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Anwendungen der Kohomologietheorie auf die
' Gruppentheorie ‘

31.5. bis 6.6.1970

Die diesjdhrige Tagung iiber Gruppentheorie stand unter der

Léitung von R. Baer,-Zﬁrich,‘W; Gaschiitz, Kiel und K. Gruenberg, .

London. Dieses Mal wurde der Zusammenhang von Kohomologietheorie
. und Gruppentheorie eingehend untersucht. Das Zusammentreffen

dieser beiden sich gegenseitig fruchtbar'beeinflussenden Theorien

fand seinen Ausdruck in- zwan21g Referaten, die- genugend AnlafB

zu einer vertlefenden Dlskuss1on unter den Tagungstellnehmern

boten.
Teilnehmer

~ Baer, R., Zurich '~ . Klaiber, B., Mainz

- Bieri, R., Zirich o . Leedham-Green, C.R., London '

- Blessenohl, D., Kiel - .~ Leicht,  Heidelberg
. Cohen, D.E., London ' . ﬁevin, Colombus .

' ~ End, W., Heidelberg - - Martens, G., Heidelberg

 ". Evens,L., Evanston, Ill. S Mitchell, B., Dalhousie
Gaschiitz, W., Kiel ~ Moore, J.C., Princeton
Green, J.A., Coventry ~~ Neumann, B.H., Cambridge
Griess, R., Cambridge, Ch. " Neumann, Hanna, Cambridge.

- Gross, F., Kiel - Prezel, 0., London

Gruenberg,‘K., London o  Ritter, J., Heidelberg
Heineken, H., Erlangen , Roquette, P., Heidelberg
Hirsch, K.A., London - Sandling, R., St. Louis,'Miss,
Huppert, B., Mainz - . . Schmidt, R., Kiel |
. Hurley, 7.C., London ' . Scimemi, Tibingen
Jacobinski, H., Floda ' Stammbach, U., Ziirich
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- Vortragsausziige

~Cohen, D.E., Ends and Cohomological Dimension of Groups

" The number of ends oan‘finitely generated ihfinite group G

. . 0/n TR e .
is dlleH (G,ZZG/ZzG) where 7,6 = HomZ‘(Z2G,Z2). A.subsetvh
of G is almost invariant if EgaE is finite for all g , @

being symmetric difference.
G has one end iff any infinite almost invariant set has finite
complement.

‘Th™: G has 1, 2 or v ends. G has 2 ends iff G has an infinite

cyclic subgroup of finite index. If G has oo ends eiter G = Gl KG2

or G = <G1,x, k =x% for some monomorphlsm a of K (cGl) to Gl>

- where K is finite. Any group of this kind has 2 or a>ends.

~ Prop.: If G has 1 end, Hl(G,RG) = O for any ring R.

EVens; L., The Schur Multipliers of certain p-groups

If G is a p-group of odd order and G = K-4, semidirect product
with A a normal abelian subgroup, then -

H2(G,Z) g HQ(K,.Z')v ® H)(K,4) @ Hl(A,z)K <

.VThlS formula can be used to compute the Schur multipliers of
the maximal unipotent subgroups of some of the classical 11near

groups over flnlte fields.

tGaSchﬁtz, W., Bemefkungen zur Kohomologie von RP(G)—Moduln

Es wurde auf die Bedeutung des Einsblocks fiir die Kohomologie

'von»Fp(G)—Moduln hingewiesen und eine Beschreibung von Hl(G,A)‘;

‘fiir endliches und auflbébares G und irreduziblen Fp(G)-Modul A

Aangegeben,,die'sich,auf die Hauptreihenstruktur von G stlitzt.

Green, J.A., Axiomatic Representation Theory for Finite Groubs.

This theory studles, for a given ilnlte group G and commutatlve

ring k (with l,, the G-functors over k. Such a G functor ‘is
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composed of a family (AH) of k-algebras, families of maps of

three types, (1) Ty K Ay » A (2) RK gt Ap v AR (3) ¢ ’é;-_

A here the 1ndlces H K run over all subgroups of G

H - Aué
such that H < ¢ K, for the maps CH e , H is any subgroup of G
’ . .
and g any element of G. The maps Ry , and Cy . are k-algebra
’ ’g

homomorphisms, TH K is only a k-module homomofphism. These maps
1 .

eatisfy a certain collection of axioms, too long to give here.
Examples of G-functors come from (i) ¢haracter theory (AH =.X(H),

' the character ring of H) (ii) cohomology fheory‘(AH'= A(d,x) ) »_ 

- ' . (iiir) Grothendieck rings (this generalizes (1)) (vi) G-'algebra'
theory. From the last example come applications to modular re-

presentation theory: .
Each G-functor has a defect base, a set D of subgroups of G,

closed by taking subgroups and conjugates in G, and minimal
among such sets with respect to the property ﬁE% Ap TD G — AG
Special cases give defect groups of blocks in Brauer'’s sense,
A'_and also vertices of 1ndecompos1b1e kG-modules (k a field).
A transfer theorem glves connections between segments’ of AH’ AGv

~where H £ G, N(D) < Hand D a glven subgroup of G. A spe01al case‘ 1'*
prov1des;a proof of Brauer’s ’'lst Maln_Theorem on blocks.

