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-Leitung: Prof.D.G.Kendall
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:The meeting wasattendep 'by 23. invited contributors drawn"from a wide

-range -af countries. -It was 'feIt by the"organisers that" .withthe -rapid in­

crease -in the number -of persans 'working .in probability theory~ the time

had come to .follow the example set in other' branches of mathematic.s 'by

planning a specialist conference. f0r ·a small greup0f. participants :working

.in a-relatively narrow field. The small size of the ·canfe·rence made it pos-

sible ·far the participants ta give their.lectu~es:without being".pres:sed for

time while a~lowing.also plenty of'time for dis c-us sion.t . both :formally ·(im­

mediately 'after the ·lectures·) and informally. on after'noon excursions.

It is- the· ·apinion of the organise:rs ·that their: ·objectives. were a~hiev~dl.and

the holding .-of·further: 'probability canferenc'es on ,this ~~cale ·is .stroI1-g1y re­

.·c0mmended~ .. although ·it is 'appreciated .that theneed' ..f0r· much :large~ -and. r'e­

latively open .conferences 'on probabllity at:ld sta~istics 'will'still be ·needed •.

Teilnehmer:'

Blu"menthal. 0 Prof.DroR. M .... Erlangen .'Papange-lou'" F .'1 'Heide'lbe~g

.Bühle·r" ,Dro W.', H~idelberg Pede.rsen... ~ •• A~rh~s

.'Dietz. Dr~K••.Freiburg Prokhorov. Pr.of.Dr.J •.~. Moskau

.Dinges... Prof.Dr·.H... Frankfurt ·RE!nyi. P:r:0f.Dr·~.f\.~ Budapest

.Föllme".r..,. H." Erlangen Sevastyanov... Prof.Dr. B. ~ Moskau

- Harris.t Pr.of. Dr. T.E ... Los<Ang.eles Szc!sz~ D ... Bud.apest

:Jagers~ .PG~ Göteborg 'Yaglom" .Prof.D~.A•• Moskau

.Ji~ina•. Prof.Dr.~••. P~ag

J offe ~ .P ~0.f. D r. A ., Straßbur'g

Kendall.t -Prof~Dr .• D. G.-.t Cambridge

Kolmogoroff" Prof.Dr.A. N •• Moskau

Krengel~ Dr o u. ~ Erlangen

.Krickebe·rg" ~rof.D~.K. ~ Heidelberg

Lamperti" ProfoDr~ J 0" Aar~us

:Mandl" ProfoD~.Po~ Prag

Ney" Prof.Dr'.P." Madison
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In addition to the above the following~ invited to contribute papers" did

so but were unable to attend in person:

tistyakov Seneta Vere-Jones

BÜHLER~ . Wo: p~~~~~:.~~~~iP:~:~:~t_~~~ ~z:e_~~~~~t~~!~~~~~:!~~_

y~:~~e_i..g~~$~.P:.?~~~~~!1_
Die Frage nach unendlicher Teilbarkeit der 'Grenzverteilungen von Ver­

zweigungsprozessen (ganzzahlige Werte~, Markovsch., zeithomogen) wird

teilweise beantwortet für den superkritischen Fall: (z '= 1 Z /E Z .... W)o ~ t t

~-

•

"(i) Zt u~endlichtei1bar::::;:::."Zt unendlich ·teHbar -für~> t
o

;
o

(ii) Alle Zt (t > 0) unendlich teilbar"<::::;> Po = 0;

(iii) p = 0 =::;> W unendlich-teilbar;
o

(iv) n'(W I W· > 0) unendlich ,teIlbar.'

(i) gilt auch'i~ Fall di'skreter 'Zeit o

(ii) wird mit Hilfe der "P:rozessemit Werten in R+ bewiesenl für 'die

automatisch· alle .Zt unendlich- teilbar -sind.
- .

(in); folgt aus' (ii)J (iv) folgt durch Anwendung von {i~ii) auf einen .P~·ozeß

Zt JI" für den"p = 0 und g ("~1) =n«l-q) W I W > O~~;o .

~ISTYAKOV, V ~ P. (read"by K o Dietz): "~!~~.:>~:~!.P!J.:~.?~:~~ _i~.,:~::~~~l:~~~

stochastic 'precesses
-------------------

L~t~k(~) = [l-1
kl

(t),' ,. • • dl~R('~)} be a branching process with· n types of

partleles ·and let ~ ". f;'.

O't'
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_ At ',n "::
. e .(.~\v.(1-x.))

