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. Vortragsausziige :

This paper presents a general theory of descent for algebraic objects
defined over arbitrary fields in terms of unrestricted "splitting"
fields — i.e., without assuming separability or (purely inseparable)
exponent 1. The theory has a very broad range of application, with
the "form" content of (the classical concept of) an algebra appearing
as a special case. We present a completeness theorem with isomorphism
conditions for "derived descent classes" and apply this to obtain
Jacobson!s conjectured classification of forms of the generalized
Witt algebras. | ‘

e - T = - - - P - -

Seien R und R!' zwel assoziative Ringe, ¢ additiver—Homomorphismus von
R auf R! und Homomorphismus bezliglich der Lie-Multiplikation
- [a,b] = ab - ba .
Es wird gezeigt, daB ¢ unter den Voraussetzungen

(1) Rt Primring mit char R' { 2

(2) gp(aba) = g(a)p(b)e(a) fir a,b e R |
ein Homomorphismus bzgl. der gewthnlichen Multiplikation ist. Der Be-
wels ist analog zu dem von M.F. Smiley (Jordan homomorphisms onto
prime rings, Trans.Amer.Math.Soc. 84 (1957), pp.426-429) fir den ent-
sprechenden Satz bel Jordan-Homomorphismen.

BOERS, A.H.: N-assoziative und N-prod-assoziafive Ringe

Der Ring R wird N-assoziativ genannt, falls jeder N-Assoziator
[a,,aa,...,aN] verschwindet. Der N-Assoziator wird rekursiv definiert:
N-1

k+1
[a1,a2,...,aN] = ;:T (-1) + [a1,a2,...,akak+1,...,aN] mit [a1,a2] =

= 2,35 . Man kann den N-Assoziatc» auch mit Hilfe von Permutationen
ausdriicken und das ruft die Idee hervor, eine andere Klasse von Rin-
gen, die sogenannten N-prod-assoziativen Ringe, einzufilhren. R wird
N-prod-assoziativ genannt, falls das Produkt von N Faktoren nicht von
der Klammerung abhdngt. Es stellt sich heraus, daB ein N-prod-assozia-
tiver Ring N-assoziativ ist.
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- BRAUN, H.: Doppelverhidltnisse_in_Jordan-Algebren

% sei eine endlich-dimensionale Jordan-Algebra ilber K, Char K $ 2,
mit Einselement. P bezeichne die quadratische Darstellung. Fir ge~
nerisch unabhingige a,b,c,d von U setze man D(a,b,c,d) =

= P(a-b)P~ (b-c)P(c-da)P~'(d-a) . Die Abbildung E(a,b,c,d) =

= Identitdt - D(a,c,b,d) + D(a,b,c,d) stimmt im Fall A = K mit dem
gewdhnlichen Doppelverhidltnis iiberein. Eigenschaften der E's und D!s
werden angegeben, ebenso ihre Anwendung auf die Kongruenz von Punkte-
paaren in Halbridumen. o

----------------------- e
This report concerns an axiomatic description of the 56-dimensional
. module for the Lie algebra E7. The one main axiom states a relation

between two multilinear forms on the module. The group leaving the
forms invariant is investigated, and modulo its center is shown to
be simple in the case of a "reduced" module. These groups colncide
with the Chevalley groups of type E7 in case the module is "split".

Es sei O‘ bzw. € eine Quaternionen- bzw. Cayley-Algebra iliber einem
Kérper K der Charakteristik # 2. Fir jede Abbildung f : O] = H oder
f : 6 -~ H (H elne kommutative Halbgruppe) mit f(xy) = £(x)f(y) gilt,
wie bewiesen wird, f(xa) = f(x)2 = f(N(x)) (N(x) = xX = Xx die Haupt-
. norm in 6] bzw. €). Hieraus folgt, dad die Fortsetzung & einer be-
liebigen reellwertigen Bewertung ¢ eines K&rpers K der Charakteristik
$ 2 auf eine Divisionsalgebra Y oder € ilber K eindeutig bestimmt ist:
®&(x) = yo(N(x)) . Dies und ein bekanntes Ergebnis liber die archime-
dischen Bewertungen des reellen Zahlkdrpers IR erlauben eine Charak-
terisierung des absoluten Betrages |x| = \VN{(x) der klassischen
reellen (Hamiitonschen) Quaternionen $0] und Cayleyschen Zahlen €3:
®(x) = |x| ist die einzige Bewertung von %] bzw. €3, fir die &(2) = 2
ist., — Weiter wird bewiesen: Jede multiplikative Funktion mit De-
finitionsbereich $0] oder €3 und Wertebereich in einer beliebigen
kommutativen Halbgruppe ist eine multiplikative Funktion allein des
Betrages |x| (und nicht der Richtung) von x: f£(x) = f(|x|). Als An-
wendung dieses Satzes ergibt sich die folgende Charakterisierung der
Algebren 0| und 63: 0] bzw. 63 ist die einzige assozlative bzw,
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nichtassoziative alternative endlichdimensionale reelle Algedbra A
mit Einselem2nt e, die die folgende Eigenschaft hat: Fir jede multi-
pliketive Abbildung £ : ¥ -~ ® gilt £{x) = £(r(x)e) mit universellem

