex) € L2 (X,ft) if far any g E:: L2

E(f('l\nx)g(x)) ----7 E(f(x))E(g(x)) (n ~ CD.)

If Tmixes ?ny elenent af L2 then T is R mixing tr8nsfarnation.
The ch~rRcterization of 2 mixing trqnsformption i8 a very

complicated question (see far instRnce the problem of Blum in

the Tr~nsRction of the N~w Orle8ns Symposium). The following
type of questions will be studied:
1) eRn we find pn ele~ent A of t such thpt T-nA is a

sequence of independent events if T is mixing?

2) If {n·t is pn erbitrRry sequence cf integers pnd.T mixes1 .

f, then is the 'strang (or t~e we8k) law of l~rge numbers
n.

vnlid for {f(T lX)J ? Conversely if the strang (ar the weRk)
Inw af large numbers is vQlid for Qny nk Rnd pny f E:: L2 ,
eRn we state th2t T is mixing?

3) If we know thRt T mixes some f E:: 1 2 , ean we state that T
is mixing?'

c. Ryll-NArdzewski: Fixed points of semigroups cf endomorphisms
in line8r s'ppces.

Let G be a certain semigroup o~ endomorphisms of A linear
9

lOCAlly convex sp8ce X 8nd Q A. G-inv~.ri~.nt (i.e. T(Q) C Q

für R.ll T C" gG) convex pnd TliTee.kly comppct subset cf X 0 G is

crllled non···contro.cting on Q(G E: Ne on Q) if for every p8.ir

x,y af different points the null veetor 0 does not belang to
the closure of thc set ~Tx - Ty : T € G~ •

Theorem: If G ~ Ne on Q, then there exists ~ fixed point of G
in Q. Carol10ry: Thcre exists an inv8ri~nt rnepn value af weakly
Rlmost periodic functions on prbitrRry groupso

The full text will be published in the Proceedings of the
Fifth Berkeley Symposium (1965).

C.Lo Scheffer: On thc use of mprtingFle convergence theorems
in the definit~on of entropy.

Usin6 convergence thcorens for m~rtingales indexed on a directed

set, it is possible to give pn extension cf the definition cf
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H
J
t

= ~ /U(A) f(.M(A»
A€ J

instead of ~

HJ ::: ~(A) Ilog ;U(A) I
j\E: J

This generAlizes Arecent result of Guseva.

F.H. Si~ons: Zerlegung meßbprer TrPTIsformDtionen in
konservAtive und dissipative Bestandteile.

Ein weiterer Beweis eines Zerlegungss8tzes für meßbare Tr8ns­

formptionen, welchen Profo Helmberg in der Mathem~tischen

Zeitschrift 88 (1965) 358-367 9 veröffentlicht hat.

Satz: Es sei ~ eine meWbAre Trpnsform0tion in einßm G-endlichen

lvI aß raum (X, n,/t) •. Dflnn existiert eine lVIenge YE: ~ mit den
folgenden Eigensch2ften:

'110) T- Y:JY

2.) Die Beschränkung von T puf Y ist konservptiv in (Y,O(.f\Y'ß.)
"CD

3 .) Y' ::: .k~ Wk , Vlfk wAndernde Menge.

Y ist durch 1), 2) und 3) bis 8.uf eine :f1enge ·von .;t<- -Maß 0 ein­
deutig bestimmt.

D. stone:. Ergodie orbits.

It isshown thpt Cl 1-1 ergodic meA.sure preserving tr::tnsforoe.tion
T on the unit interv8I I is determined by the orbit

1x :::. f Tnx In = 1, 2 , · • • J of Rlmost 8ny x E: I in the following

sense: A sequence J::: f J(n) In ::: 1,2, ••.• 1 is A "determining

sequence" (D-seq.) if it sAtiifies 2 (complicated) conditions.

Every D-seq. J determines (p.e.) P. unique tr::t.nsform!:l.tion T
Jby A. genere-liz8tion of the "continuity rule ii : If ren.)~ x,

l .
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then 7(ni +1) --? T
f

x. If further J is uniformly distributed,

T
J

is D(~qsure preserving, but not conversely. An E-sequence

is a D-seqo satisfying further (complic?ted) conditions. Then:

Every E-seqo determines An ergodie ill8?SUre preserving tr8ns­

fornqtion. ConverselY5 if T i8 an ergodie me~sure preserving

transformRtions "then for almost All x, Ix i6 an E-seq. ond

the tr8nsformation it determines 'i8 T (a.e.). Conditions are

-9.1so {~iven~ in terI!1s of the gencrR.l orbit, for T to be weakly

strongly mixing.