1 - p[I--l.',(t) = O•. j = 1••••• n,!IJ.>O}··.. u·. .b
1

- 1 .1 .
1J 1 .1 l' l)' ) 11 (1 . )+ t').g,\f'-' t ~zjlv. -x.

~. 1= . 1 1

, (k.j'= 1••..• p);'-'A"c
1
!Pr~ReX:i) where'the numbers 'Ai satisfy the equality

Ia -A iE I = o· CE be;ing the u~ty, mat~~) ~n8 ~ = ~ v i} :~:; 1,~!. u ,= ,.(~'i1~= 1

s~!~sfy the equalities 'au = AU; ra , = AV. ,,-, p' ~;. =k~1 ~v~ = 1. Let
. -:. " k--l ..'

K(~ •. d •. ~'. 'c) be. ac}as~>~~~fk(~>J ~ith I~'E ~~. 6'< ä-'<; {: Ek= ib~~)<B<CD;
;. ci~l)< C<CD. The following asymptotic formula for -t ~ CD•.A ~,O holds true

uniformly for ,all [fkl E K; .~

.where
'A t
e - 1 4-A ; A- T 0 'n

g(A~ t) = { }l'.~ .~. = ~11-l .. (t). b= ~'b.(.kJ vku. u. 0

1· J- 1J "," llJ I 1 :J
"t ;'A=Q

The pr0l:>ability distributions

c.onverge to an exponential distribution as t-+ OOJ :A..~ 0 uniformly. far "~l~

. ~.

prozessen

• Wirbetrachten·einen.kritischen Verzweigungsprozeß.mit stetigem· Zeit,,:,

parameter. -s.eien.z~1)· (~)••••• z~n)(t) di~.Anzahle.nder:Individ~ender'n'

.Typen Tl~ •••• T
n

• die im Ze-itintervall [.O;tJ von einem Individuum des

Types ,T
k
erzeu~t werden. Mit Hilfe derasympt?tischen .Form~ln,für

Qk(t) = p(~'~. z~) (t) > ·ol für- t~ co. von Savin (1962) we~den asympt.otische

Ausdrück~ für"die wahr~scheinlichkeitserzeugendenFun~ionendes' Pro­

zes~es hergeleitet, .die" es gestatten, die Laplacetransformiertender"

.'Gre.~zve rteilungen

k·= 1, •• 0 ~ n
z(j)·(t)

k . _ I n '(j) .
- lim p[ ß t < y.; J - 1. • • •• n i~1 Zk (t) > ol;

i J "

explizit anzugeben. (ß. sind geeignete ·Konstante.). Es zeigt sich" daß die
, J '

Grenzverteilung stark von den Be.ziehungen der 'einzelnen Typen unter-
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ei~nder_.fbhängto Bei einigen .Beispielen gelihgt es~ .die Grenzverteilun­

gen~ selb~t explizit anzugeb~:h.
~.~. . . .~.. :~~.'

DINGES~, H.:: An e.ie.men"tsrry. cal~:u'iation.for· the pure' death :process.. - - - - -p- - - - -~- - -..;. - - _·~t.- - ... -'11- - - - - - - - - - - - ~ - - - - - - - - - - - - --
{t.\ ....

The p;??~em.:o findk~~lPositiv~.s~l~tio~sU1 I ~ j.l2~o' 0) of .

1-1. = 'I;:;(. ) m (I-rn)" . '"~k (0. < m < 1 ,flXed) was 'solved by an .eleme.ntary
-1 l{=ll '

. . (a) (a).
calculatlono Thee~tremalelements (j..l'1·· ~ ·j.l·2 ~ 0 ~ 0) are define~ by

+<x> ·k· ..... :k
~ (a)i = ~ ( (s-1)a m _" .-a~ )'-' I-l. s IJ e e "'.

i= 1 ~ _(X) . '.'.

in tlie unit circle where 0 < a < co 0 Since, \J.(a • m:~' = '1-1: (a) ~ . the .set of ex­

~remals is homeomorphicto the·l-sphereo The.set of all'n0nn~gative

.s~lutions ~ isin I-I-correspondence with the set' of ficlte po~itive

..me·..~sure,s OE. this circle.
I \ ••

..; .~

. . . . ~

Two proJ:>lemsare .consi<:leredfo~.'infinite·random s'ets 'of point~o

1. Let"Xi ;'; t:xi(t»lVIi.t: .~Pilx'.L . i= '1~2~ 000 be ,sta~d~rd Markov,

pr0ces'ses with ·comp~Ct"'me.tr:i~··statespaces (E ..; B~'> .. ~ Let x b'e the, pro-
, - '.. " 1·1 .. '. :

