
MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tag u n g' s b e r i c h't

17.5. bis 23.5.1970

17/1976

Tagungsieiter: Ho Dinges (F~ankfurt/Main)·undL.J. Snell (Hanover)

_ . Während· über Markoff ' sehe, stationäre und'· Gauß' sehe Prozesse

regelmäßig Tagungen in aller Welt stattfinden, wurde unseres

Wissens den Martingalen, dem vierten Grundtyp stochastischer

Prozesse, noch nie eine Spezialtagung gewidmet. Um der Gefahr

auszuweichen, daß die Vorträge- sich 'in den weitgestreuten An

wenqungen der Martingaltheorie verlieren, waren die Herren D.

Burkholder,' J.L. Doob, P.A~ Meyer und L.J. Sneli fUr Übersichts-

,vorträge über die Hauptsträmungen vdrgesehen. Außerdem standen·

allen Sprechern mindestens dreiviertel Stunden für ihren Vortrag'

.. zur Verfügung: D. Burkholder, P.A.Mey~~_und H.Rost referierten

sogar in zwei langen Sitzungene

Es'hat sic~'gezeigt, daß die,versbhiedenen Forschungsrichtungen

innerhalb der Martingaltheorie einander ergän~en und in Spezial

tagupgen.wertvolle Impulse geben können. Die Atmo~phäre ·Oberwol

fachs hat.viel·zum Erfolg der Tagung ~eigetragen. Die Teilnehmer

waren sich darüber einig, daß 'ln eto/a zwei Jahren eine weitere Spe

zialtagung über Martingaltheo~iewünschenswert wäre.
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Vortragsauszüge

G.A. Brosamler: Superharmonie functions: Quadratic variation

and Ito formula

Let Q C Rn be a Green dornain, 0'0 i ts Martin boundary. Let u be

the difference cf two positive superharmon1c functions on Q,

extended to aQ ~Y the fine boundary function u*. Let Y be Brownian,

motion on Q" stopped when reaching · ;yQ. The" proces~ u(Y) 1s rU"s

tt cussed from the point cf view of quarlratic variation. The Ito
. . .

formula is valid for u without smothness or·growth conditiöns.

D. Burkholder: Martingale Inequalities

Recent work on inequalities of the form

•

1s descr1bed. Here f"= (f 1,f2 , .•. )is a martingale belonging to

some family of martingales and.U and' V are operators on the fa

mily. The basic question is: When does an inequali ty .. cf the form

APo . P(Vf)A) < c . "urll po A)O, imply (*).?
- Po 'L..~__,_..

There are two cases:
b

1.' tf> general, f special .. Here 4> satisfies <t>(b) = f cp(A) dA; .
o

o < b < ~ where ~ 1s nonnegative and measurable and satisfies

the growth condi tion CI' (2)'':) i c 0 q>( A), A > -0, and f i5 any trans-"·

form of a fixen martinga1_e satisfying a regulary condi tion.

2. ~ convex, f general. Here ~ is assurne~ also to be conve~ and
J .

f is any martingale relative to a'fixed sequence cf a-fielös.
,j - ~ •

H. Dinges: A oroof cf the Martingale Convergence ~heorem.

Most proofs·of. the convergence theorem use an estimat~ on uu-
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suppo~t) Of;~'$ into the family of cornpact subsets of E having a de-

and downcrossin·gs. It is shown that the~l.i.nt.roduction.of some

strictly convex function provides a natural proof: If k 1s

positive and strictly convex and if ly denotes the tangent

in y, define Uö{y); = (x:k{x) <ly{X) ,..: 6) ann apply the

Cauchy criterion: 'A sequence of random variables y~,Which is

bounded a.e., converges a.e. iff far 6>0, h>O, there exists N:

p(Yn(W) t UÖ(YN(W)~ for some n>N) ( s.