. - 3 7.5 ™~ LR :
T s ¥ = B, wobel +(x) >0 flir = + 0

CGLERNIE, C.M.: Jorcdan Idenilities and the Symmetric Group

€0 e s . o D s ED (4 e - T - —— - - . = T G - e W . G S WS WD S wh em e

Let u(™) pe the free associative algebra on n generators L TRRRPL N

]‘n) the free special Jordan algedbra on Bqseessdy both cver a
field F of characteriesiic + 2, Every multilinear Jordan relation

p(x1,.«°,xn) = 0 for which p(aT,..o,u ) = 0 can be written as the

sum of certain relations hola ing in ﬂ(n). To each of these relations

corresponds a lation cn the symmetric group S written in terms of
. the generators R = (12.,..n) and S = (in). Convezrsely the Jordan

identities ce

n~

1

1 be enumercted using the defining relations on R and S
1k

which are wel 71CWN,

—...—...__.—.‘-.-*.....o.-._.-—A.....u—-.--—-.-—————————-.-— -l e e - - -

P ocn a vector space V over a field F‘is a
| t1 _ T — V guch tha* (P(a19°'°9ar)’ai) =0 (1S§$r)
and ﬁP(aT,ﬁ,,,a?)ﬁ = deb (aj,a Yo Here ( , ) is a nondegenerate bi-

m
end A.CGray, to appearfin Conm, Math.Helv. ); they
® exist for the cases (1) n even, r = 1, (i1) r = n-1, (111) n = 7,
r=2, (iv) n =28, r = 3. IT M is a differentiable manifold we say
that M has a vector cross product if on each tangent space of M a .
vecter cross product ig defined, and all these vector cross products
vary ccntinuvougcly or iffe?entiably over M, It is well known that S
of type (1) (i.e., an almost complex
vector cross product of type (11ii1) because

ct

FS

has a vector c*o;u produc

structure), and s has a

it is parallelizable. We show that 88 dces not have a continuous
P

e

vector ercss predéuct of type (iv). Vector cross products of type (iv)

are used to gencrate a new ciass of 6-dimensional almost complex

")

manifclds.

EELWIG, XK.-H.: Modifikat! o‘en reeller Jo-daﬂ-A1gebren

s el ¢ eine Involuticn ciner reclilen Joiidan-Algebra A endlicher
Dimension. Vermige 2(a-b): = ab + {ca)b + a(ab) - a(ab) erhidlt der
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Vektorraum % die Struktur einer Jordan-Algebra aa, welche nach

M. Koecher eine Modifikation von ¥ heiBft. Es gilt: Ist ¥ halbeinfach

und Cyse025Cn ein vollstindiges Orthogonalsystem primitiver Idem-

potente, dann existiert eine Involution a von %, so daB ﬂa formal-
reell ist und acy = c;, 1< 1 < r, gilt. - Folgerungen:

(1) Zu je zwel vollstindigen Orthogonalsystemen primitiver Idem-
potente c.,...,c, und d,,...,d; von 4 existiert ein innerer
Automorphismus ¢ von ¥ mit @{c1,...,cr] = {d1,...,ds]. Insbe-~
sondere ist r = s,

(2) Jede halbeinfache komplexe Jordan-Algebra ist die Komplexifizie-
rung einer formal-reellen.

Diese Ergebnisse verallgemeinern friihere Resultate (Invent.math.1,
18 - 35 (1966)).

gl sei eine einfache formal-reelle Jordan-Algebra vom Grad r mit re-
duzierter Spur A, J1 seil die Menge der primitiven Idempotente von U,
Als Verallgemeinerung des Reyleigh-Quotienten betrachtet man fir

X ¢ % die Punktion f : J, -~ R, die fir ¢ e J, durch fx(c): = A(xc)
definiert ist. Faft man J, als Riemannsche Mannigfaltigkeit auf
(vergl. Math. Zeitschrift 90, 339 - 354, 1965), dann erhdlt man
(grad fx)c = x%(c), wobel xy die 1_Komponente von x in der Peirce-
Zerlegung beziiglich c¢ bezeichnet. Es gilt

fry = Tufy + 2\ (grad f_, grad fy)

und die Funktionen f_, x ¢ ¥, sind genau die Losungen einer gewissen

‘linearen Differentialgleichung.