L. Sucheston: On inV8ripnt meRsures 2nd ffiRximal ergodie
theorem far operators.

Theorem 1: Lßt K be a set of real-valued functions on X 2nd

assume that K i8 a linear sppce pnd a lattice under pointwise

operations. Let V be a positive linepr operator on K
9

N be a
positive integer pnd set für pn f € K

n-1
~ VifagN = ID8.X L-. ,

1 <n <lJ i=O

Then (1) .f. 1A ~ h N - VhN wi th hN = max (O,gN) (includes
. -N 1

Hopf's mAximal ergodic theorem). CorollRty. Let K = L
oo

,

Ir v Jf:~ 1. Then for ep.ch x C X~ mT·Un(f .1
A

)(x) J > 0 where
. N

m(xn ) = min L(x ).
L n

Theorem 2: Let T:L 1 (X, a..,p) ~ L 1 be a positive linc8.r

contrpction. The following Rre equivalent: (0) There exists

An f ~ L iPith f > 0 ~nd Tf = f~ (1) p(.A) > 0 implies

inf 11 (A) > 0 with 7T (A) = !Tn 1dp.
n· TI n A

(2) p(A) > 0 with M(xn ) = max L(x ).
L n

(3) All B?n~ch limits on ~n(A) 8.gree pnd T is conserv3tive.

Theorem 3: T is conservqtive if 8nd only if for e8ch .

A, A c r L T* 1A = OJ J.

Kc Urb2nik: ~ntropy in Qu~ntum Mechqnics.

~'~NO st~tes f pn<1 'f of 8. physicel system H (H - ~ hilbert

sppce) 2re sn.id to be equiv~.lent 'rti th respcct to the physicp..l
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quantity A (A - a self-adjoint operator in H), in symbols

'! A 'f!, if A has the sane mean value at both ste.tes 'f and 'r .

This relation divides the set of all states into disjoint

classes '11hich ctre callec3.. macrostates pnd UJill be denoted by

capital Greek letters p, f, .... In the quantum macrophysics

the concept cf macrostates is a substitute for the concept of

states (r:licrostates). The mean value MA(i» of A ~t the

macrostate ~ is defined as the corIlmon value of me8n v8.lues

(A 'f, 'f) for all 'f E:: 4> • According to Jaynes principle of

maximum uncertainty we define the entropy 8A( <p) as the

maximal uncertainty concerning A when. the mepn value M
A

( q,)
is known. One C8n prove that 81'1. ( q> ) is finite at every

macrostate ep if the operator A has discrete spectrum

Ä.1 ' ~, · .. and there exists 8. real number c such that
m

L e
CAk

< co. Each opera.tor J\. satisfying the last condi tions
k=1
will be called thermodyn8IDically regularo The motion of the

system in question i8 determined by the Hamiltonisn Ho The

law of,the motion is customarily written as the Schrödinger
. t . .",.) \0 H lIJequa lon l TI Jt J = , .

Theorem 1: The relation r 18 invariRnt under the motion iff

the operator _4. commut-es vIi th the HprIlil toni8.n.

This theorem Sh01NS that in general m8crostptes wi th respect to

operators non-commuting with the Hamiltonian brpnch out during

the motion of the system. Therefore it is necessary to introduce

a new concept of entropy at time t. We define 81(<p ) to be

the mF'ximal uncert!3inty at time t concerning A l"'hen the initial
mean vRlue M1\ ( ep) is known.

Theorem 2: (Principle of increase of entropy) 81(ep) ~ HA ( ip)
(t ~ 0) .

Theorem 3: (An analogue of Boltzmann's H-theorem) Suppose that

A has infini te spectrum. Then 81 ther lim 8~ ( ~) = co for all
t--7 co 1-

macros~ates for which MA(~) 18 different from the least F'nd

the greatest eigenvalue of A, 01' 11m S1(cP) < 00 for all QJ
t --.:) C'J

The first case holds 1'!henever A r-md LI R.re ~trong1y non-commuting,
i.e. spectral me8sures of A .qnd EI do not commute.
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w. von Waldenfels: Methematische Theorie des statistischen
Starkeffekts.

Im Jehre 1913 entdeckte Stark die Verschiebung von Spektral­
linien durch äußere elektrische.Felder. Ist das elektrische

Feld nicht zeitlich konstant und fest bestir~t, sondern ein

stochastisc~er Prozess, so erhält ffi2n eine Linienverbreitung.

Nirrllut lnan an, das leuchtende l\.tom sei lli"ngeben von einem Gas

geladener Teilchen, die Teilchen seien im RB.um "rein v{illkürlich"

verteilt und besätJen Geschwindigkeiten "rein willkürlicher"

Richtung aber festen Betrages, sei außerden die mittlere Teil­

chendichte innerhplb des Weißkopfradius (der charakteristischen

Länge des Problems) sehr klein gegen 1, so erhält man die dem
Experimentator geläufigen Ergebnisse:

In der I.1i tte verhält sich d8.S Lini enprofil, Als sei d8.S Atom

StöBen infinitesimaler Teilchen Rusgesetzt. Auf den Linien­

flügeln hAt man zu rechnen 818 sei dAS elektrische Feld wohl
von ZufRll ebhängig, aber zeitlich konstqnt.

