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, '. vortr~qsauszüqe 2' '.

"~'. A.ROBINSON: Nichtarchimedische Körper,

Vor . z~ei Jahren· hat· D., Laugwi tz . den Körpe-r L d~r- Verailge~~iner':' .....
"k .' ",',' .

ten -Potenzreihen Lak.t· (ak'''k reell'''6<''1<''2<~oo)._untersucht,-

der'schon 'früher von LeYi-~ivit~ rin~ Ostrowski bet~~~htet

. "wu~de. Er hat' gewöhnli ehe, unendli eh . di fferen zi erb~re: Funkt i,onen:"

auf diesen Körper erweitert und die· Frage a·ufg~wor:ren, ob· diese.·

den Zwischenwertsatz und' den Mittelwertsatz erf'üllen.' Hier wird'

gezeigt ~ d~ß. dies nicht immer der Fall ,ist" wohl' aber unter aus~" "

drücklieh formulierten 'sehr .allgemeinen' Bedingung~n'.,Dies~ 'E':r­

"",·gebnisse werden erhalten durch, die Einbettu~g v,on' L in einen
, . ' '

R~stklassenkörpe~ ei~es Unterringes eines nichtstandard,Modells

(genauer, z.B. eines Ultraprodukts) ~R der r~ell~n' Zahlen.

W.A.J. LUXEMBURG~ Seme new,applica~ions 'cf non~tandard'

analysis

P. RosenthaI (se~. Math. Monthly' 76 (1969)" p.'925) 'asked the'

following question: Are almost commtiting' ~atric,es near commutine;,

,matrices! It was shown by means of nonstandard ,analysis 'a ••••

I "

positivea~swer of the following form can begiven. Let Mtcn
).~ ... .. . .

. ,.,. , 2

denote the set of all complex nxn-matrices. with norm IIAt I=r!aij I.·.
" n

and·let M
1

(C )be the_unit ball (n = 1,2, ••. )~ Then we have the,

'following'result,_ For every n = 1,2, •• ~ there exists a mapping

f (e) of R+ = {x:- x > o} info R+ with the follo"ring properties:n '

(i) fn(c) ~ 0 as 0 < e ~ 0, (ii). For all A,B€M,(C n ) such that

IIAB-BAII~ C the~e exists matures A',B'€M
1

(C n.> such that

A'B' = B'A' and I IA - A'I I~ fn(c) , IIB

For details we refer to the ~sper: W.A.J. Luxemburg ~ R.r. Taylor,

Almost commuting matrices 'are nea~ commuting matrices. Kon.

N~derl. 'Akad. Wetensch,. Proccedi,ngs A 73 = (Indag. ~1ath. 32)

96-98 (1970)
                                   

                                                                                                       ©



3 -

. .

L.D.KUGLER: Almost Periodicity on Groups and SernigrouEs~

..'

",

Von Neumann's theory cf almost periodic on an·a~bitrary g~oup. G,

and genernlizations the~eof, can beapproached frdm'the pciint·

o"f .view cf non-standard.·analysis. Amon"g the' a'ppiications' cf··,

.,.' this. method is an intuitively appealing constructio'~, 'cf group

.. c;ompact'ifications ,ai:! which the 'con'tinuous fu~ctio'ns constitute

,.a~ isometrict'isemorphi~ ~mage ef almest periodic functions Qri G.~

The' work cf .D·eLeeuvt and Glicksburg (Acta Mat·h. 105" , 961 ), ·in· .

. 'which the mo~e "general weakly almost periodic runctions are

.similar.ly' analyzed, may· .al"so be c.·onsidered f"rom the rio~s.tandard

point of view.