Bezeichnet man mit o, (x) > ay(x) > ..o > a.(x) die Eigenwerte von
X ¢ ¥ und mit A, fiir c e J, die zu c orthogonalen primitiven Idem-
potente, dann gilt

a.(x) = max f_(c)
] X
R ceJ1
o {x) = min m%x fx(c)
“., Cl.g,...,dk_1€J1 CeAd1nAd2 ...nAdk-1
a (x) = min f_(c .
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Let } be a Jordan algebra. Then } is a Lie triple system relative to
the associator composition [a,b,c] = (ab)e - a(bc). Call } associator
nilpotent if '} as Lie triple system is nilpotent, that 1is, there
| exists an odd integer N such that [...[a1,a2,a3],...,aN-1,a.N] = 0.
Put Ra,b = RaRb - Rab where Ra ig X = Xa and let Ja = Ra,a'
Associator nilpotence is equivalent to the existence of a K such that
Ra1’b1 Raz’b2 RaK’bK =0, a;,b; €} Now assume‘gffin;te dimen-
sional with 1. Call 3 purely inseparable if } contains a nil ideal %
such that J/% is an associative purely inseparable field extension
of the base field. _& is associator nilpotent if and only if
=4 ©% ® ... ®F where the } are ideals such that }, contains
‘ a subfield Ty of its c:nter containing the identity element such that
'(h/l‘i is purely inseparable. One has the following analogue of Engels

e o 0

theorem: } is associator nilpotent if and only if every Ja is nil-
potent. Let U1«(2) be the universal unital multiplication envelope
of }. Then ¢ is associator nilpotent if and only if the Lie algebra
U,(})“ is nilpotent. This implies that if & is an associator nil-
potent subalgebra (with 1) of '& then the Lie algebra 21?( £) of linear
transformations in } generated by all Ra,b’ a,b ¢ & is nilpotent.
If 3} = }o_+ %y is the Fitting decomposition relative to ¥3(8) then }
is a subalgebra and }1-30 £ §y- We have < } and & is called a
Cartan subalgebra if 30 = &. The standard results of Lie theory carry
over. For example, if we define a to be asscciator regular if dim Sa
. 1s minimal where 3, = { z | ng = 0 } and the base field is infinite
then 3a is a Cartan subalgebra.

e e - W . — -t - — T, G . - e G - S W G D WD WD - > > - - -

The first result we note is that the restriction characteristic ¢ 3
which is customary in this theory is removed. For this purpose one
needs to replace the usual linearization of the generic norm n by
(a,b,c) = é A;(Abn) where Ag‘f is the directional derivative of f at b
in the direction a. One has the identities (a,b,c) = t(axc,b) =

= %[n(a+b+c) - n(a+b) - n(b+c) - n(a+c) + n(a) + n(b) + n(c)] and

31Q(a'?) - q(a)?] = t(a)[2t(at’) - t(a)t(at®) + n(a)] where

Q(a) = %t(a‘g) (springer). A second result we note is the following
analogue of the invariant factor theorem: Two elements of a split
exceptional finite dimensional Jordan algebra '} have the same orbit
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under Aut } if and only if they hav the same generic minimum poly-

(]

nomial and same minimum polynomial. Using a result of Albert -
Jacobson this is proved by showing that any element a of gfcan be
imbedded in a subalgebra of the form @fo The problem of determining
conditions for conjugecy for reduced “lgeb“as has been considered
also quite recently by John Faulkner. His results are not quite
complete at this time.

JONKER, P.: Lie AJ ebras (restricted) over a Field of Characteristic_2

Restricted Lie alvebras over fields of characteristic > 7 (resp. > 3)
have been studied by J. B. Seligman. He assumes the existence of a
p-representation which has non-degenerate trace-form; moreover in
these cases the rootspaces are still one-dimensional and one can

treat these algebras in a W“V sinilar the characteristic O-case though
with a lot of additional calculations. Now such an approach is im-
possible in the characteristic 2-case since e.g. there exist very few
algebras which have a restricted representation with non-degenerate
trace-form. One part of the investigations is related to the structure

of algebras which have a degree £ 2 {degree of ¥ = max dim k[x] where
xeld
k is the groundfield and k[x] the restricted subalgebra generated

by x). This is a complete theory. The resu’is «'izined from this
theory can be used to general res tricted Lie algebras which satisfy
a relation: Q(x2 = Qz(x} where Q@ is a non-defective or even non-de-
generate quadratic form (ncn-dzgenerate means that the associated bi-
linear form of Q may have a radical R but for r € R, r £ 0, one has
Q(r) + 0) (so no representation comes in); some side conditions have
to be added. Then this a very large class including e.g. all Lie
algebras associated to algebraic groups (exceptional ete.).