1. Let h~(r) denote the measure theoretic entropy of ~o Then
~('f) ~ htop ('I) •

2. Let X be compact met~ic, ~ homeomorphism. Then h(f) = sup h (rl
~over all regular invariAnt measures.

3. X compact topological group, f continuous putomorphism. Then
h(f) = ~(y) where~ is Haar measure.
4. Suppose that

(1) (~,B) is a measurable space

(2) A is an plgebra of bounded measurable functions on (n,B)
"vi th 1~A

(3) f: n ~nis An invertible, bimeasurR.ble mA.pping
(4) X is a compact Hpusdorff spa~e

(5) for eech x€X,;Ux is an invariant probability measure for ~ .

(6) the mapping #: X~ 11.* given by ';ux(f) = f fd~ is
n x

continuous for the 1T.!8Rk i. topology in A*.

Then for each f€A, 1 < f < 00

n-1

1im rl~ L f(f ky ) - }tx(f) ,Pßx(dy) = 0
n~<XJ n k=O
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(N ---) CD)( 1 )

uniformly für x(X.

5. Does there exist a p-th raot far a 2-sided N-shift such that
the p-th raot maps a one-dimensionRl set onta pn ro -dimensional
set?

6. Can one exhibit a p-th raot (other th8n the known anes) in
the case of the one-sided kP-shift?

7. In a probabili ty space v;ri th tr8nsformation, ~];Th8.t can be said
. N.

about the rRte at which 11 - p( U T1A) , ~.O under various
sets of conditions? 1

8. Let N (w, A,k) = n if Tnw C A p.nd Tol-w C A for eX8.ctly
k oc's in the set ·f1~ •.. ,n}. Whpt can be said about the regu­

larity of the sequence N(~7A,k) Rnd about its .variation from

the sequence {k expected first return time of a point in A to AJ?
9. Es sei (X,OZ'ß-) ein total 6" -endlicher filaßraum, T meßbq,r,·
M = f W C Oll wf'l T-nW = 0 für alle n 2 1 1 . T heiI.?e rein dissi-

m
pativ, wenn X =V Wk , Wk C M. T heil.ie nicht singulär falls

k=1
;t«(E) = 0 ~,#(T-1E) = o.

a) T sei .nicht singulär und rein dissipativ. Existiert ein

äquivalentes G-endliches invariantes Maw? (Die Antwort ist ja
J

falls T invertierbar ist)o

b) Sei T rein dissipativ und ergodisch. Muß"M- rein atomar sein?
(Die l,ntwort ist j rl J falls T invertierbar ist).

c) Existiert ein Beispiel einer konservativen TrAnsformation T
(d.h. /4- (W) = 0 für 811e WEl\iI) in einem endlichen Maß rp.U1n mit
der Eigensch8ft ,p.(T-

1
E) ~'p(E) für pIle OC~, ;U(T- 1E)-=I=;"(E)

für mindestens ein E€ ~? (Für;« (X) = co ist ein Beispiel
bekpnnt) .

d) Es sei X (lok81) kompakt mit ebzählbarer Umgebungsbasis,
az. = Borelmengel1, T stetig. Gil t T ~ c az ?

10. If X = [0,1J ahd fex) = x, T mixes fex), is it true that
T is.mixing?

11. If X pnd fex) are arbitrary And the smallest G-algebra with
respect to which fex) is measurable is equal to B(f(x)) = B,
pnd T mixes fex), is it true that T is mixing?

It is easy to see that if T mixes fex) C L2 ?nd fnif is an
arbitrary sequence of integers, then

N n
E[(JIf(Tkx))2J~ 0

k=1

·e
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provided that E(f(x» = O. Conversely if for any fnkl (1)

holds, then T mixes fex).

12. If T is mixing pnd fex) ~ L
1 is it true for any fnki

N. n
~ L f(T kx ) ~ 0 p.e. (N ~ CD )

k=1

(provided that E(f(x)= o)?
13. If T is ergodie nnd lim jt(T-nA f'\A) > 0 for any A wi th

;U(A) > 0, is it true that lim;"(T-nA"B) > 0 for any A,

B wi th ~ (A) >. 0, ;U (B) > O?

Die Probleme st~mmen von R. Adler (1-3), J.R. Brown (4),
Hanson (5-8)9 Helmberg (9) und Revesz (10-13).
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