The'~nderlyi'ng idea"of the nonstandard approach to almo~t·periodi~

C ompact i f~ c at i q~ S' . ist 0 con si der an e"nlargeme nt "= G" .o'f G and ~ tudy

the ~et of" sö-~alled "nea~'-:-pe'riqds" o'f an almost periodic ,.functiQn

'f, 'namely, .those elements t .of· ~G ,for'which f(;Cty):·'~nci,f(x·Y)"

.:.... differ by an' infinite'simal "for all.x and y in ~G~ Th'e" "

,compactifications' a're' obtained ".by s~mply taki.ng q~ot·.ient·

·1

•
stru<;:tures •

Ch.PURITZ: choguet's"Ul'trafilters and Skies in "'N'

, '

Two numbers a,b E '*N-N are -in th'e' same '~' if there exist ,"
..'

'standardfunctions f,g s.t. f(a)'.~ band g(b) > a • Ir equ~~ity

, holds,' a and b ·are. in the same constellation'~ A' sky is linked
, ' . , N"

'. ir it. consists. cf one' constellati·on. Ir *N ie, N /u ·the skies.

are' related t·o properties of U studied by G. Choquet, in' a

different context. Assuming Continu.um Hypothesi~ (C.H) *N-N

'can be a single sky, even a s'ingle constellation, or can

. consist of 2,3,.4' _•. n ., •.•. er ef. c skies, which c~n b.e l'in'ked

or· unlinked -. In' an enlargement there i s . no highest' sky and' the
{ ,

skies are uitimately densely or~ered. (If K-~atura~edt K~c~

erdering i s dense all the way,_)
_. . --IL..-- ........ -----01
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. . ' ~-A"f;~':~~':fflt'~r-':~-~""N-:':'~;':';' ~a~' ~~~~~.~;~;' ::~~'~ad' in'~~~ry'; pr'o;:e; '.

, .... 'extension 'ifr.. (eH),. i t.:has 'an ei~mentarY·.refin'ement , andin an·
.:. it

" .... 'J ...
..enlargeme~.~ ·the. m·ona~",of.. a fr~e filter." on N meets .. eve.ry: sky....... ,

..at most ,once' i'fr J' i's .~' (in C.h·oquet' s .sense) •
,". ,

"If (X,p) isa'metric space, apolnt a~*x·.isserial itit belongs

.'"tc ~S for' some countable s~t .

. \. We obtain an expression for the monad of a in the' .p~topology,

":.. ' " K'··' ',' .':
G.JANSSEN: EingeschränkteUltraErodukte von W -Algebren
.vom" Typ II1 . . ' '

Das 'Ultraproduktder"metri'schen Räume (M. ,d.),i € J bezüglicA'
, ,,", '" . ' ..... ..".', '", ~. ~ .

eines nichttrivialen'Ultr~'filtersUin J ist ein Rau~M*'mit:",
.' ,

.eine~· 1f.Ii1:etrik it d*, deren Werte in der entsprechenden Ultrapotenz'

"~:·.lR* von IR ·liegen. "Na~h, Wahl von e*e M*werden' die' Nicht-St'ahd·a:rq.~··.

• Anteile mitt~ls ein~r bereits ~on Artiri-Schrei~r in "Algebrais6he
" . '

; . . . . .

. Konstruktion reeller Körper", Hamb. Abh.5 (1926)' verwendeten

"'1 dee· wi e~er .eri t fer~t, und man .. erhält ,als' einges c.hränktes Ul tra­

',' produkt einen 'ge'Wöhnlichen metrischen 'Ra~m (M{e*) ,dl

Lemma: Mit. (M. ,'d.) ist a'uc'h' (M. (e*) ,d)' vollständig.
J. J. .

.Im Fall metrischer. Vekt'orräume ist das eingeschränkte Ultra-.

produkt eindeutig durch die Wahl e* = OeM*. Folgende Eigenßchaften.

