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MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tag u n 9 s b e r' ich t 11/1973

Reine Kombinatorik

25.3. bis 31.3.1973

Dieses Jahr wurde wieder in Oberwolfach eine Tagung über "Reine

Kombinatorik" gehalten. Die Leiter waren Professor Dr.K.Jacobs

(Erlangen) und Professor Dr.D.Foata (Strasbourg). Der Erfolg war

von vornherein bestimmt, da Teilnehmer aus sieben Ländern (USA,

England, Dänemark, Italien, Frankreich, Schweiz und natürlich

Deutschland) vorgesehen waren.

Es wurden insgesamt e~~undzwanzig Vorträg~ gehalten; die Haupt­

themen waren Rarnseytheorie, Young Tableaux, die symmetrische

Gruppe, Aufzählung und kombinatoris~che ~den~itäten s~w.~~ ..~ahlen­

theorie. Eine sehr interessante Sitzung über offene Probleme ver­

vollständigte die Tagung.Das Vortragsprogramm wurde be~ei~hert
durch anregende Diskussionen u~d persönliche Gespräche sowie

durch die traditionelle Schwarz~aldwanderung.

Teilnehmer:

M.Aigner, Tübingen

J.Andre, Saarhrücke~

G.E.Andrews, University Park

E.S.Andersen, Kopenhagen

A.Barlott~, Bologna
. - . ~ .

E.A.Bender, Princeton
, .

Th. Be'th, ..Gö~tingen

Böhne, Aachen

L:Comtet, Orsay

J~Desarm~nien, Paris

W.Deuber, Bern

H.Dinges, Frankfurt

Dostert, Saarbrücken'

D.Dumont, Besanyon

D.Foata, Strasbourg.

H.O.Foulkes" Swansea

J.Franyon, Strasbourg

J.R.Goldman, Minnesota

H.Harborth, Braunschweig

Hilgers, Göttingen

Hischer, Saarbrücken

, K. Jacobs, Er,lalfge~,~.

(USA) L.Jones,. Göttinge~'-'

A.Kerber, Aachen

B.Kittel, Stra~b9urg

$.Lawrence, pnive~~it~.Park

K. Leeb ,.,Et"lang~n .~ '..-. :'.~'_.

~.Letac, .Clermont ...::. ':"'. '.~'

W. Oberschelp, Aac;h~~:", .~~

T.D.Parsons, University Park

G.Schmidt, München

Schützenberger, Neapel

S.Sherman, Bloomington

Soenoto, Neapel

Stamm, Zürich

R.P.Stanley, Berkeley

Steffens, Hannover

H.J.Stoß, Konstanz

V.Strehl, Erlangen

Ströhlein, München
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VortragsauszUge

J. ANDRE: On binomial coexIecients Vhose elements are ordinal

numbers.

Let (X,~) be a vellordered set whose ordinal number is

lI(x,~)" a. For any ordinal number adefine

ß}.

We define an order ~ in (~) by the fo11oving 1exicographic vay

Y -< Y' v
y~

Y < f(y) A
x<y
xE:'!

x = fex)

vhere f is the unique order isomorphism from Y to yl. Nov define

the binomina1 coeffic~ent(~):= 11 «(~) .-<) 11 as an order type.

~The binomial coefficients for finite aare computed compl~tely.

Ix a is infinite, hovever, almost nothing is kno~about the value

Or the binomial coefficient.

G.E. ANDREWS
============

Partially ordered sets and the Rogers-Ramanujan

identi t'ies.

In this work, certainGpartially ordered sets are associated vith

each partition of an integer n. In the simplest case, the associated

partially ordered set is just the lattice -of subsets of the set of

different parts of the partition. An application of the inclusion­

exclusion principle yields an idehtity of Sylvester

1 = L xn (_1)n qn(3n-1)!2 (1 - Xq2n)

n=O ( '( 2 ( n CD ( j )l-q) 1-q ) ••• l-q ) n l-xq
j=n

vhich implies Eulerls Pentagonal Number Theorem. In other instances

the partially ordered s-ets are morecomplicatedjhovever, they ~can

still be used to prove the Rogers-Ramanujan identities and related

results.
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ASYllptotie aethods in ~eration

Easily applied analytic tools vere surveyed. The topies discussed

included : SlJaS vith smoothly varying positiv~ terms, SUIIlS vith

alternating. ter.s (traa Inclusion~xelusion), g~erating flmc:tions

vith alg~braic singularities (Darboux' s Theorem), .f\mctional equations,

entire generating .functions (Bayaan's Theorea), and sose Tauberian

Theorems. Areas vhere taols need development vere discussed. These

include recursioDS, multivariate generating tunctio~s, and group

reduced distributions (E.G. Unlabeiled Graphs).

L. CCMTET Sur quelques formules explicites.
1- Avec la Eoraule de Lagrange : On cite l' exempie bie~ COJlllU de 1a

Eermule exp1icite la plus ·courte- p~ur les nambres de Stirling de

preai~re esp~ce s(n,k). Cette .~taode cependant ~choue dans le eas des

1l00000res Eul~riens inverses.