KNOPFMACHER, J.: On the Isomorphism Problem for Lie Algebras

i i s s - - D B - ey . T (D - - - D - - G- " S T e W = - . S = e

The main purpose of this talk is to discuss some invarilants of the
isomorphism type of a Lie algebra U, which may be derived from any
finite presentation of % in terms of generators and relations, and
easily used to distinguish bcuwecn mnany different non-isomorphic
algebras. The Invariants are analog;ts to the elementary ideals and
knot polynbmials used in studying certain finitely-presented groups.
They may also be applied to specizl Jordan algebras, and of course
to word problems for algebrac.
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KOECHER, M.: Durch Jordan-Algebren definierte Lie-Algebren und
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Sei ¥ eine Jordan-Algebra mit Einselement e iiber einem Korper K der
Charakteristik +£ 2, Mit L ;: ¥ = 9, L(a)b = ab, wird die linksregulidre
Darstellung von % bezeichnet und L(%) = {L(a); a € ¥} gesetzt.
Neben der Struktur-Algebra
6(%) = Der E ®L(A) und H(%) = Inder U & L(A)
werden die Lie-Algebren
. f() = 6(Y) ©Y ®U und L(A) = H(A) @A DU .
betrachtet und insbesondere deren Derivationsalgebra bestimmt. Be-
kanntlich ist die Lie-Algebra der sog. Strukturgruppe I'(¥) von ¥
gleich G(a).
‘. Fir eine endlich dimensionale Jordan-Algebra ¥ sei EE(&) die Gruppe,
die fiir ein generisches Element x durch die birationalen Abbildungen
t,(x) = xta (aed), Wx (Wel(Z)) und j(x) = -x"
erzeugt wird. Man erhdlt hierfiir folgende Ergebnisse:
(a) =(u) ist eine algebraische Gruppe mit Lie-Algebra £().
(v) Die Elemente von = (%) kénnen durch eine Differentialgleichung
charakterisiert werden.
(c) Jedes Element f von =(%) schreibt sich als
f = Wet,ojot ojot, mit W e I'(A) und a,b,c ¢ 4.

(d) Es gibt eine treue Darstellung X : =(%) —> Aut R(%).

Die Frage nach der Eindeutigkeit einer Darstellung (c) fiihrt auf
eine neue BAquivalenzrelation in Jordan-Algebren.

e W e e D D S WD G W SIS S T G GRS G R D G G G e G P G G S W T G P G Ge P D e e

A recent result of Herstein is generalized as follows: Let ¥ be an
algebra with involution containing no nonzero nilpotent ideals,
whose Jordan ring of symmetric elements satisfies a polynomial

identity of degree n. Then ¥ satisfies a standard identity of degree
at most 4n. '

. . D - - - - - - — - —— - D D e G =D G A v - GD - - -

What are the Jordan algebras? Over fields of characteristic % 2 the
basic examples are the algebras (1) ¥* for ¥ associative, (2) K(¥,*)
for ¥ associative with involution, (3) the Jordan algebra 3J(Q) of a
quadratic form Q, and {4) the exceptional algebra @(63) for € the
Cayley algebra. What should a Jordan algebra be? Two reasonable
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requirements for any axiomatization of the concept of a Jordan ring
or algebra over an arbitrary field are (i) it should include the
above four types of algebras, and (ii) it should not include much
more — any simple algebra (in a suitable sense) should be
essentially one of the above types.
The usual definition in terms of a commutative multiplication xy
satisfying the Jordan identity (xzy)x = xa(yx) is unsuitable in
characteristic 2 since it includes the "wrong" algebras (nodal ones)
and excludes the "right" ones (the above four types). Recent in-
vestigations suggest we define a unital Jordan algebra over an
arbitrary scalar ring & as a triple J = (X,U,1) such that X is a
@-module, x —~ U, is a quadratic mapping of X into Hom(X,X), and

" 1 ¢ X where for2all x,y. ¢ X (JA0) U1 = I, (JA1) UU(x)y = UnyUx,
(JA2) {xxy} = x%y. The above four types of algebra all carry a
natural structure in this sense. The usual results concerning
special algebras, inverses, isotopes, structure groups, and
structure algebras carry over to this general setting. If 3 ¢ &
there is a natural 1-1 correspondence between unital Jordan algebras
in this sense and in the classical sense. Thus for characteristic
$ 2 (where the classical theory is perfectly satisfactory) this
definition involves nothing new, while in characteristic 2 (where
the classical theory is unsatisfactory) we obtain a theory more in
conformity with the other characteristics.