'bleiben erhalten: Metrischer. Vektorraum, normierter Vektorraum,'

Banachraum, normierte Algebra, Ban~chalgebra, W*-Algebra ~om Typ

.11
1

et·c ~

•
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M ~ \\TOLF~: Completion of Cauchy-Algebras"

.~" Wc con~J:t(ler n-Algübl'l\O i'n thc ~1_c.·nne of Univcrso.l Algeb·rD.) - whcl'~~~

n consi st s only of op~rations bes ides the equali ty relatio:n and
I '

some relation's on n. Gi ven an n-Algebra' ~i th sU:pportin'g ~et '.,:
, '

A +0 (by defin-ition i's A 'f ~") we select a c~rta·~n· 'stibse~ tor.

.t!le". set cf all' fiIte'rs f +7< (A) '(=:·0) and ca·lI the- e·l,·~~en.t,s:·of~o'·
- -

" "

Cauchy,:",filters and (a,l)) a Cauchy-Algebra irthe fc;>ll·ovfn.g. c:6ridT~

t'ions·- ,are sätisfied·:
.' ,

~ . . ..... ~ -.-- . ..... . . . - .
..... . .j .: ~. • . • .. t

-:.: ... :". :':,:.::".:-. ' ..~i)' . a€"A 9 ~cO(where ä' i's the fil ter generatedby"f~}) ....:.

.' .'~.: •.. (i i )

(
'e •• )

" 1 ~ J. '.

" ....

t-r€ -0and 95.. t( that mean~ Cj~lin set· theoret.ic~l:t~~~s·)·:."':.: .
9 9ft; '0 '. ' . ..... ..': .. "

If q, ~ q2f. 0" andq, A- 92 + O(i.e. the filter gen·er.a·ted.

by' {G, flG 2 :G i €··G i }) thenqlv~2€t( ~1vq2is tp.e.·:fi+t~:r:·

'{G 1 (j G2 : Gi € ~il) .
, .

(iv) ..' .':t is ·an n-Algebra, where the n:"ary·Operation. ~ i~ de f'iIlid
"

. . . ...

.. ," by.w (f1~ ••• ~fn~=w (f,X •• ~Xf~): (i.e.the.i.ilter:

.,.,... " : . .generat ed. by the set SW( F, x. • • xFn ) . vith. F i c r i ): ~.'. .''.' ',"'" .. ,. - ..
:,: (Cf ,:'0)' 'is cal.led separatediff 'ä'vb'e Oimp:t ies ai\iays:~=~:.·

: : ...•: :'. . . " .

.'.,: : ··.~r·.:t'vb€:owe~ay:f ,converges to bandget. ihe' as~o.ciate·d: J;itn,es':":: ..

'.or the ,.,hole· structure over A~ *A i8 in." a nat~r~i: ~ay co·n·s_i~dered "

as an n-algebra and S =U lJ(r)~ vhere lI(f) denot~sthe.filte~.;.

mona~e of f,fE ais a subalgebra. Under slight restrietions on

(a ~O) R=' {(a~b)e SxS: ~rE.t with a.~b Cl-! (r)) is a congruence

relation on'. S. We consider now the 'n-algebra As=S/R ~·s where

q denotes the canopical mapping.
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'-." 6·-

:- .
4' ~....' i.

• "..- .. -, ... ,. ... .... ...~ ...... ~ ~ .+. . ... - .....

i·;'":,.'.>:>··',:.. ',:Let' :t
s

=' {1' t 1'ilter. on 'A s" : :3'1'~ f'~i th i i ~rq }'where 1'
q

' i s generated",

, . " by' {q( 'lt F n S)F €. 1'standarc't}~·· Una.er ~. f'ew more assumtions'

:":";'~::--: ,::;,., ::",:( oe. s' "ts) t urnsotit to be an n-algebra', whi eh, is s eparat edand

... ''<":;, .complete. An n-morphism T : (ot, 1') .... «(5t t , 1- t) is llni'f'ornily'

~ubcategory.• The m:et~ö~ 'aP.l?lies to v~.~tor latti·ces over R

·wi·th .star~convergen.ce •.. And the. theory 'includes the '.usual ODe .