'cessWithsample ,pat~~·,.x(t)~):X:l(t)~.x2(t)~ 0 0 0)' corr'espondingto ·inde;,. .
4 ~ ... • • ••. • ... • .... I • , •

pendence of'the Xi~ and E .= E'l'~1 ~2 x. .. .' If ':~ is·-a· stochastically> closed.

measurable set in the statespace~"andx~~ x" E A~c~:n:dition~ 'a're given

.insuring tha:t A = A.~ U A" ~ . «üsjoirit' unionL . x~ ,E 'A~ ~'~I'I' E 'P.."~. A~ artdA I1 .

stochastically c1~sed~,I~ par'ti~u~r~ if El'~ E 2 ?~ .~ ~ 0 ,~ .~·l·'U {(X)}' a~d the

xo(t) are ".temporally homogeneous additive~.all withsame.. lhw~ .then
'1. . 2. . . i .•

·~(x'. -X~I) '.= 00 is suf.ficient. .' . .
·1 1 .

Ho Let Z, be the'quotient space for'E above(taking EI = E 2 ,= • 0 • L with

. x' ,: x" E E being' equivalent i~ the coordinates of x~ are apermutation of

the coordinate S 0f the .otbe r ."
·fJ '

Let X
co

be·a.fixed .poi:r:lt:.qf' EI and letZ*be the subset of Z corresponding

to :roi~ts x such ·that· lim~ri.':;:'.x~'i ·hut ~~~r "~co for ~any ~o The ,quotie~t .

topology in "Z*· ts' eX:amined;' it' is:very' "bad'i'~ but"by ~ome enlargemen:t~
. . . ,-

'. it becomes ametrie topology induced by a .me.!ric ··analQg·ou~s to that. of
-::- ';..... ~

Prokhorov far 'finite meaf?ures.                                   
                                                                                                       ©
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JAGERS., p.: ~iß=~~~<:~!~~t!I~_~~~.?=l_~~ ~~c:z:~l:i!1g;_~=.?~~.?~~~

At first it was noted that an age-dependent branching·pracess (agpr)
. -

where individuals may disappear before their deaths, i. e. "emigrate".,

is es~entially the same thing as -an agprof the ~raditi0nal type., Then a

niodel was studied where at random' moments of time random numbers of

individuals arrive (immigrate) int~ some ,area., each -immigrant initiating

an 'agpr' (with em'igration) ind~.pen~entlyaf'his colleagues. Fer ·the case
, .

where intervals between 'su~cessive·immigrationsare ·ind.ependent eGlual~y

distributed .random varfables and the·numbers·of immigrants ,are al~9
.. :~

independent with 'the same distdbutionl .if was shown under 'some, moment
. "

conditiens·that the number. 'of individuals alive·in -the area 'at tim'e t has

e ' alimit distribution.as t -+ '00· inthe subcritical case. Otherwise thenumber
, J..

'of individuals tends·.toinfinitiv in:~roDa.bility.

JIihNA I M.: ~~!~~~~~!l:!,~.:>_~~~i!_~:~~~~'!:~!.?!'~~!'~!1~!t~~~~~::'~~~~~~

In ,thepaper "Diffusion :proce'sses 'in ,genetics 'l published in the· ,Procee.dings

of the 2nd
Be-rkeleySyrn'posiuml . W. FeUer ·considers ·the foilowlhg ·ii~it

•

. .• r·

procedure: LetPN bea 'sequence of one-dimens10nalbranchini(processes

with discrete statesand 'discrete, time parameterl· P N{tl a
x

) the p,robability

distrIb.ution of the number"of particle~ produced·byone ,pa~ticle aftert ..

time ui1its,-in',:th'e~pb!>cessP~ find ~N{tl x~ =Jooexapn{tl d a) . the ~corre~pond~

~.ng .La:~~c·e,:trans~orm '(x <\4;; ',furthe r I ,le't ;us s U:PP0se, thatOJ
OO

a .PN{11 da) =

, ~ .. l+::':~-I 'J(X){a:-~~~ )2"p~(i~·,da)= ß andthatth~ thi~d IIioments,of .
'.'~ .: ,_. !~'" . ' ,:,' 0 . . ..>'~:;~.i: :. ::. .. , .. .' ,.~. . "

'p~tr;'a),are tinif,ci~~lyboun~ed {~th 'respect to !'f}. F~lle~asserts 'in ,his,
, , ".. , , .: '.' . ,. . .. ~ " ~.' ... x ' N '

paperthat thetransformed fu,~c~ions:~N{tlx)= [~N{Lt1'~] I N:)J converge

to~·,limit,·~{tlx);satisfyi.ng~the,partialdifferential e'qÜ~tion .