J.L. Doob: State Spaces rar Markov Processes

The general principle is: The transit.ion function ano state space e
of ,a Markov process shoul~ be chosen in such a' way that the su

permartingales defined in terms cf t~e transition function are se

parable~ This principle 18 illustrated in the case cf MarkoV Chairis.

w. Hansen: Hunt's theorem and potential theory

Let E be a locally compact space having a countable. base anrl ~.

a family'of nurnerical functions .on Ee A potent~l cone ~. on E

1s a convex cone cf real~valued continuous functions > 0 on E
I

together with an additive and posittve homogeneous mapping S (calleo" •
composition propert~. ~~ then is the set of all real-valued con

tinuous functions f > 0 on E satisfying f + P ~ q, whene'ver p, q € $ and

f + P > q on S(q). mis sairt to be sub-Markov if 1 € ~$'

Using Hunt' s theorem we get: ~ 18' the farntly cf excessive rllnctions

:/ .

cf a FeIler sernigroup whose potential kernel rnaps ~k' into ~o if
,/

and only if ~ .is "generated" by same sub-Markov potential.cone $

satisfying ~

5
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!ß is said t,o be weakly adapted, if for all p E $

1nf (f @ Uml p-f -,@ CI4-) == o." 0

If $ 15 weakly adapted and if for € E t,here is € ~
. ,

any x a p

such that p(x) > 0 a thorough study of ij$ gives the existende "

of an fe ~$ such that f-1$ c OCo ; Thisleads to the following

corollary cf the preceding result:

~ is the fami,ly cf excessive functions cf,' a quasi -"FeIler semigroup

if ~ is generated by a weakly adapted sub-Markov potential cone"

satisfying ~o c * - $.

This corollary can be applied directly to get.a Hunt process for

any strongly.harmonie space.

In Jnvent10nes math.5, 335 - 348 (1968) a somewhat stronger result"

is proved by using a generaliz'"ation of .Hunt:'stheorem 0

J. B. Knight: On ~ connection betwe"en square i.ntegrable rnartin-,
gales and Brownian motion

"LetB
1

, ••• ,Bn be square integrable mar"tingales on (Q,~l,p) with

natural increasing process< B1>, ... ; < Bri> such that B~ - < BI?
. L

are martingales, 1. i k < n. If B,i 1 Bk f·~-;"j =f=k,· and if theBk

have continuous nath functions, "then·(if t~ < Bk>t = co,1.5.. k < n;

a.s.) the processes (B 1(T1(t)), .... ; Bn(Tn(t))), where Tk(t)"iS "".

the r1ght-continuous inverse function of < Bk>{, 1s an n-dimen

sional Brownian motion.

":I

J . F 11 Mertens: Repeated games wl th incornplete inforrnation _.
..'

There 1s considered. a special kind of games rn(p) with incomplete
. . . ~

inf~.~JIlation, where"p = (P1". "~k) is a-probability vector .. :It
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i8 shown that· the values vn(p ).. ;of. the garnes r n (p) .. converge ,., '.

to some function v( p), al though the ga.me r co (p) has in general

no value. The function v 18 the unique solution of'a system of

ßqJalities. Some differentiability properties of vand examples

are given. The arguments denend heavily on martingale theory, to-

gether with the Minimax theoreme

P.A. Meyer: SurveY.on Stochastic Integrals

The topies considered are

1,. Stochastic integrals with respect to Square integrable

. martingales

2. Stochastic integrals with res~ect to non square integrable

martingales and with respect to -non square :i:ntegrable" non-

ma~tingal'es.
I·

The 'first talk consists entirely of classical r~sults. In the se60nd

-talk, are introduced semimartingales, tba~ is, proc~sses X which

admit a decomposition .Xt = Xo + Lt + At where Lt is a local mar

tingale, and At is a p~ocess whose sampIe func.t;i.._ons are of bounded·

variation. Stochastic integrals of predictable locally bounded pro- 4t
cesses can be defined with respect to such X. A general change of

variables formula can be given as follows

F" (Xs~ ) d[ XcX
c

] s

where F 1s twice continuously differentiable. An ap~lication ~s

. '~ . "

C~atherine Doleans 'exp·orential formul.a: .the only solution of the

stochastic.. equation
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Yt = 1 +
o

7

18

exp( -6 X) 0s

A. Nguyen-Xuan-Loc: Streng limit cf some class cf projectio~s

in. an L-snace .

Let H be a Hilbert space, 11 11 a norm on H which 18 weaker than

the hilbertian norm" and. X the completion of H. with·respect ~o

11 11 ~ For I = [0, td] let ,(Xt)t€ I be' a classof subsraces of

X; Xs subspace of Xt for ~ ~ t, and Pt s the proje~t10n
. , ! .

