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Finite Geometries

4.4, bis 10.4.1971

Die diesjdhrige Tagung "Finite Geometries" stand unter der

Leitung von Prof. D.R. Hughes (London) und Prof. H. Liineburg

' (Kaiserslautern). In vielen Vortrigen wurden neue Ergebnisse

aus der Theorie der endlichen Inzidenzstrukturen bekannt.

Kennzeichnungeﬂ endlicher Ebenen wurden in einem anderen

Teil der. Ausfuhrungen und’ Dluku351onen behandelu.,Drei Bei-

trage gaben eine Anwendung der Ccde- Theorie.
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'Vortragsauszuge :

3=(U,vy,1)
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J VAN BUGGENHAUT t (k v A) des1gns v.'lth A>1

yThree 1mportant problems for glven t 'k and %. o
- the multlpllcltles of the blocks of ar’ glven de31gn
s the number of non- 1somorph1c de31gns of v p01nts f_ ,
5-the existence of a de31gn of \' p01nts where all blocks have

‘multiplicity one.A

‘We study these- problems for 3 (H v, 3) de31gns

The- necessary and sufflclent condition 1s v even (Hananl 1963)
Several general constructlons are known ' ‘ : e

LV = 3y, o
:J (6 v 1) - :> 3 (q.sV:B)», terIal
Be(h,641,1) s 3-(M,26.3)

3-(0,6,3) o= 3-(4,28, 3) ;Hériani_i9"6'-3‘_ 3

S-(@,6),v,1) - = 3-(4,v,3)
L

( l—v generallzed Stelner system blocks have 4 or 6 p01nts)

v= p’+1, p prime > 3 = 3= (4 v, 3)
3-(M,v,,3) ) I

For~’ each constructlon 1t is poss1ble to compute the multlpll—,
cities of the blocks. A lower bound for the number of- non—'.’
isomorphic de31gns of. v p01nts is deduced. from the number of
classes ( follow1ng mult1p11c1t1es of the- blocks) SR
Excepted the . de31gns deduced trivially from the 3-(6,v, 1)—

designs,. the - ‘only known designs where all blocks of mult1-177

pl101ty one are obtalned by,the 6. constructlon (v= p +1).

R P BURN The unlqueness of. the harmonlc constructlon

We obtaln necessary and suff1c1ent condltlons on the COOPdl-«}

natizing qua31 fleld for the harmonlc constructlon to be -

unique w.-r t. ((O), (oo)), in translation planes. We con-h»-

struct colllneatlons in. an arbitrary proaectlve plane from '
llmlted assumptlons ~about the harmonlc constructlon We
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characterise translation planes which are also dual trans-
lation planes ol'cnaracterlstlc 4+ 2 by means of the harinonic
constructlon '

'*~D FOULouR p o ements inxtranslation‘planes

_dLet LY be a. trcnslation plane cf.order.pr for p 2.3,‘whose
‘points are: the,elements'of’a ~vectorspace V' = V(2r,p) of

dimension 2r over’GF(p) Let G be a collineation of T such that

‘|GW = p, ‘and. the set of flxed points of & , EG 5 1s elther an

affine line ( so S is an elation of Tt) or a square- root sub—-

. plane of m . Then G is a generallzed elatlon of V. The group G
:generated by two such cbllineations G and T of T vcan be -~
.vstudled by use of an extension of a theorem of .C. Hering. (un-.
,publlshnd) and T .G. Ostrom (J. Alg., 14(2970), MOS 416) .

Theorem Let G'and <~ be generallzed elatlons of V with d15301nt

4f1xed point subspaces Ecgdand E~+., respectlvely,each of dlme,-x

sion r. Let p > 5. Then G-—(g %) z (ﬁ g) with respect to-

a sultable bases. Letf} < S ,z>, and let ¥ be the set of

‘images of Ecs, E-;under G.-Then the following staﬁementsfare
“equivalent: S | - '

1. G = SL(2 u), for u= p°, some s/r..
2. The matrlx subrlng ‘genérated by A is a fleld GP(u)
2! The subspaces h<3, E., G(E.); T(Eg) can be embedded f
| as llnes in- the Desarguesian affine plane of order pr
'f”3 j’ls a partial spread (i. e., any two subspaces 1n a
' are d1s301nt) ' ' g o “