'., . " - -, - - .. -:' " .... - ')..," -
.. -s ~(t.;x) :::' e pet, x) 1., + ß .2,)at . ax ,Q,x. 2 ,x ' •

'. ,

However, his proof is 'not complete." since·it 'does 'not provethe 'existence

of the lim:it ~(tJi x:).' In ·the pa:pe~ 'presented, at the, confe~encel it was shownl

how the existence of the limit

. at· - - ,.
lim '~N'(tl x) = Mt; x) =' :e t
N-oo. 1 - ;: (1_etOC

)

may be proved.,
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JOFFE~, A.: ,On multitype branching processes with'p < 1

For the single type branching proc'ess or 'Galton-Wats'on process several

basic probabilistic 'phenomena haveoJ11Y recE:mtly been 'studied "under

'natural hypotheses. Here in treating the processes '~~ k-types(k> 1)

we obtain a description of known phenemena under -their 'weakest possible

conditions. For exampleJir::ina~s theerem is obtained without second

moment assumptions (Ha'rris~ T 0 E. ,Th(3 theory 'of Branching ·processes.

Springer-Verlag 1963 po 44.) These results "have been obtained .in a joint

work -with F o.Spitzer.

. KOLMOGOROVJt • A o: Theory of branching processe~as'a part of the
- - - - - - - - - - - - - ~ - - - - - - -.- -- - --- - - - _.- - - - - - - - - - -
~~~~:~!!~~~:~-~~p~p~!~~~~~

Theformal'matherPatical the'<;>ry ot;.. populations :may be 'defiried. as the

theory ef;Mh~kov proce~ses"whese states"are "ceu~ting:m~~sures".
(measures'~hich·take.enly a'finit~number"öfvalues and are concentrated

'. .. .... - .

on .finite s~;ts) 0 • But the~e ·is 'a st~;~ng interest inmore.spe.,cial s'cherries·.

It is .show!! . by seve~al examples~ in-whic~.'waythe ·~eth~cis.of-thetpeory
. ' . . ' , . 't ~'. .....

of·branching. pr0ce:?ses, .. ,of diffusion .F>reces·ses .and öf the gener:§tli.zed
~ y '. .. , .' - ,'?-, " " ::' .,' ; : . .,'. t.·.·.· I :-." ~., • • " . ";" ','

Jiriria branching proc'esses interla.~e:.in·the·inve9tigation of the :'evelution
... ..

of populations. The considered .examples are. g.eneralizations :.qf .the· model
.".. ..

fortheevölution of the numbersNaa·~·N
aA

~. NAA '0findividuals which

differ 'with 'respect to gene A.
. .

With 'reference to the ~9del wh·ich 'is studied· in the' contribution of Yaglom'

the ·conjectu~e ·is 'propo's;ed :that the optimal control is 'attained b'y non-dif­

ferentiable .orevenn~Li.-'~ontinuous·fun~u'ons .p(N).

We .consider 'right-continuous 'Markov processes on [0.,00] whose transi­

tien.function has·the property that P t(x+y:. .) = P teX; .) * P t(y; .) forall

t". x;.," y > 0.7, where "*" means ·convolution•. Such 'processes were· introduced

by Mo Jirina". and have ·recently been shown to be the possible ·limit$ 'in a

certain· natural sense of a sequence of ~imple branching processes. It

is proved that all these ·"continuous state branching pr0cesses" can be

                                   
                                                                                                       ©



,.

•

                                   
                                                                                                       ©



(1)

7 -
-:~

.,. derived from pr?cesses 0.n R
1

with- independent increments~ unable to jump

.::-~- -to~ the lefft by m~an~ of a "'r~dom time cl:lange" using the fq.nction
-- ' -1

" '-"~"-::~Jx)' =x • The' processes )vhfcli ,.cJre·~-possible.;li.~ifsl.:f(:)~-E·"-;fl~single'. ..,. .'