Ein Vektorraum ¥ endlicher Dimension iiber dem Korper K heift ein
Freudenthalsches Tripelsystem (FT-System), wenn auf 2 eine nicht
ausgeartete schiefsymmetrische Bilinearform { , ) und eine triline-
are innere Komposition (x,y,z) —> {xyz} definiert sind mit den
folgenden Eigenschaften: {xyz} und (x,{yzu)}) sind symmetrisch in
allen Argumenten, (x,{xxx}) ¥ O und

{({xxx}xy} = (y,x) (ox} + {y, {Zxx})x .
Eine lineare Abbildung D von % in sich heiBt eine Derivation von 2,
wenn D{xyz} = {xy(Dz)} + {x(Dy)z} + {(Dx)yz} fir alle x,y,z € % gilt.
In FT-Systemen sind die Transformationen D(x,y), definiert durch
D(x,y)z = {xyz} - (z,y)x - {z,x)y Derivationen. Es wird gezeigt, daB
unter einigen weiteren Voraussetzungen jede Derivation von £ sich
als Summe von solchen D(x,y) schreiben 148t und daB die Lie-Algebra
aller Derivationen einfach ist. Im Falle Char K = 0 (oder > dim 2)

Deutsche .
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wird die Dimension dieser Lie-Algebra berechnet und damit gezeigt,
daB in einem der vorlommenden Fdlle diese Lie-Algebra einfach und
vom Typ E7 ist.

—s-..----—‘6.-0—0-—-9--—a-«.--u-------------‘------‘----------

Results discussed include the following: Theorem 1: Let % be a
Jordan ring with 1 of characteristic $ 2 in which every element is
either invertible or nilpotent. Then the set of nilpotent elements
of % forms an ideal. Theorem 2: Let ¥ be an associative ring with 1
of characteristic + 2, and let ¥ have an involution such that every
symmetric element is either nilpotent or invertible. Then ¥ is an
extension of an involution simple ring by a nil ideal. Theorem 3:
Let ¥4 be a simple associative algebra finite-dimensional over a
field & of characteristic %= 2, and let ‘¢ be a Jordan subalgebra of A
whose elements generate ¥ under the associative product. Then either
(1) 3 =9, (i1) F = 9(,2) with some involution *, or (1ii) Fis
simple of degree 2 and ¥ = S,(73). Theorem 4 (Morgan): Let ¥ be a
Jordan algebra of character istlc + 2 with DCC on quadratic ideals.
Then % contains a unique maximal ideal N without idempotents, and
gd/M has no absolute zero divisors and has identity element.

RESNIKOFF, H.L.: Jordan algebras and automorphic forms

= e e o 53 e o e e o = e 4 - = = Se S = e = - -

Let % be a compact real Jordan algebra with reduced trace o and
unit c. Denote the gradient with respect tuo o by V, and the
structure algebra of U by G(d) If k is a non-negative integer, de-

fine D, ., = co([P(y) P(Y?)] ,V) and Dopio =
o([P(y)B(§7)] P(y), V), where (P(y)V)f is understood as
2y (Vyf) - %(yQVf + Vy°f) for scalar functions f.

Theorem: Vi : i is a G(¥)-invariant linear differential operator.
{D; | 1< i< rank Z } generate the ring R of G(&) in-
variant linear differential operators.

Theorem: D, = o(P(y)V.V) is the lLaplace-Beltrami operator of exp¥
relative to the natuvral metric o(P"(y)dy,dy).

Let ¢ = e, + ... + e. be a decomposition of ¢ into primitive ortho-
k

' -~
), = e; . If x ¢ %, denote the %1(ck)

gonal idempotents and put
: =1
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Theorem: For every s = (s,

S
[ 1915 1s an
=1

4 ~ - + & 41 D
eigenfuncticn of the ring R.