Xt~ Xs' t ~ s. A martingale is def1ned as a collection (X~ : t€D

. 'of elements cf X:

.' 1) Xt € Xt for t € I

2)Pt ,s (xt ) = Xs for t 1. s,' s,t € I

<" ':'Theoreni:' If (xt ': t € I) is a mar'tingale, :then the following
..

st~tements are equivalent:

t € T) 18 relatively compac"t -

t € I) is weakly' relatively compact"

.. 1 ••. {x
t

2.: (xt :

3. -s - lirn xt exists
t?td

xt = Pt(x)

'- '---".

I
I·
i

H. Rost: Suitable stopping cf Markov processes

Let (Pt) be a (.cont'inuous or discrete) semigroup of kerneIs . on a

measurable space (E,~) and J..L a fixed measure on (E, m) ." The pro-
,. -

~ blem 18 to characte~ize- those measu~~ v',which occure as stopping

,'distributions v = J..l. PT of theprocess, with, transition function (11)

and starting distribution'~. The ,ans~er in t~etimely discrete
.,l.

- /

case' 18 gi~en by

.... 8 ....
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There exists a T such that·~ PT = v iff

< ~,f > > < V,f > far all axcessive f, i.'e. for

all f o < Pf i· f.

There is still another theorem, analogous to Skorokhod's Lemma,

. '. 'in '. the discrete time case:

Theorem. 2: ',rr'Sis a suitably defined cone of defective functions

. (f def.: ~ 0 i f < Pf) and,. if

< ~,f > i .< v,f > far fES, then there exists a

stopp~ng time T such that .

"a)- v ~ ~ PT b) ~~(fdXT) = I lirn~~( foXT!\n) •
.n

," The rnethod of proof consists inconsider:img the double sequence e
of measures ("~illing procedure"):

, ~o =(~-v)+,vo = '(~-v)-'," ~n~1 = (~nP'-Vn)t, vn+ 1 =(~nP~Vn)-'

n >.0; it shows ·that ~he desired.stopping tirnes can be defined

in a' "carionical" way 0 A .slight modification cf, this method ln

case of continuous time yie'lds the' resul t (analogous t~ 'Th e 1,)

Theorem 3: If(Pt ) is standard and ~U ~ vU,where ~Uis

locally finite, then one has v = ~PT' where T ls·
t_ . .__ .~

a suitable stopping time.

In ~this case T is also constructed in a canonical waYG

--."

U (0) = 0, be F "= u +', i {i. Then u €. HP means
2n 1

lIu llRp ':::::O~i!~1[ (27T)-.1 f d') (F(rei\}»p ]p' < 00.

o
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If T" 18 the convex hull of the po1nt"-e oD and the disc

(z Iz I < X-) I 0 < r (' 1, def'ine the nontansent~a.i·ma.ximal func-

tion ~**(,,) := z~~~ I u(z)l.

Let Bt Bro-wnian motion in D, started at 0, stopped upon reaching oD.

and ~ the hi tting time fo'r öD.. For f a fupction on D define
'.

f* ( w) : = o~~~~ If(Bt ) 1.
Theorem: u e HP if and only if u** ELP(d",OD), p> o.

This 18 a new resul t for o' <',p .$.' 1 .',' ,

e The -proof consists' of three estimates:

1 .

2.

,', 3.

IIu ll HP i II F*IIp

IIF*II <c !·~u* 11p - . p

11 wllp i c .l/u**lIp

·'L.J. Snell: Remarks on a theorem cf Doob

Doob 'proved in 1957 that if R is an open set in N space with a Green

function, u undh positive superharmonie functions on ~, ~hen *
, m

.has a finite fine limit at H-almost every point of R UR. Here

Rm.is the Martin boundary and H 1s the measur~ which represents h
'-. ,._-,_.

in term cf maximal function. In 1963 ,Brelot and Doob showed'how to

": obtain from the abo've .theorem the ..·fact· that't' if IU äri"d.h ,are· '
a • • ,. .

strictly positive harmoRic functionsin the half ulane then ~has:. .. , h

non-tangential lirnitsa This latter theorem is discussed from'the

p9int cf view.of a proof which 18 both relatively simple and empha

sizes the role of martingale theoryo

.D. Straok: A.Martingale Approacb to Diffusions 4

Let a(t,x)-= (aij (t,x)))1 ,5.1,j <: d' t 2. 0 and-x ~ Rd" be a con-
• I

tinuo~s, bounded,·. positive definite, symmetrie matrixvalued func-
. .