·Galton-Watson 'process correspond to stable ·prace'sses ef index between
"

1 and 2._ or ·ta the ·Brownian manen process o

MANDL.~ ~~~~ ~P!~~~~~!i;>!1~p:~~!~~~_~~ ~!~!1~!I~~~_~~<:~:.s_~~~

Ein geregelter Galton-Watsonscher.Prozeß mit. r 'TyPen :( ~~ 2~ •• ., r} =

. .= IO '~' wird durch. ~in 'System veIi Wahrscheinlic~keitsvertei1ungen

-' ·.(p{i~ n l ~ n2~ • • · $~r'; z);' .nj = 0$1$•• • ~iJ.I~J defin,ie;'t. p{i$ nl ~ n2~ ••. ~ n~; z)

.e .ist die Wahrscheinlichkeit;. daß die .u-n~ittelbareNachkommen.schaftein~.s

Ipdividu~ms'vom' Typ:us.i. genau ~.us n,llndivirllieü-vom Typtfsl~ D,2 vom'

Typus 2, _usw. ,besteh~n···wird. Di'e~e Wah.rs;cheiI)~chke~t·hängtvom Re- "

gelungsparameter 'z'E -~o'={'1$ 2~ .~'.\s:} ab.'.-Jede Fu~~~onw (i~ vOll.le 'nach

J 0 s.tellt eine Regelung ·dar 'und 'd~fini~rt die Verteilung

[ p'(i" n1" •• 0' n "; .w.(i), . n .. = O~ 1" 0 • • :J i EI} eines G. W. Prozesses 'im. ~r J .0

üblichen', Sinne. '. per 'Ha~ptteildes Vortraged wird der 'Bestim:rn~ngder

""Regelungen, . für ,'welche die PopulatIon am s'chIiell~ten'wä'chst, , gewidmet.

NEY" .p.:, Branching 'precesses" ~_."non-linear·integralequations- - ..-. - - - - - - - - - - - - - -'- ~ ~~.~.,.- - -, - - - - - - - _..-. - - - - - - - _... - - - - - ~

The extinction ~p~obabilityI~(t) ."of a c0nt.inuous 'time ,br~nching pr6c'e~s ,

',with 'particle production .generating ·function -f and, .life time distribution

G is governed by the 'equat'r~n -"

S
t .

,~F(t)' =: ".f{F(t~y)} ~G(y).
. 0 .. :

Asympto,tic 'properties ·of·the ~olu:tion of~' (1) a~d "af s~me· of its generali~

z:ationsare studie<d. as weil as: ·those ·of a relatJdl.class of nonlin~ar

:: .... '.renewal equations of the .f~rm .

(2) ~x-= a +mlx

l,

where x is a 'real valued .functionand· ~ is"a non-linear 'averaging opera­

tor. The ,work 1s joint with·J. Chover" and will app~ar'iIi the ,Journal

D~,Analyseo

-.:
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r
Let F(x) = PI0 + PIr·x +... (PIr > 0) be the generation 'fuD:c1:icm ·of a

Galton-W.~tson process.
(n)

P1j
. LEMMA: Forfixed j the sequence~~ n = I~ 2~ • •• is non-Be:.creasing•

.' (n) P1r
-. P1j

Setrr(j) '= !.~ iIif (O-<rr(j).< ~). It isjmmediate that yrr·(j) = r-rr(j) Pij"

Plr
The lemID:a furnishecg very easy proofs of many (mostly knownl ..limit

theorems. For·-instances- if the mean·m' is < 1 then ,olim p[ Z == jl'Z ,> OJ
. . ~oo n. n.

(whose ·existence was shown by Yaglom., .J0ffe~.Heathcote-Seneta-Vere-Jo~es)

isseen to be :;~~~,k)' where :~ rr'(k)'< +a> •. If m =:1 then,(Seneta) , .

. 'k ' .' . ) ' . n(j) (p~k).~ ':;p~k-1»

.u.(k) = lim P[ Z = j I extinction at 'time n·+.kJ ~ '" ..Ja ~, JO
J ,n-+lXl

. n . ,~ rr (k)"P}<o

where'~ u.(k) = 1 and'·.[TT(j)} is anlnvailiarttmeasure .. If the·chain is
.. :J

irredulibh~an<i aperiodic (in.which 'caser = 1) then the -8RLP holds:

. (nt'rn). 1 ( , •

'lim ..., '~J ..E. _. m' T(i)rr(j)
,,',(n) - Y T(k)rr(h) •

~: ~·co - I -J:)kh

The latter: implies quasi-mixin~..,_,~.~operties 'such -as ·those 'establishe~

fo~ ·the .stochastic'case iIi.'.'Str~l;t~~ratlolimits~ .R.-recurrenceand m~iing;

properties: 'of discrete par~meie:f.'Markov processes". ' Zeitschr~ ;für Wahr.,
~ ...- .:":"~::'::y;:~::.:: .'. . . . .

verw o Geb. ,-, to appear' in ··1:~67.

PROKHORQY, .Yu.: On characteristic ·functionals

In·the.f~rs·t.part the notions ,of characteristic functional and Laplace