Griess, R., Schur muliplicators of finite groups

The theorems of R. Steinberg on projective representations of
Chevalley groups in characteristic p give a nearly complete
‘description of their Schur multiplicators. These theorems leave
open the complete description of the p-part (pi> 0) of the Schur
multiplicator, although they imply that only a finite number of
Chevalley groups (all finite) have a nontrivial p-part.in their
Schur multiplicator. Most of these exeptions have been worked out
by Steinberg and others, and the lecturer has completed the liSt;
In another paper, Steinberg proves similar,theorems_for the sofcelled-
twisted groups of Lie -type. The'lecturer.has shown that there are '
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a finite number of Steinberg variations for which p divides the
order of the Schur multiplicator, and has nearly determined this
list of exeptions. '

" Gruenberg, K.W., Some uses and properties of R/R’

Let 1 +R - F -G » 1 be a free présentation of a group G. The

~aim of this survey talk was to show how the cohomology of G can be de-

duced from the abelianized form of this presentatlon. As an
example, G has finite cohomologlcal dimension if, and only if, ,
the cohomology class of 1 »R/R'~ F/R +G > 1, is nilpotent. '
The structure of the abelianized presentatlon of a finte group G

~was discussed. (All the detalls will appear in & volume of ‘the : .

Springer Tecture Notes.)

: Hurley, T.C., Schur Multipliers of some Infinite Groups

" From H (F/R Z) = RAF /l'R Fl = w-_""{/#fw-’**’{ - we get
Fn/Fn+l & 4 n+l {nfl , }by. Magnus’ The_orem‘,.(\khere o
n+l o e ' -
\<«4]€n/ «{ o -Ac7Ln=Ker'ZF > 2(F/F_),

and hence is free abelian, i

H' (F/,F”,W) - F”/CF.” F] 0§2) % 012 ,(/ <€ { ‘where . : .

DFG

01.(2) = Ker ZF -Z(F/F”), and hence is free abelian.

| | | j ’ oy
Hy(F/ (2", 11,2) = [R 0/t 5,00 2 v+ 4o, 2/ 4o, ¢
‘and hence is free abelian, where ¥ = Ker ZF ~Z(F/1F",F1).

Conjectures for Schur multipliers of free soluble groups are given
and suggestions for other free groups in a ’reasonab'le_’ variety.

e

‘ Johnson,D.L. , Minimal relatiohs for finite p-groups- '

Let G be a fJ.nlte group hav:Lng a presentatlon T with n generators
and by relatlons, define ' ‘

- def(G) = m%x(n-r),}'d(G) =.m%n.n
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Denoting by G the Schur multilicator of G it islwéll—known that
def(G) < - d(3). |

We are interested in those groups for which this bound is achieved .:
(in particular at a presentation with d(G) generators - call
the class of p-groups with this property %; ). Then .

1. It is unknown whether there are p- groups outside %Zp‘- -

<X,¥,2 , fx,y]-x y Iy, z1—yp , Cz,xI=2P , p yp P =1>
is a likely one. hxamples of p-groups in 5; glven.

2. gTils,closed under direct products and under standard wreath

products when p is odd an the”secbnd'factor'has'trivialrmultiplicator;

Leédhamereén,C., Homology: in Varieties of groups

A brief account of the triple (co- Jhomology of groupS'in a Variety@f~7*
- was given. Cne has a:universal coefficient theorem and ‘integral . _
duallty The bad behaviour of the theory is 111ustrated by examples ?fﬁ
due to K.W. Johnson. - ' : ~_ o
‘There are two ways of constructing Tor and Ext to approx1mate 4?f
“to the triple (co )homology These theorles were compared;. o S
satlsfactory way of . doing this would be to construct a 3- dlmen31nal;f}i
: spectral sequence, : , o
- For a variety of exponent O one gets a good varletal ver81on of
Schur multipliers. These were used to prove that two. coverlng _
groups of a fixed group generate the same varlety if they are of thé?

‘ same exponent. This result can be generallzed.

Levin,‘F;; Some varieties of soluble groupg'
‘Let G be a group satisfying a left—normed,commutatOr ideﬁtify_”
Exl,...,xn] = fxlc,.}.,xnoj for some-non»idgntity permﬁtatéon;ofj
of [1;...,n} . The following is then true=

- Theorem: (a) G is nilpotent- by-nllpotent In partlcular, 1f nc #* n,
then G is abelian- by-nllpotent.
(b) If {1,2} # {10,203} , then G is nllpotent of class < $ n+l.