tion. -Denote by Q the space' of continuous· maps w from [0, ce) into Rd ,

-10-
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and let x(t,w} = xt(w} be the position of w at time t. Define
S . m S S d . ~ .mt == f8[xu:e~'u~ t] and:an = !noo • G1ven X' E: Rand ,S ~ 0, it i8

r

·showri that there is exactly one. probability measure P on < Q,~s>

such that

(1) P(x(s) = x) = 1 "

d t s
(ii) for all f € c~ (R ), < f(x(t}) - J Luf(x(u}}du,mt,p >

s
ö 2

is a martingale, where Lu. = ~,zaiJ' (u,y) öy"..Öy.
1 J

Same, consequenca; cf this fact are discussed. ,In particular i t 1s

,shown how this result implies the existence (arid uniqueness) cf.

a Feller process whose generator. i8 an extention'of L.

S.R.S. Varadhan: Diffusion Processes and Martingales
dLet GeR be a region such that there exists a function ~(x) in

G~(Rd} with G = (x:cf>(x). > 0), öG = (x:cf>(x) = 0) and Ivcl>! ~ 1

on öG, (aij(t,x» and (bj(t,x}) diffusion. coefficients in Ux [0,(0)

with

(i) (aij (t,x)) is continuous, bounded and uniforrnly positive."

definite,

(ii) (bj(t,X» is bounded and measurable.

Let P(t,x) be a boundea, continuous, nonnegative function on

öG X [o,~) and ~(t,x) an R~-valued function on ·ÖG x[o,oo)

which is bounded, continuous ~nd satisfie~ the inequality

< ~(t,x), (V~(~ > ~ ß > 0 on 6G x[o,oo). The problem 1s to find

. a proGess corr~spo~ding ta· the diffusion coefficients.a,b in G

with the boundary condit~on Put + < ~, 9u > = 0 on öG:

'Let~s > 0 and x E G. P·is called a .solution to the submartingale

.-11-
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problem if P is a measure on C((s,oo)X G] such that

( i) P {w :' x ( s , w) = x) = 1 and

( ii) For every u €' 'C~' 2[[ s:, CXl)X G]

on [s,oo)X G,

t 1 ' ö2u

u(t,x(t)) ~ J (u~ + 2 Za .. Ö 5
I\. r l.J X • x.

S ,1 J

is a submartingale.

Theorem 1:' F.or ,each s, x at ~east one solution exists 0

Theorem 2: ·Under the additional assumpt10ns

'(i) ~ satisfies a Lipschitz condition in t and x'

(ii) P ,18. e~ ther 'identic'al~y zero or is strictly positive ·

. , . and' satisfies a Lipsch.i tz condition' (can' b'edropped i.n the

homogeneous ca.se)

ror eachs,x the solution P = Ps~x . is unique.

Coroll~ry: {p' xl defines a strorig Markov FeIler process.
s,

Jopn, B 0' Walsh;. :Birth cf aProces.s '.

There are considered: two examples ob, subpröce·ss~s cf' a "giveri

st~ongly Mark~v process X:

A randöm variable L 15 an L-time if 1) L ~ ~ '.. (: lifetime)

2) LOöt =

(Xokt)s =

Define' "killing operators kt ." by

s<t
s>t ·

An L-time is a co-terminal ·time· if .in addition to .1') and 2): .

3) s. >. L ~ LOks: L.

Theorem 1: Let L be 'an L-time. Theprocess Yt = {~

. ,

18 again strongly Markov with semigroup

t<L
t>L

- 12 -

                                   
                                                                                                       ©



12 ..;.

P!{X,dY) = *f* Pt{x,dy)

o 1f tt>{x) = 0

where ~(x) = pX {L>O}.

'Given a coterrninal time L, there 1s an associated terminal~

. 'f'

.r '
; 'i, •

time TL:
. [inf(t:LOk > 0)

TL. = ~ if above 18 empty = "1 st time L become interest1ng":'

If Qt is the sem1group of the process killed at TL and

y{x) = pX{L=O) we have amartingale.

Theorem 2: If L 1s an exact terminal time, the process (Zt,t,> 0) _

where Zt = XL+t is strongly Markov with transition

. probabilit'ies Q; (Qi{X,dY) = ifi~ Qt{x,dy)).

.i

.'

.'

·H. ~artenschlager'

L....__....

~
.j

.',t·1
.j

·.i

·1.,
t.!

',", .

"
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