traJ?.sform 'of a 'random measure oncompact space are ·introduced.

Necessaryand sufficie·nt conditions for ·weak :convergence of dis·tributions
• .,. ."" a 4 •

of such measures in terms of characteristic ·functionals and Laplace trans-

forms are given.

The second part concerns the ·rate of convergence •. As a .first step ·some

multidimensional theorems are 'proved.

Results are partla published in Doklady ANSSSR and Theory of Prob,.

and its Appio (1966).
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,

· RRNYl. A.: ~~~e_:~!x:~:_~_~~~~!>:~!1~!I~~~_~~~<:e_~~~s_.?!_~i:.?~~~~
-: ~c

~he. fel10wing model of the 'm~ltiplicationof viruses 'has 'been proposed

in ,this talk: .

Suppose there are two. types ·of'objects:· objects'A~ called IIreproductive

'objects JI" ä~d' objects B~ called "c'atalyzing 'objects !'I •. Suppose ,that each

object oftype,.A. ,~presen~ at time n (n = O. 1._2•••• ) gives- birth-at time

n+1 to j. objects .:j\ and k o~j~cts of.typ~ ·B with'conditionml proba,bility

Pjk(l>'- -(j. k = O. 1. 2.•••• ).where -l denotes the number .of objects of-type

·B" which are present at time n o Lei X . denote ·the ·nuinber 'of objects ofn .
type .A and Y the number·'of objects o·f·type·B which ',are 'present at

n '. _ . .
time lla We suppose that an object oftype'B anee born" doesnot dis-

appear. Thus ·(X
n

• Yri} is a branchingprocess withtwo typeEl-of inte r-­

a·c·ting'.objects. Put
..

(n)_ -_ . '" '-' _ _ CD . 00 (n) j l· . _ : 0) co (l) j. k
P -1' -P.{X ~J".Y·~·-:l),·G {u .. v} -.~ I~O'P -1' U v ~. fl(u" v) - ~O Ij_ ..p -k U V', o

J n ..··/~.·:Il:·· n .J-o - J,. _. " Je:- I{:..o J
: :. I.'.... .. ': ~ ~ ,. i. .... •

L'et us put f~rther(} ': ·l(Y) = -~- _p~nll uj• that isG (u. v) = ;; G l(u) vI.
. '. . n" .J=O J ..n· 1=0 n~

. .

Then w~ h~ve' the -fundamental r·ec·~.rs-ion~form'ula

(1) .

If ip'kU) does not depend on 1. ,i. e. ~1(u~ v) =f(u. v)-: is "independent 0f.-l.
J. . ,

.. the·n·· (l)·.reduces to the weIl' khown ·ree·ur·s1on.-for·mula:for 'branching pro-

cesses. )

One can deduce from, (1)' asymptotic ·formulae·for ·the·'e'xpectations E(X .). n
and, E(Y·).

, n

Ta desc'ribe the~ reprqduction of polio-virus the following ,form. of the

probabilities T~k(l) was prop0sed:

1· (1) (1 . b) ('1 :'-lT ) '. .... (1) (1) - ~ Ir
,~P20 = -~r:' -e ;', +·~tl' :;: a + -a e "

'ri'- - (I')' - b(l --i-~:~IT) . ~...:.y .
·tpOO - ;' -:e:' . ~

far!= o.9I,2}, •• 0,,·~~Mrhere·'r> O~ ,a> 0" .b·> 0 and.a+2q< 1. The model

is interpreted as -follows: _object~ A a~e vegetative viruses•. objectsB

enzym_es ~atalys'ingthe reproduction of the virus. ~nd if an obj~ct A
. ~.. ... "

disappears this means ·that it is transformed ioto a 'matur'e virus covered
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with a protein ceat which 'is no langer ·active. The ·number. Z of such
n

viruses produced up to time n has also been.c.onsidered. Asregards

'E (X ) the following recursien ·.fermula is obtained from (1): Puttingn ..
00 1. .

M (v) = ~ G"' l(l)v one has M (1) = E(X) and thus
n 1-0 0.9 n" n .

(2)

.. ..... .

E(X 1) = mE(X )_(m_l)M.(e:
T

); m= 2-a""2b.
n+ n ·n .

. -'

. By supposition ·m·> 1;· this expresses that the proc'ess 'issuperoritical.

" .- . .i.~~~..~.., '.
"SENETA j : E.:and D o VERE-JONE~~t~In~initely divisible··laws connected with

.. :,., , ·~~l~i;~ - - - - - - - - - - - - - - - - - - - - - - - - - ~ - - - - - - - - -