This improves on a result of Kikodze (Moscow; 1966) that if G is
finitely genérated, then G is soluble and is nilpotent if {1,2}+ {10,20}
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The results of the theorem are stlll true lf the identity is replaced
by [xl,...,x ] = ([x G,...,x 74 , deZ, if n > 2 and o #* (12)

.Martens, G., Endliche Gruppen mit periodischer Kohomologie

0 # qeZ heiBt eine (kohomologische) Periode einer‘endlioheniv
. Gruppe G, wenn HY(G,z) zyklisch ist von der Ordnung (G:1). Dies
 ist gleichbedeutend mit der Tatsache: HY(G,A) =‘,Hi*9»('G;A)" fir
~alle ieZ, G-Moduln A. Eine Periode q von G ist stets gerade, und es
ist G genau dann zyklisch, wenn die klelnste positive Periode. Per(G)
”-f von G gleich 2 ist. Die Sylowstruktur periodischer Gruppen (1m e
obigen blnne) ist bekannt die Periode selbst kann mit einem batz , '
‘von Swan bestimmt werden. Beispiele perlodlscher Gruppen bllden dle "‘
SL(2,p) (p Prlmzahl) und Fnbenluskomplemente beiden Klassen -
- gemeinsam sind lediglich SL(2,3) und SL(2,5). Zu vorgegebener
;.gerader Zahl lassen sich unendliche viele periodisohe Frobenius-
"gruppenyund unendlich viele'Frobeniuskomplemente“konstruieren mitx
" eben dieser Zahl als Periode. Mittels zweier Theoreme von Zassen-
haus bzw. Suzuki'kann man leicht alle'periodischen”Gruppen mit
. 2-Potenzperiode klassifizieren; ebenso die periodischen Gruppen
'Gruppen mit Periode 2p (p Primzahl) Fiir alle nichtauflosbaren’
”_perlodlschen Gruppen lassen sich einfache Formeln fur dle Periode

_]angeben.

“Mitchell, B., Some Categories_of Cohomological Dimension < 2. K ]

 In this talk we indicated how certain problems connected with low
: dlmen51ona1 groups can be con51dered in the more general context
| where groups are replaced by categories. Certain categorles
" (described in terms of the existence of certain presentatlons)
'were shown to have cohomological dlmens1on X 2, and for one class
of categorles (containing locally finite partlally ordered sets as
“a subclass) this characterization turns out to be necessary as well
as sufficient for cohomological dlmen31on < 2. This suggests that
7sd1mension 2 for groups may also be characterlzed ir this way.

Moore,:J.C.,,Algebraic categories»

LHA p01nted category JQ is-algebraic if it 1s flnltely blcomplete,
. has the property that every morphlsm 1n J% can be decomposed into
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a normal epimorphism followed by a monomorphism, and the
following additional properties: '
- 1) Cartesian squares reflect normal epimorphisms
2) the nine lemma is valid, and o
3) A satisfies the commutator criterion for normal monomorphisms.

Examples of such categories are

1) groups,

2) compact topological groups,

3) supplemented algebras over a commutative ring R,

4) cocomplete cocommutative Hopf algebras over a field k,
. ie. monoids in the category of cocomplete supplemehted‘commutatiVe
@ coalgebras over k. ' a

Let G = Go pA Gl > ... . denote the lower central seriee of a group

G and A_ the augmentatlon ideal ofﬁZG Then the dlmens1on congecture

. Passi, I.B.S5., Induced Central Extesions - . . ' - ‘
n+l !
) =G 1

(DC) states G’\(1+AC

‘Let T be the additive rationals mod 1 as tr1v1a1 G—module. Then . |
%€ H®(G,T) has degree ¢ n if E has a representing cocycle f: GxG = Tl‘j

so that, foreevery x in G, f_ vanishes on AGp+l;(where fx(y)~$ f(x,y)),
T Let G be nilpotent of class n and suppose we have

‘ ' ' O-srTr ->Tl'-s>G->l
O» TeEeG»l .

Then the lower extension is called an induced central extension.
Theorem. DC is equivalent to: every element of Ha(G T), G a finite
p-group, which corresponds to an induced central extension is of
degree e class of G. . :
Some consequences and characterisations of induced central extensions
are dlscussed. (This material will appear in the Journal of Algebra.)