These eigenfunciions can btes used to construct generalized Mellin
sransforms (with respect to certain discrete unimodular groups T )

G
of the form @{s) = L)r f(y):s‘,(s)llec

where
expd /T v |Y|q ’

o'«-—wq- - s_’
gy (s) = § I fw !k K 152 I -invariant eigenfunction of R, and

q = dim ¥/rank ¥. For the well known examples of modular groups, the

_operator Mt can be used to ascociate Dirichlet series with auto-

morphic forms, generalizing the method of Hecke.

SAGLE, A,A.: Homogeneous spaces, holonomy and_non-associative

o= e g 0 - e o - - . - cn me . - - e . - w . W G

algebras

puiuly. <= Sty

K. Nomizu establishad a cerrespondence between invariant connections
on a reductive homogeneous space G/H = M and non-associative algebras
defined on the tangont space Mp (p = E e M) with H acting as an
auuomovnhis group of the algebra. Thus algebrically if g (resp. h)
is the Lie algebra of G (resp. H)

), there 1s a subspace m of g with
h

3
] © m. Furthermore for each invariant
linear multiplication a(x,y) on m
with ad 1 derivaticns of e. The canonical connection of the first

connection on G/H there iz a b3

kind on G/H 1is when i-parametor subgroups in G project into geo-
desics in G/E; this conditlon is givén by a(x,y) = %[XY] = projection
of [XY]g Into n for X,Y ¢ m. Let G/H have the connection of the first
kind, then there iz a correspondcence tetwzen holonomy irreducible

nonsymmetric spaces G/H and glmple algebras m with multipllcation
XY = [Xi}mc In cas2 G/H is pseudo-Riemannian and irreducible, the

Lie algebra cof the nholonomy group is generated by the maps

a semi-simple Lie algebra. When the
general connecticn rultiplication @(X,Y) is considered, the irredu-
cibility of G/il yields (m,c) is 2 simple algesbra but the holonomy
algebra is only contained in the Lie algebra generated by the maps
a{X)y = c(X,Y) and P{X}¥ = «{¥,¥). The general connection (given.by
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a(X,Y)) can be compared with the connection of the first kind by a
1-1 correspondence to invertible elements in a Jordan algebra and
irreducibility of G/H studied by this Jordan algebra.

SCHAFER, R.D.: Standard Algebras

jougputguigupengadifpiligeed = bl

In 1948 A. A. Albert defined a standard algebra A by the identities
(x,¥,2) + (z,%,¥) - (x,2,y) =0 and (x,yjwz) + (w,y,%2) + (2,y,wx)
= 0. Standard algebras include all associatiVe algebras and commuta-
tive Jordan algebras. The radical %t of any finite-dimensional
standard algebra % is its maximal nilpotent ideal. It is known that
any semisimple standard algebra is a direct sum of simple ideals,
and that any simple standa'd algebra is either associative or a
o commutative Jordan algebra.
In this paper we study Pelrce decompositions and derivations of
standard algebras. We prove the Wedderburn principal theorem for
standard algebras of characteristic ¥ 2: If %/M is separable, then
= B + N where B8 is a subalgebra of ¥4, 8 = 4/N. For standard
algebras of characteristic O we prove analogues of the first
Whitehead lemma and the Malcev-Harish-Chandra theorem, and we de-
termine when the derivation algebra of % is semisimple.

—————-——.-—-———-——-——-—---——---—--——------

Eilenberg (Ann.Soc-Polon.Math.21) untersuchte Erweiterungen
0O~ C~—B - A -0 nichtassoziativer Algebren der Klasse C(S), die
® die Bedingung c® = 0 erfiillten. Die Aquivalenzklassen bilden einen
Vektorraum H2(A,C). Es werden nun allgemeine Typen untersucht, wo-
bei lediglich verlangt wird, daf der Annullator N von C in B ein
Ideal bleibt. Es stellt sich heraus, daB &hnliche Erweiterungen
durch HE(A,N) beschrieben werden, wie dies Hochschild fiir assoziati-
ve Algebren gezeigt hat.

SPRINGER, T.A.: Jordan algebras and algebraic groups

peieguiuptguiyipungay = Juliyguiugiapibuniaba i ugus = uipnduing-odagity = Sufafing g

The purpose of this talk is to indicate how one can obtain the
classification of simple Jordan algebras from the Killing-Cartan-
Chevalley classification of simple algebraic groups and their re-
presentations. Let d be a Jorcdan algebra with identity e over a
field k of characteristic not 2. For simplicity of the exposition
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k 1s assumed to be algebraically closed. Let G be the structure group
of 4, i.e. the group of invertible linear transformations T of aq,
such that there exists an invertible T!' with (Tx)™' =Tt(x~1). G is
an algebraic group. Here are some steps of the argument:

(a) If % is simple, G acts irreducibly in 4, from which one concludes
that the identity component Go of G is the product of a semi-simple.
group H and the group of scalar multiplications. ' :

(b) If 9 is simple, then H is either quasi-simple or isogeneous to
the product of 2 simple groups.