“For translation planes, the cases in whlch condltlons 1 -3.
-are not satlsfled would be of partlcular 1nterest

‘M.‘J GANLEY Unltals in non- desargue31an planes

‘ Theorem 1 If D is a flnlte commutatlve 01V1s10n rlng w:th

an involutary automorphlsm ‘then TT(D) admits a “unitary-
polarlty. | ' ‘ o | ,“
We then con51der the unltary polarlty 6250 obtalned when D

» Q@ odd. Let U be the
correspondlng unital with. fuil “automorphism group Aut U. o

is the Dickson lelSlon rlng of order q

':Lemma Elbher Aut U is 2- cran51t1ve on the poants of U, or Aut'U
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ilflxes a p01nt of U v C - 1 - -
‘Let C be the follow1lg conflguratlon ’f : eﬁfﬁfﬁ'ﬁf"
. Theoren 2If CcU, then Aut U fixes a. p01nt of U. _': ’
Corollary Desargue51an unltals, in planes of odd order do
'dnot contaln such a conflguratlon c (resultdue to O'Nan)

_4YF1nally, 1f q-'9 or 25, computatlon ‘shows. that U contalns
-f-such a conflguratlon, and so. the unltals in these planes are
not 1somorph1c to any other known unltals.'~, ‘

9:“'." B 5
l_Dg is a spe01al case’ of Desargues' Lheorem occurrlng when two

h:M GIRARDI Theorem D

iLvertlces of one of the two homologlcal trlangles belong to a
81de of the other trlangles. S e R _ .

;. Def. D9 holds w1th respect to a’ flxed llne l (or to flxed

'f}p01nts A B), 1f D9 holds for every palr of homologlcal
Lfﬁtrlangles ‘one of Whlch has a s1de on the 11ne l (or A B as
_"_.':_vertlces) ‘. IR . o . . .‘
T:fTheorem 1 D9 holds w1th respect to the flxed p01nts A B
_.if and only if startlng from A By the harmonlc _construc-‘
‘fftlon is unlque.uA oo .;ﬁf A”..‘-l‘. ,'. .'A’4 o

| Theorem 2 In a- graflc planeTtln whlch D9 holds w1th respect
':to a fixed llne l and a flxed p01nt Ael,. in every frame

if;x»vAf'(E'sl), the. coordlnates form an abellan group. In’ thls~

i]‘group either every element has order p ( p prlme) or all the
.‘elements are. the 1nf1n1’ce order.. S R R A .

l*LA HERZER PrOJekt1v1taten 1n endllchen Fastkorperebenen-HTp
'5381 p elne ungerade Prlmzahl und q—p ‘sei. F F_2 der

: q,q .;
Dicksonsche’ Fastkorper der Dlmen81on 2 uber seinem Zentrum ‘j

5-.K:= GF(q), sei TT die proaektlve Ebene uber F und X eine

' fGerade von‘TT Schlleﬁllch selfp - die’ Gruppe . der Progektl—"‘
rﬁjv1taten von X 1n sich. Dann ist 7QX’ betrachtet als Permu—:“"Lh
=nptat10nsgruppe auf den Punkten von X, die symmetrlsche Gruppe.;;
" Der Beweis stiitzt sich auf das Lemma TQX enthdlt eine Unter-~f‘
- gruppe; welche q+1 Punkte fest 14t und auf den ubrlgen prlmltlv
:operlert, aus welchem mlt Hllfssatzen aus der Theorle der Per-i'
';mutatlonsgruppen folgt daﬁ 12 dle alternlerende Gruppe ent—:J
’ halt Durch Joussen, 'Proaect1v1t1es 1n flnlte nearf1elds"~
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-5 =
. . -(Vortrag auf derselben Tagun") ist schlleﬁl ch die Exis tenz
ungerader Pernuuatlonen ge51cnert

X. HUBAUT Des 1gns v1th repeated blocks )

A t- (k V,A) design is a trlple (P B 1), IC-P><B such that

1Pl =v and each t-set of P.is 1n01dent to A blocks of B,
and each ‘block of B is. incident to k- p01nts of P. It may be .
‘seen as a set of v points with dlStanUIShed blocks of k p01nts,
each of them counted with mult1p11c1ty 2 ~such that- every

- -set is 1nc1dent to A blocks.. . - '

'-It 1s proved that it is p0831ble to construct at- (k vV, A)
de31gn for arbltrary t and k when v and X\ are large enough
The automorpnlsm‘group of such §e31gns is at least PFL(t+1,q).