.(pre s.ented 'by D • G. Kenda~lY. :/ ~~~~:~t!~~! ~!~~:~!~-_t!~e_ ~.?!1~~~':~':~

~!c:t~~'~:~~~~~r:~ ·P':.?~~~~~~

;At tim'e n (= 0.,1., 2'., ••• )·the ·state '0f the·.system = X -,> o. Thebasic as-
n- .

sumption 1s that -sX(n+l ..-XnH(S)
E{ e .. I X ., X 1"'. 0 • X...)} .= ,'e.. n n- 0

co .
where H(O+) = 0.. H E C ·.(0., (0)., , ,H :::0, .H~ > /"' .H" > 0., etc.", or 'equi-'

valently
. " ..·.-·,s8

H(s)' = ~[o' "' co) ,1-e .. 1J.:(dS): (*)
1

.-fr· .
". -e

:IJ. b~ing' totaliy ~·finite•.That i~, .~~H(s) is·:·the.:o.aplace transferm: ef an

.infinit~ly\:ii\ri~ible ,non-:::ne'gativera~dom ~ariable •. in thissummary, .for

:b~evity" wes~~pö~'{:-~:~ 'H"(O):< '1. H will denote fue ,~~ th: functional
. : " ". n . . . , .' .

iterate ·af 'Ho .Using ,.a "r'esult of KU'czma; (J. Austr·al. Math. Soc.·4 (~9.64-)

149-51)' it is shown-that

H (s) '"V ·H .(1) ,p (s)
,n n

(n -t (0)

, ~.

4h~re ..I/> .is the(unique) solutionto ..

, ','\":\ ,p,.(H(s)) =~'(s), .1/>·>'0,' .1/>(1),='1, .I/>(s)/s L
now. : I • • .... ...,

,It c·aIl'be s'hown-, that &/J (s) . ad~its a .repr'esentation··of the ,form .(*) . with

(probabÜity)'measure A '. in plä.ce ·6f IJ.. Thus e --I/> (s). isthe Laplace trans-

form of an "infinitely divisible distribution dW.

If we start th~·.ri". th system with ,X
o

= H \1) and let Y n be the size of

populatien in ·.the n"' th system after 'n g,eRerations", then Y converges:in.. n
law to d 'V.

It is further 'shown that
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~-----

,'",

.... ' ~ ....- ..

H (1) ,.:. . '., '\," H-(l).

n n - 1 H, E(X1 1og x11xO = 1) exists and that otherwise' ;:"nh··- o~
m m'

Another interpretat~onof t/J (s)· is as 'follows •. Suppose H(~)'> 0 (i. e.
~

Pr.(X
1

= 0) X = 1)1> 0). 'Then :
.0

", . -sX
E[e nix = 1~ ·X> OJ -1 _.~

,0 n' ,,(00)

so that zP(s)· is alsorelated to a'secon~ limit law~ ,but in-this c,aseas a .

linear 'function of the La.place transform rather than as '(minus) the lo~

garithm.

When X :f 1:1" the situation 'as regards' this '·last result is 'more ·compli-
. 0

cated. 'There 'exists a ,family. 0f limit. laws depending,~0n',aparameter

. Cl (0 < a. ..< 1) and convergence to the a ~ th ·member. 'of this family occur,s
- -sX .

Hf - log E(e 0) 'is of regular variation with 'iridex:Ct., '

SEVAST • YANOV~ .B. A.: .!~~ P!.?!J~~~s_.?!_::~~-~~~~~~~~~t_~:c:~:J:~~~

pr'ocesses

We ,consider, 'age -dependent branching Flroc'esses ~with ~'distribution'functi0n
, ,

(d. f.)· G(t)' oflife-length ·of. particles. Let IJ.
t

' be ·anumber'of. particles.'at

time t. Let p denote .theprobability that,a F>art~cle ,at·the'end'" of. its· "
. ; ,n .. ' ,. , .. :. ..

·-life ,is 'r~plac'ed 'by n 'new partieles. 'The, gene·rat~tngifuncti0n.·(go'f. )
. co' ~ '.,

. (1) -h,{s)':'= ~' p, sn 1s "introdueed. We', shal1'call the~,branching.'proc,ess
, : n=o n, .

with d. f ..L G(t) 'and, g. f. h(s) , a (G~.h.)-process.

1). (G~.h)-processes -will be ·called -r'egwla:r; if P[lJ.f< co}_ l~,t.> 0;

otherwise ·(G~,h)-processes'will be ·called: i r·r·e·g·,u la·r·.

HYPOTHESIS: ' A (0, h)' is 'regular;if f satis'fies,

(2) _JE: G (' y' ) dy = co
. . -1 1-h(l-y) Y

for 'sufficiently small E::> O. (He:eG -1" is the inverse ,function of G.)

For ·some class~13:~of G(t) thenecessity and sufficiency of condition(2)

"far ,the regular~~y of a '(G; h)-process ·is:·~pr0ved.