(c) Let ¥ be simple, let H be a simple algebraic group. Using a A
primitive idempotent of ¥, one constructs a 1-dimensional subtorus S
of H such that in the representation of S in ¥4 at most 3 distinct

.' characters occur, which can be ordered such that the highest has
multiplicity 1. These simple H can be classified.

One has a similar situation in the case that H is not simple.,

The main results obtained so far on weakly closed Jordan algebras of
bounded self-adjoint operators on complex Hilbert spaces -
JW-algebras - will be discussed. In particular, all irreducible
JW-algebras will be characterized, the result being exactly what
should be expected from the finite dimensional case.

——-.-——.-—_--_—---——‘..---——

1) An example of a finite group G of automorphisms of a Jordan
algebra % of characteristic O which respécts all Wedderburn de-
compositions of %, but no two Wedderburn factors are isomorphic
via an automorphism of ¥ expressible in terms of fixed points of G.

2) A proof of the Whitehead first lemma and the Malcev theorem for
Jordan algebras of characteristic O, using a construction of M.
Koecher and the analogous results for Lie algebras.

3) An example of a commutative Jordan algebra without unit element,
which is admissible, but which has a homomorphic image which is
not admissible.

4) Let ¥ be an associative or Lie algebra of characteristic 0, R the
radical, £ a completely reducible Lie algebra of derivations of .
Then & = 8 +%R , 8= 4/R, 8L € B, and any two such B are

Deutsche
DFG Forschungsgemeinschaft © @




DF Deutsche '
Forschungsgemeinschaft . ©




UFG

Deutsche
Forschungsgemeinschaft

isomorphic via exp(Ad x), x an &£-constant in R. A similar result
holds for associative algebras of characteristic p, provided
RE S R.

---.--c--—-———-—-n—--—-—-—-——.--—------------ - o om

Let ¥ be a finite dimensional algebra over a field of char $ 2 with
product ab. Denote (a,b,c): = (ab)c - a(bc) and Z(a,b,c): =

= (a,b,c) + (b,c,a) + (c,a,b). Give the vector space U a new multi-
plication 1y by choosing f e % fixed and defining u.Lf Ve =

= u(fv) - (v,u,f). The resulting algebra Ue 1s called the (right)
mutation of ¥ with respect to f. Define the linear transformation
P(u,v) : & —> o by P(u,v)f: = ul. v and put P(u): = P(u,u). The
algebras satisfying the fundamental formula P(x)P(u,v)P(x) =

= P(P(x)u,P(x)v) and having a unit element are non-commutative
Jordan algebras satisfying Z(a,b,c) = O. Their mutations have the
known properties of mutations of Jordan algebras. By Z(a,b,c) = 0O
the alternative algebras of char + 3 are ruled out. Nevertheless
mutations of alternative algebras are non-commutative Jordan
algebras having nice properties without being necessarily alter-
native.

TITS, J.: Exceptional simple Jordan algebras

————n--—-..——'_--“-—.--—----—------‘--

(I) Denote by k a field of characteristic not 2, by 4 a central
simple algebra of degree 3 over k, by n ¢ & = ¥ and tr : ¥ - U the
reduced norm and reduced trace, and by * : 4 X ¥ - q the symmetric
bilinear product defined by (x*x)x = n(x). For x ¢ 4 set

X = 3((trx)1 - x). Let ¢ e k* = k - {0}. In the space U, + ¥y + U,
sum of three copies of #, define a product by the following table

(with obvious notational conventions):

*o ' ¥4 Z2
xy || Ao | Gy), | (),
~ . P ]
¥} (31), c(y*yt)s| (v'z),
~ el 1
z} (Z!X)g (yz')o E(Z*Z')1

oD
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(II) Denote by 1 a quadratic extension of k, by B a central simple
algebra of degree 3 over 1, and by o : 8 =~ B an involution of the
second kind such that k = {x ¢ 1 | x = x}. Set

8™ = (x ¢ B8] x° = x). Let b e 8Y™ and c € 1* = 1 - {0} be such
that n(b) = c%. In the space gSy™ B,, sum of 859™ and a copy B,
of B, define a product by the following table:

b4 y
xt | 3ooexin) Gry),

~_, - Oy -1
y! (X1 )a (yoy 1 %+ytoy®) + (cO(y ey )07 ),

Theorem 1. The 27-dimensional algebras described under (I) and (II)
are exceptional simple Jordan algebras over k. Every such algebra
is obtained by at least one of the two constructions.