' V. JHA: A charactcrlzatlon of flnlte semlfleld plane

,Theorem : Let TT be a flnlte translatlon plane of order # 16
9TT6 a subtranslatlon plane ‘of H ( contalnlng the spe01al llne{i
of Ty 1 11 has a group of colllneatlons whlch 1eaves TT
’p01ntw1se fixed the’ follow1ng must hold:
a) TT is a desargueslan Baer subplane of TT .
b) T_lS derivable w1th respect to TT ,« 1°° . The derlved plane
.can be coordlnaulzed by a semlfleld of dlmen51on<<2 over 1ts<'
middle nucleus. ' . : . L
~In fact every plane coordlnatlzed by a semlfleld of d1mens1on¢-2
. over its- mlddle nucleus can be obtalned by der1v1ng a plane TT

. _ satlsfylng the nypotheses of the. theoren. SRR

" W. JONSSON The colllneatlon group of the 2- (56 11 2) des1gnr N
. of Hall, Lane and Uales '

‘U31ng the rank three representatlon of PSL(3 u), Hall Lane
-and Wales constructed a 2- (56 11 2) design. Thls design D 1s‘
“associated with the Stelner system 3-(22,6,1) whose group 1s

the automorphism group of the Mathieu group M. This repre-ff

_Sentation allows one to see that D has a colliﬁeatlon group
isomorphic to a subgroup of 1ndex thréee in .the full group of
;colllneatlons .and correlations of the prOJectvve plane of: '

‘oroer four. A group theoretlcal argument 'shows. that thlb is the

full group of D.
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"J JOUSSEN On progect1v1t1es 1n flnlte nearf:elo planes -

hALet be P o= Fq q2 the flnlte chkson nearfleld belonglng to

the Dickson pair (a,2), q a prlme power, q odd. Let be ”',

»"Tﬁ; TTKF) the projective plane over F,' and X a line of TY

B Let 13X denote the group of all progect1v1t1es of X onto
~.itself. ‘Then: I S SRR o
Lo i) 11 is quadruply tran31t1ve on X.

- rii) ﬂQX contains odd permutations. - S .
f;f111) If q2—2 is a prime number, - then j? ZT the symnetrlcji'
: group on. ‘the p01nts of X. "f" T e

B V C MAVRON On the constructlon of certaln afflne des1gns

‘Denote by AD(k,m) an afflne design w1th parameters 2-(km, k, ) .
11k $ 1 A G-class of an AD(k sm), ‘!, is a parallel class such ;lf
~ithat for any block ¢ in the class,. TT is an AD(km ?,m) -Given o
_;“Yﬁ E::whlch are AD(k,3)'s and a leectlon C)between thelP;:;’ $7
'i:p01nt sets, then an AD(3k 3)s ln', is constructed. If © is an
lesomorphlsm it is proved that if the number of G- classes in- 4l."
.hfls n, then'TT has 3n+1 G- classes prec1selj By sultable cholces
»};,of C) non- 1somorph1c afflne de51gns with . the same. parametersff{ ,,,,, :
o may be constructed." ' o « v'j L . ;'-T..e
1fIt can be shown that on AD(}k 3) TT, can be constructed 1n thlS.”
'way if and only ifr Tl acdmits two axial 1nvolutlons o (3 such -
. that i) &, (3 nave parallel and dlstlnct axes: and 11)<X C5 fl\ o
,"‘f"preclsely the same parallel classes. :_. ,{—_,g‘__,,:_‘ ‘

»

. NBLCHIOR Partlal - de31gns and tetragonal conflguratlonsihf;t“

f,The relatlon between ‘a certain generalisation of 1nvers1ve :
~'planes and the tetragonal configurations introduced by J.Tits .
waas dlscussed A characterization of the tetragonal conflguratlon o
vp_related to the orthogonal polarity in flnlte proJectlve space '
4PG(4,q), q odd was glven.- - .