• .. :.: I.~. +, ~ ~

." ·:;,··.·\··'.'continuons i1'r T maps~int'o~t. The·~~nonicalmapping a .... q (~a)

'.'

, ' • ~:••• ~ ••'; r

maps a· urt~.· formly. contin.uons into. (<St " ~.'I-.,) the s.o-called
,... ' . 's : S

. ">', nonstandard completion of' •. (Qt ,'!-) and· (m. '. ,'lf .) turns. out to pe......... , . . s .. ~ .

" ~

. :.~~".> ·~·:':··.···.'·t~,c;r. s-olv:tng the problem of reflectivity o1:·the· 'spe~ified

. .'

, ; : ,:. ':' :".: of .separated comple.te n-·algebras. Here once mor:e we have..to· .'.

::;>::." ,.'. "::"conSider newrequirements, which' all are necessary and S·\1f'f'iciente

..

.,«··/·:·.>····'an universal' soluti~n ror the" embedding. functor.of .a su.b~.~tegory

• ~ -. .... r •

.\.: .' ..'. :', .
o -r A. .We i 1 uni- f.o r m s paces. "

. , .
~ .. '.' ~ . ~. .;,

• ..r· .......'· :

.... ,..

.... ".'. '

J.HIRSCHFELD: Ultrafilters and ultrapowers in Non Standard
An'alysis

" --. .,."
relations). Let r-· be ·a set cf indices. lve e:mb"ed all ul·trapowers.

!'.. .
of" the form M /F .into an. enlargement of r.-r· and use· i t, to show

...•••.•• ·.4••

:~ ~ ...~. .

-_.....+"

.: that every elem~ntary embedding of one ultrapower int·o anqther "..

is iriduced by seme fu~ction f~o~ I ·tc I .

We give model theoretic properties of' MI fF (whereM and I ate

." .

,I.
countable) which are equivalent' to sayin'g that F is E;n ··absolute·

.filt~·r ,er a p-fi;Lter •. Finally \Te prove some.'pr?perties cf ~xten-:-.

sions of M which do not contain submodels or the f'orm MI/F'~
I

. I

where F is p or absolute. 1

.~ j

'1
.1
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L.YOUNG: Non-Standard Analysis and"Topological vector spaces

' .." The basic concepts. and results of the th,eory :of ~opol.ogical vector' "

spac~s are treated wi~h nonstandard method:>, the- coneept of topolo:
:.1

gieal samifield being u~ed as an exposi tory - tool: Cha-ract-erisation

-cf eq~ieontinuity _-using th,e polar of the monad of 0_ and related

r'esul ts; the theorems cf SMULIAN, BOURBAKI-ALAOGLU a,nd MACKEY-

ARENS. We deri ve the following ·characteri.s ati on . of .pre-near-

" standard points:

~ E has O(E,F) finite. seminorm~ C a satu~ated' cover of" F. by.

O(F~E) bounded closed convex·'circled sets·. The 'following 'are.

equivalent: 1 •

2.

xis"'/J pre~near-standard.··
e . '.

"1\, .'~ '\I'

'/J' (x-x) ~ 0 and xis· 9(F;E) :continuo'ns
e

on membe'rs of C•.

•

'.'. 3.' y .,,' ( C ) 11 (9 ) = ~xy> 'U .0
F -

....

4. .. ,,( e ) , (0 ) 0'
x' F

, \ .
:•• >. p., ....

" ',' ': '" '" ~'..' - -', ' • ~ 0 " "
Her~-xJ.s the funetlonal on F-definedby x(y) = l<xy>I-;lJ F (0-).

the. weak: monad·' of 0; '/J ". ,the seminorm over the s'emifield' ,H'C, ,
, ',"' .. .. e

, .