. :. '~, :',:' :. ..

. - ,;' :<':::" ' .. '.. . ..., .
. 2)., The ,moregeneraL'~a.sewhen;>robabi~ties1'>ri'andgenerating ,functions

,: - ,-. . . '("

, .. :(.1) dep~Jl.~ on age ·of the ·parent of the ·particle ·is ·consider'ed. For:·such

··..critical·bra~ching .processes 'a limit' theorem is proved.
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Let us suppose that on the ·r·ealline a random point distribution 'is given.

Each .point has a 'randem life time and after it each .point gener-ates a

random PD o The ·new points also have random life times and after 'it

they generate new RPD~ sand so on. The. life time's are independent of

each ether 'and ef the history cf the process. The -generation of the -RPD'.s

depends 'only on the .generating point and .is independent of the history of

the process. So we obtain an "age-dependent-branching..process :in.ge­

neral sense". The expeetations'of the proeess were determined and it was

proved that the, limit of the process ..is 'stationary on the real line in a

wide sense only if the' expeetation of the number' of theoffs~"ringof a

single point is equal to the unity. Some re·ma·rk.s :on ~the ·characte.ristic

-functions of the process and the -limit of the ·process were -made.

YAGLO~~ .A .: ~~~~ß:~!1~=~~~~t~~~~_~f~~:~~:I:~z:~ .P:.?:~~~~~_:~~: ~!e_C!.

~!t: .!J~~!~~i~~~_I:~~I:l~~~

Let Nt be the ·number 'of partieles existing at "the time t~" ,.JVhere

t = 0, 1, 2, ••• '. In theusual Galton- Watson branehing'"pr~6~ss'Nt "tends

·either ·ta ·zero or -to infinity as t~(X). H\owever.-in.ma·ny biologic~~ prob.lems

,Nt is "finite and differs from 0 .for "all t. A group, ,of people at M~'seow

-University (namely Prof. I. Pyatecky-Shapiro~.A. LeontoviC·.and same

'others) investigated the problem of the ·evolution. 'of number. 'of cells "in

the issues of living· organismsand constructed a ~pecial stochastic

model giving an example of a 'population-size-dependent branching pro­

cess o Such 'proces'ses can be defined as 'follows: there ·is a group_ of. par·~

ticles~ and every particle produces at ever-y integ.er. 'moment of time n

'new particles with ·the probability p .-.which depend upon '.the -number
n

Nt of the partieles existing at this ,~oment. It is -interesting to study

the eonditions under whieh a litniting distribution exists for 'Nt~ where
. .

Nt is the number 'of partieles at the -time t for "population-size-de-

pendent branching processo The special population-size-dependent

branching process studied b'y Pyatecky-Shapiro and other~·is the 'process

in 'which every particle ,can produce at the 'moment t either two par­

tieles (with 'probability p(N
t
» or 'zero partieles (with 'probability
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l-p(N
t
». They are'interested in the time T = '[(No' NI' N2) during which

the process Nt remains 'in theinterval NI'< Nt < N2 if ~o is the initial

number 'of particles •. n can'be shown that '(E,'[}l/N tendsto a constant

y> I when N-><x), .N
o

= aoN,.N
I

=.a
I
N,N

2
= a

2
N. whereao' aland

a
2
~are fixed numbers and p(N

t
) satisfies some simple·regularity con­

ditions. This :result appar"ently isa specia~·case of sorne unknown ..ge­

nerallimit theorem" far· population-sfze-dependent branching· proc"esses~

K ..Dietz
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