- f“w. MIELANTS On the number of topologles on a flnlte set

. Startlng w1th results. ‘obtained by D. Klarner in hlS paper

.. 'The number of graded partially ordered sets' J. Combin. _e- ,
1theory 1969(12 19)), ana using a certain characterlstlc number o
of . a flnlte topolog1ca1 space shamely his’ small 1nduct1ve o
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dimension, I . found the following'lower bound of the number of
tooolog*es on a finite set with cardinality n: A

N(n)= 2;- EZ: S(n, m)[ﬁ(h m)+G(h, mX]n Wnere S(n, m) denotes .the
Stlrllntnum rs of 2° kind; G(h,n)= E:: A(h,n- k)<o(n) with
p(m): 5= 2%(2"722.43 A(n,n)= B(h+1,n)-B(n, n) with B(n,n):

E::( )c(n k)d(h-1,n-k) with d(h, n)- S ( 1) ( n ﬁio(h n; )

=<0 N....ong

- where-the sum ektends on’ all comp051tlons(n4,--~ n,) of n in a

unlestrlcted number of posltlve parts and with

"S——( . n +n,n, +...40,.n o

c(hin)=~5 : [n' n >2n4nl T ™M where the sum
[\f\ “L\j - . : .

extends on all com0031t10ns[ n,. n,J]of nin exactly h non-

-negatlve parts.

50 PROHASKA Flnlte derlvable nets .

A net INof degree m+1 and order m2 is called derlvable, 1f there
is a net IN™ defined on the same points asIN such that the

- following condltlons holad:

(1) Two p01nts are JOlned in INif - and only if they are JOlncd f

in IN%

(2) A line ofiﬂQmeets a’line of W*in O or m points.

‘Then for any line N™ of IN"the substructure IN(N™) of N , con?

sisting of the points of N™ and the lines of IN meeting N in mo

'p01nts, forms an affine plane of order m, with the property

(3) ‘Any point not on N* is on a unlque line of IN(N*).
The . substructures of IN- of ‘the form DiN ) for a line N of
IN ™ are called the Baer subplanes of IN.

The following theorems hold: '

- Theorem 1: The Baer subplanes of a derivable net are desargueglan
‘Theorem 2: If an affine plane‘m.of order’ me'contalns a derlvable

net IN of the same order and admlts a colllneatlon
Agroup 1eav1ng IN invariant and actlng as a rank- 3-
- permutdtion group on the points of & then A is
either desargue81an or- a Hall plane.-‘

R.-H. SCHULZ- Can PSU(3 q ) act as a colllneatlon group of an

~affine plane of order. q3 ?

The following‘theorem has been proved

Theorem: Let(jlbc a finite afflne plane of order q3 w1tn q= 28

and s =1 mod 2. Then there does not exist a colllneatlon group41

‘of OU fixing an affine point and_lnduolng the group- PSU(),q ) on
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-tho llne at 1nf1n1ty LT S y :
~When- s=0 mod 2 1t is nor known whether there exlsts an afflne

-planc admlttlng such axﬁ. If there is, gﬁ.must possess exactly
Ny llne— and 4 point- orbits in the proaectlve closure of" CK

~:¥the p0331ble lengths of these orblts are known. R

»ZMN dJ. A SLOAJE Sphere packlng and error correctlng codes

-gslmple constructlons are glven for packlng equal spheres 1n:f"'

‘n- dlmen51onal huclldean space jous u31ng error correctlng codes.
3Many new packlngs are obtalned, 1nclud1ng nonlattlce packlngS'*7
in E-

10 11 .3 whlch seems. to be the flrst known examples of

»packlngs hav1ng a. greater den81ty ‘than the best known lattlce_ké

packings.- Packlngs in jo ,n =2 _,‘ are descrlbed hav:mg den51ty A ‘

lsatlsfylng log A~ a2 log log n.