Theorem 2. The algebra (I) is split if ¢ ¢ n(¥) and division other-
wise. The algebra (II) is reduced if ¢ e n(®B) and division other-
wise.

Theorem 3. There exists an algebra of type (II) which does not split
on any cyclic extension of degree 2 or 3 of k. (Notice that such
an algebra is necessarily division and not of type (I)).

(For more details, see K. Jacobson, Jordan Algebras, a forthcoming
book ). ‘ ‘

TSAI, C.: Prime Radical in Jordan Rings

- e A . - — - ———— - > - > e o

Similar results about Brown-McCoy type radical can be obtained in
Jordan rings by defining an ideal I in J to be a prime ideal if for
any ideals A and B in J such that A UB & I then Ac I or BEI.

If A is an ideal in J, the radical of A is the intersection of all
prime (semi-prime) ideals in J containing A. The radical J(R) of J
is defined to be the radical of the zero ideal of J. It can be
proved that J(R/J(R)) = O.

R(J) = 0 iff J is the subdirect sum of prime rings and if d.c.c.
holds for prime ideals in J, then R(J) =0 iff J = J, ® ... ® Iy
where Ji are prime rings.

For any J, R(J) is a nilideal in J containing all nilpotent ideals
in J. iIf J is finite dimensional over its center, R(J) is the usual
radical in a finite dimesnsional Jordan algebra.
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Let € be a split octave algebra over a field K, U the Jordan algebra
of 3X3 Hermitian matrices with entries in €. A kind of plane can be
constructed whose points and lines are the primitive idempotents and
the x with x2 = 0 (up to scalars in K) in @, Two lines may have more
than one point of intersection, and dually.

A certain subgroup of the group of collineations is a split group of
type E6. A simple geometric proof of the simplicity of this group
can be given,

The unitary groups relative to the nonlinear polarities are the forms
of E6 which are split by a quadratic extension of K, ‘Thus, inicase of
a finite fieild K all forms of E6 are found in this way,

WEINERT, H.J.: Zur Einbettung von Ringen in Oberringe mit Einselement

Es sei R = (a,b,...} ein nicht hbtwendig_assoziativer Ring und
r = {a,B,...} der Ring der ganzen Zahlen. Bekanntlich erhilt man zu
'R einen Oberring R* mit Einselement, indem man in der direkten Modul-
summe R* =T ® R = {y + r} eine Multiplikation gemif (y+r)(é+s) =
= ¥8 + ys + Or + rs einfiihrt. Fiir die meisten Ringe R gibt es jedoch
weitere und fiir Untersuchungen iiber R oft geeignetere Oberringe S mit
Einselement e, wobei wir natiirlich nur solche zu betrachten brauchen,
die von R und e erzeugt werden. Wie im assoziativen Falle (vgl. H.J.
Weinert, Acta Sci. Hung., Szeged, 22 (1961)) erhilt man alle diese
~ Ringe gerade als die (als Oberringe von R aufgefaBten) Restklassen-
') ringe S = R*/a* nach allen Idealen a* mit e* N R = (0). Diese Ideale
sind gerade die Hauptideale a* = (a - a), wobel a ein a-Element von
R ist, d.h. ar = ra = ar fiir alle r ¢ R erfilllt (ausgenommen den Fall
@ =0, a £ 0). Insbesondere nennen wir einen solchen Einselementober-
ring S von R streng, wenn dabel a* so groB wie mdglich gewihlt wird.
In Verallgemeinerung eines Satzes von J. Szendrei (Acta Sci. Math.,
Szeged, 13 (1949/50)) gilt: Zu jedem alternativen Ring ohne Nulltei-
ler existiert genau ein Einéelementoberring S von R, der ebenfalls
nullteilerfrei ist, nidmlich der dann eindeutig bestimmte strenge
Einselementoberring. Fiir flexible Ringe R gilt dieser Satz nur mit
"héchstens ein", wobei der strenge Einselementoberring S von R ent-
weder nulltellerfrei ist oder spezielle a-Elemente (ab = ba = ab fir
gewisse, aber nicht fiir alle b e R) enthilt, die dann gemiB
(ce-a)b = b(ae-a) = 0 sdmtliche Nullteiler von S liefern.

M. Koecher, Iiiinchen
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