Ritter, J., Charakterebund Kohomologie .8

~Im Zusammenhang mit der Atiyah’sche Spektralfolge H(G,Z) =R(G)
‘werden. Idealflltrlerungen des Charakterrlngs R(G) untersucht, die
multlpllkatlv, funktoriell und - vertragllch mit der Induzierung von
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- Darstellungen sind. Diese sind eihdeutig bestimmt‘durchAdie
Filtrierungen auf den R(S5), S die Sylowuntergruppen von G, und
erzeugen alle die Augmentationsidealtopologie. Der mit eiger'
solchen Filtrierung gebaute graduierte Ring'zeigt einige Ahnlich—.
keiten zum geraden Kohomologiering (er entspricht dem En—Term in
obiger Spektralfolge); genauer: fiir die Gruppen mit abelséhen'
Sylowuntergruppen gibt es eine Filtrierung, so daf der graduierte
Ring homomorphes Bild eines Teilringes des geraden Kohomologlerlnges '
ist. Ein solcher Zusammenhang beider Rlnge besteht immer dann : '
fir eine Gruppe G, wenn er fiur die jeweiligen Ringe der bylowunter- B
gruppen erfillt ist. Die allgemeine LOsung fiir eine beliebige |
p-Gruppe ist allerdings noch nicht gefunden. : | E ":

Sandling, R;,.Fixed-point—free actions upon finite p-groups

G. Higman has established-thé theorem that Frobenius actions

of groups of prime order_oh‘p-groups bound the class. I will
provide examples which show this theorem t0 be the best possible
in the sense that any finite group, which'issnot an éxtéhsion of

a group'of prime order by a p-group, acts without fixed points on
p-groups of unbounded class. - A - '

.Stammbach, Urs, Homologie und absteigende Zentralfeihev

Es sei G eine Gruppe in der Varietdt V'  und FV' »G elne V- frele ‘
Prisentierung von G. Man definiere SG = coker (H2FV) #»H2(G ).

Dann ist fur einen surgektlven Homomorphismus ¢: G 47Q mlt
 Ker. @ = N die folgende Sequenz exakt: e

56 > 5Q -»N/fG,NI > 6y ->_Qab -0 .

Damit 1l4pt sich das folgende Resultat beweisen:

Satz: Es sei f: H - G ein Homomorphismus in V . Es sei

f,: Hab_?—-_Gab und f, : SH %SG epimorph. Dann induziert £

\ . Isomorphismen f,: H/H & G/'Gn » n30 und einen Monomorphlsmus

n

f, + B/NVH, »6/NG, .

H G bezelchnen dabei die n-ten Glieder der abstelgenden

Zéntralrelhen. Dleses Resultat wird dann dazu benutzt; um Satze'
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von Hall-Mostowski, Baumslag, P. Neumann iiber freie Untergruppen
von V' freien Gruppen, sowie einen Satz von P. Hall ﬁber 'splitting
groups’ zu beweisen. Schlieplich lassen sizh die Resultate auf den

- Begriff der Difizienz von Gruppen anwenden. : . '

Zassenhaus, H. und Olga Taussky-Todd: Uber die 1 Kohomol;gletheorle~
der adgunglerten Darstellung der Chevalleygruppen.

Sei G = SL(n,F) die spﬁzielle lineare Gruppe vom Grade n Uber
dem Kérper F, die sich auf dem Modul M = DLF™*R der Matrizen
n-ten Grades ilber F von verschwindender Spur gemdp | '

. (1) g(u) =gu g-l (g &G, ueM) 4
darstellt. Die 1-Kozyklen von G auf M sind als Abblldungen f von
G in M durch die Funktionalgleichung ‘ ‘
(2) f(gng) = f(gl) + gl(f(ga)) (g]_’gaéG)
gekennzelchnet und bllden einen F-linearen Raum CT(G, M) E: enthdlt
den Teilraum B (G M) =9 (M) der durch :

(3 '9G;M»01<GM) B ule) = g(u) - (ge@, uel)
erklirten l-Koridnder von G auf M. Der Faktorraum _
H (G M) = Cl(G M)/B (G,M) ist dle zZu bestlmmende l-Kohomologle.
.'batz H (G M) = Der'F +-Log G + ) F,

‘ . WObe1 Der F- als monomorphes Blld von
» ¢": Der F - H (G M) . _
d(g) = (a(gy))e™ (g = (g4y) € 6, d eDer F)
Ja = va / 3le,m) '

der Derivationeh-von F in Hl(G,M) besfimmt ist, ferner,Ldg’Gf als
Losungsraum der logarithmischen Funktionalgleichung '

" log: G -> M/\FIn
log(g,8,) = log(g,) + loglg,)  (&1,8,6 G)

log = log/Bl(G_,M)). und. 9F = 9, FVT /9. M .

. Hier stellt G sich gemdp (1) auf F*? gar,

Als Hilfsmittel werden eine konstruktive Fassung der Inflations-
Kestriktionssequenz sowie ein dem Satze iiber die Kohomologie von
Komplexen analoger Satz der Gruppentheorie benutzt.
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