2

>fFor large n these seem: to- be the densest packlngs whlch have 33»}
:?}bcen expllcltly constructed.w@,g;_f~f'~'~' - . ‘

ifN. d. A SLOANE On the ex1stence of a progectlve plane of

“{ order 10 f.~"

'5fifaa”prowect1ve plane of order 10 eywsts let Cldenote the

Q(111,56) blndry error- orrectlng code generated by the rows of

 the 1nClcence matrlx It is kn0wn that the. welght dlstrlbutlon

f{of the code Ckls unlquely determlned by ‘the number of codewords
-:bof welghtsvl 15 16. It is the object of this talk to report

"_that the number of codewords of‘ welght 15 is zero, thus redu01ng .
~ the number of unknown welghts to two Part of thls calculatlon:jv

.hwas carrled out by computer

“S. L. SNOVER Generallzed block 1ntersect10n numbers for '

<t deslgns and related codes

’gUs1ng generallzed block 1ntersect10n numbers for t- de81gns and

f;results from coding theory, some sub-t- de81gns are ‘found for -
. the 3- cube, the inversive plane over GF(3), the small and- large?7‘

. Steiner. systems, S(12 6 5) and S(ZM 8 5), and ‘the Nordstrom~_:"

.'and h>1,: there corresponds a 1- spread :f(O) whlch belongs.[ﬁ,‘
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J A THAS Ova101d1c translatlon planes fA B

W1th every ova101d O of the. pPOJeCthe space gD(B,q), Q= 2h

-‘C)éis




- to a linear complet of llnes of - 5 (3,q4). The finite translation
_Dlaner7 which corresponds with ff(O) is calied an ovaloidic
uranslatlon plane. Conversely, with every 1l-spread :f of the

h, h > 1, ‘which- belongs to a

projective space' P3,a0, q=2
linear conplex of lines of this space, there corresponds an
'ova101d 0 of. _[(3 Q) (such that ¥ = ¥ (0) ).
If 0 is the ova101d of TltS Suzukl-Segre, then "7 is the -
‘translatlon plane whlcn is unlquely determined by the- followwnr
”propertles (a) ¥ 1s flnlte of. order. q2, w1th qs 22r+1 and‘i
r21; (b) the kernel of f? is: GF(q), (e) % admits a col-
‘jllneatlon group 1somorphlc to Sz(q). if 0 is- an-elllptlc A
quadric of (3,q), q= 2h, h_> 1, then.°¥'is the'affine plane i
"-,)Oc(2,q) . _ . _ .
_ F'Remark The progectlve space 83(3 q), q ph, together w1th a
" linear complex of lines L of SD(B,Q), forn ‘a tdctical con- -
fflguratlon W(q), with parameters V= (q*i)(q +1) b and k-q+1 r.
,AThls tactical. conflguratlon W(q) is aluays self-dual when p 2

and is. never self dual when o) 1s odd

eH UNYELBA”H E1ne Charaaterlslerung der Hughes-Ebenen

Es wurde bew1esen O o o
*Ist T eine nlcht—desargueosche progektlve Ebene der Ordnung q2
" q ungerade Prlmzahlpotenu, qt 9, und ist G = PSL(B,q) eine -

Kolllneatlonsgruppe ‘von u’, S0, 1st T eine Hughes—Ebene.

" H. WERNER: Affine ooordinatiZation of‘finite'geometries o

~ For any(partlal) algebra A one has the 'afflne geometry of A .
: w1th the weak parallellsm T~A (T (p\M) denotes ‘the parallel
,through p to the subspace ‘generated by M). S .
~ Theorem 1 : A f1n1te geometry w1th weak parallellsm'T_ is the
' affine geometry of some algebra A iff 1\satisfies :
—T(p\ﬁ) =p, T_(p\TY(q\M))CTT(p\M), quT(p\ ,q) and
TH(p\M) £T(pl MoN). ‘ . :
| hIn such a geometry a mapping cf A-——>A.1s called dllatatlon 1f
.fieach <f(M) is contained in some. TT(qu) '
‘Theorem 2 The dllatatjons of F"(A) are the admlss1ble
functions of A.
-Problem : For which algebra A are the d11atat10ns of F“(A) even
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x,;theialgebraicefunctioné of A ? Thoéé'aigebrﬁs are called affine’
.complete. Examples : vector- spaces, semlslmple rings, post— S

‘”algebras, Boolean’ algebras and functionally complete alpebras

e"Theorem 3 : A flnlte algebra A 1s functlonally complete 1ff
p(x,y,z)--{ o ~ - is an algebraic.function on“A1
A y#z_ﬂ. « , : -

1H,eUnke1baeh ( Mainz )'e
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