'corresp'onding to th~ ,to~ology "cf unifo'rm, c~nvergerice on members

of C; V(C) =

There are ten corollaries which incl~de aimost all known results,

. 'on precompactness and the ~ompletenesß theorems of GROTHENDIECK~

A.JENSEN: A computer oriented version of non-standard analysis

Non-standard numbers may be introduced in pr~g!amming languages .'

by allowing of symbols (infinites) N 1 ,N
2

, ••• defined-_ by the pro­

perty th~t expressions U(N1 tN2' ..• ,N
n

) should be calculated

as lim
N1

lim
N2

..• 1im
Nn

U(N1,N2, ••• N~)
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Ifli"m U(n) is definid to have value «:!:Jl(<<and l1>O ar~:,rat'iona:.i.s) ':""n . .
provided' {iE Nllu(i)-«I<~J lies in ~ome pr.~eh·ose,n ultrafilter:O:l1: N ,

then one' obtains a no~-standard theorywi th a hierarehy ofequi~ ,,'

valenee' relations ,whieh a1lows a smooth unified treatttll;~nt of'

standard and internal functions ,operators", etc'. , ,and";hichis'"
.. ."

well suited for ~lemen~ary calculus teachi~gbecause eqmputation
.......

of reasonable. expressions 'involving infinites can actual'iy' b~

simul'ated on. e.l'ectronic computers.

'., e; .' •• "0-

. "

. ,I':" ..

""...I • JUHASZ : Non-standard notes on the hyper space

Thehyper space H(R) of' aspace R· consists of· al'l closed 's,ubset;,S~'

of R, and its tqpology :is determined py the (open)' base·

Ir' ='{.(0l,···,o·n>: 0i is open in,R} ,

where a elosed A R belongs to 01, ••• On ifr

(i )
n

AC U
. i= 1

o.
1

and (ii) ror each i=l, ..• ,n

,~In this note, we shall give simple non-standardeharacte:r;isa~iol.l,~:'_·" ,

of thet,opology of the hyper s~ace , i. e,; characteri se.the,mon:a~s.:,
,of points of the hyper space.Using this eharacterisationwe 'giiv'e ",:,',. - .. ..... .." .,

simple proofs. 0 f the' following' known resui~s:·

(1) 'Ir R is compa~t, so is H(R)

(2) If R is Tl and normal, then H(R) is eompletely',

regular. ".

M.MACHOVER: Infinitesimal paths

Consider a point p in ~ topologieal' space .X .• X· is p'athwise

locally connected at p iff for'every x lJ(p). there is a path

eutirely COlltain~d" in ll(P), and leadillg from p .ta x. Iri a
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' .
... . ..

• :.. '. ··Su~ficie·ntlr. saturated enlargeme~t~. ve. d'efin.e a homotopy r·~la.tion :

: : .. between closed path·s con~~ined in .l.!(p) and based .. on p. The homotopy

classesform a group Gp vith respect to composi~ion 01" pa.ths .....

modulo homo,topy. Gp' ~s trivial iff X is semi-locally pathvise
" . .

simply connected at p • G can be used to investigate the local'p

connectivity properti~s.of X at p.,.

·1
I
1

, ,P.A. LOEB.: .A non-standard representation L 00

,," .,. _. ;. • ~ ~ ... #- • • --:- _ __ _....... _'~ .... _... ".4 ..

. : Let' , (X ,M) be a me asur able spac e vi th .a' f~mily' of,"nU:il. set s ,; ~CM.

e· '. ··Let 11 110)' an:d L. 00 b'e the usual s'up-norm andBanach space>,
. '\ .....

Let P =' {AiE-.- M. :{~i< 1I.l
p

} be a finite partition'ofX:.s·o· ,-:._.

. '," wp' "
~ th'at'"· X .=" U A." A.n A. = ~ ,ir 'i .LT 'Je andJ ~'B E. M' ," 'tB is:' .exa"ct'ly·.,

1,' 1. :1. J y.J .

ihe·~nidn':ot an int~rnal subcollectio~ .cf P,."If

'1Ifll~<oo and, A e E. P,
, - ~ ,

. ,.,
s·up f

A.
~

, ,

'e . "
<irif {....1I. _'\I O. L,etO

n
' =·U{A·.E: p:,' ':,

.' ',~

. A.
~ -

'.': ··T(f)(i) =. f(e (i»if A.• ~·_~N,and 'set T(f)(i)'.:;:· Oif ·A.€ ~.
" .:', "P '. ~ '. ',",.. ,~,

. ' Then'T(f) = T(g)vhen'llf ~-gll'=~, 'so T givena-1--11inear
. .

'.' ma:pping 01' L. 0) into . RlI) '~Also, ma'xl T (f) 1(i ) .~ 11 f riO) •
- - i .

•
.:,";, ,fo'r P.: For' m'easurable 'f .with

. "

B C."ON:~ :Let C . be, a' choice function
, ,'. p

IltIIO)'<o<>', set

·.:·.The mapping T can be extended to the set ~ of. all fini t.eiy

.. additive, finit~ 'measure b'y setting T(~)(i) = l-\(A. ) rar each
1 - . '

. '. ,. w t .
. ':.i;1 ~'i' ,5.wp • Onthe ..othe.r~an:d, if e. -E. -fCR , and r e

i
and

Le·J.~: .. are fin'ite, then setting' r/J (e)(B) L e. t:or each .B'~ 1-1,
A. c.B ·1

].

'Ne have ~(e) E. p. 11' [fr C L.
tD

andlJ E.~, then

.. ' .. f -dlJ ­
B

I:
A. c B

].

T(r)(i)

co
ror Be M. Eac.h, bounded linear functional F on L· is give~

by ~ ({ .F (XÄ. )})
1
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D .LAUGWlr:J;Z: :Nichta,rchirnedische KÖrper fUr die' Messung von

'Berührungswinkeln

Bei Euklid gibt es sowohl in,den Defiriitionen :a18 auch, in ein~~en.·

Sätzen Winkel ,zwischen krumm.linigen Schenkeln', .die von gera~lini~e,~

\ vlinkelndeutlich unte:r:-schieden werden. Diese Winkel, welche Be­

rühr~ngswink~l heißen, w~nn die Schenkel ein~nde~' berühren,

~pielten larige ~~it eine große Rolle.

.valent heißen; 'wenn sie in einer Umgebu~g von P zusa~menfa'l'len.
o

,Es mögen zwei v.on einem 'Punkt P der ·Ebene ausg~hende 'Kurven' ~qui'­
0, e

Die Klassen heißen', Kurvenkei,me. Geordnete Paa,re von Kur~en,kei'nien

heißel1 Winkel·. 'Ein Winkelmaß ist ein,e' ,Abbildung' der' Winkel 'il? ~ine,'

additi~e'Gruppe. Es werden verschiedene Winkelmaße diskutiert, ihre

nichtarchimedische Anordnung wird untersuc'ht, 'un·d 'die Isomorphie

verschiedener Winkelmaße bewiesen.

K. D•STROYAN: Addi·tional ,Remarke on the Theory of' Monad·s :

Compactifications and'Monadie ClosuFe Operators" '.
Th"e' idea 'of' neighborhoo-d monad in a .t-t,opologic~l' space pf' Robinson'

and Luxemburg as weIl on the dis,crete monads of Luxembu,rg' :can be

. uniried to monads' with respect to a ring 'cf sets (or distribu'ti've '.,

lattice with 0 &( 1). These mönads'can then be used to"describe the

Wa~lman compact,ifications. (The Cech-Stone 6ase was irivestigated

by Luxemburg u. Robinson.) The 'topology is described an X bJr. a

monadlc closure operation (i.e. all closed sets are monads cf a

certain kind.)

The s~andard topology cf X can be recover~d from X by ,using' ~

(the neighborhood monads) as a closure operation on·near standard

points.                                    
                                                                                                       ©
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