2- Relations par eoupes I Soit P{n,r) Ie naabre de relations (aatrices

.. de ~ et 1) sur [n]2 dont l~s s..es par lip_es. et ~o~onnes..valent r,
- . - ~ " 2

,_ Q(n,r) Ie ~re de 4~pIoi~ents (aatrices ,deo Qi1,2,~.3, .• ,•• ) sur [n]

ayant la ase propri~t~, et G(n,r) le Iloabre ~.e .g~_C!-phes s~: rn] r~gu­

liers d'ordre r, ~'est-.l-dire.tels ~uer~ete~ ~cs:~.~esa~t :~outissent
~ ... ' .' _. ...- . - '.....

en chaque sa.aet. On donne pour chac:;u.ne :~.e. c~~" su~.tes d~s Eor.ules .

explicites.

3- Quelques systses plus diEficiles : Le cas des syte.es de Schr8der

Sc peR) (tels, 'que B,B' E S:·~ B C'S' o~ B' c· B 0. S: ffB" • .'Q}) est bien

. CODn~ (Ca*tet, C.R., 271(1970)913-6).'Le cas des' Syst~~~~de'sperDer5

(~els que 8,8' E S ~ B rt B' et B' fj. B) est d~jA .fort di.fncile. En.Ei.n.
. -

le cas 'des relations d' ordre, dont le Doabre n' es t COJUl\l que P011J" D:S 8,

paratt plus tiff'icile encore (er. C_tet, ~, 262(1966)1091-4)et

I:leitaan, Jlotschild, Proc. A.M.S.,· 25(1970)276-82).

4- Fonctions t.plicites : On peut donner uae formule explicite pour la

nb.e d~riv~e d'une tOJlction.i.aplicite (Comtet, ~,267(1968)457-60),

Une siJaplification. tr~s notable apparaissant dans le cas des ~onctions

alg~bri~es : les coetricients de Taylor satisEont A une r~curreDCe

liD~aire l coeEficients pol~es en n (C~et; Ens.Math.,10(1964)

267-70)~

5- D~veloppements a5ymptetigues : Deux esemples sont donn~s :. UD

'coapl~tement trait~ concernantles entiers g{n) g~D~r~s par

( ~O n ! tD
)-1 = 1 - E, f(n) t

D
(Comtet, C~R.,275(72)569-72)etn. 1'1). --,

l' autre,' non r~solu, concernant le DOJIbre de birecouVrelleJ1t sur UD

ens~le rind (Coatet, Studia Math Sc Hungaricae, 3(1968)137-52).
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Eine Kategorie sei Ramsey, falls zu jedem Paar (X,Y) yon Ob~ekten

ein Objekt Z existiert mit folgenden Eigenschaften: Wird die Klasse

der Y-Subobjekte von Z irgendvie in 2 Klassen partitioniert, so gibt

es ein X~Subobjekt von Z, de~sen Y-Subobjekte alle in derselben Klasse

sind.

Ein Baum ~st ein Paar (A,<), wo A eine Menge und < eine teilweise

Ordnung auf A ist, die folgenden BedingUngen genUgt :'[i] (At<) hat

ein kleinstes Element, [ii] PUr alle x E A ist die Menge der Vorgänger

total geordnet.

Wir beniStigen'

[1] (A,<) ist n-regulärer Ba)llll, f'alls jedes nichtmaXimale Element genau e
n 'direkte Nachfolger hat (n< w).

[2] (A,<) ist n-beschränkter BaUm, falls jedes Element h8chstens n direk­

te Nachfolger hat (n< w).
[3] (At<) ist Baum der Länge mt falls jede maximale Kette Ordungstyp

1+18 hat (m < w).

[4J eine eineindeutige Abbildung f : (A,<) ~ (8,<') ist Baummorphismus,

falls fOr alle x, y E A gilt r(inf(x,y» = inf (f(x), f(Y».

[5] ein BaUDllllorphismus ist stark (fl A~B), falls fUr nichtmaximalen

Elemente xE -A gilt: Anzahl direkte Nachfolger von x = Anzahl

direkte Nachfolger von f(x).

SATZ. Die folgenden 12 Iategorien sind Ramsey

Objekte : Bäume, die folgendem. genUgen Morphismen

endlichJ n-reg. n-besch~ länge mJ starke Baummorphismen

* * * *
*

*
*

* *
* _._---.'---.-----

* *
*... _.. _. ----~-

* *
*

* *
* (Leeb)

*

*

*

*
*

*

*

*

*
*

*

* .
* ·_-t··_·;-H··-I·_······

: *.!
1
!

*

*

*

*

*

*

*

*

*
* I

Bemer'kung
C

• Als·--töröliar ergibt sich der endliche Fall des Satzes von

Ramsey. Der abzählbare Fall desselben kann nicht· auf abzählbare Bäume

übertragen werden.
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I.~arrangement groups

The Euler coefficients Are defined by the Taylor expansioD of

D(u) c tan u + sec u = 1 + I" (uD/n:) Dn• They are also uniquely

n)l

defined by. the recurrence Eormu!a

2 DM'" I (~) Di Dn_i
O~i'n

Here ve sake them appear as the numbers of orbi ts of groups (G) 0'
n n)

the group G
n

actin9. on the symmetrie group Gn • These groups vere

already described in a paper read during the last meeting at Ober­

wolfach on -angevandte Kombinatorik B (Oktober 1972). We further

establish the f'olloving resul t. Let p(a) denote the number of peaks,

i.e o~ local JIlaxima, of a permutation a. Then the f'ollowing .formula holds

Dn 1: I 12-D+P(a) : CI EGJ.
Moreover, other results about the distributions of sev~~al statistics

• 4 •• •

on permutations can be eS~abiiShed by a elose study of the orbits of

the groups G
n

•

H. '0." FOULIES
ftC""M"":'"ft=nr:r====

Generalisation of a resUlt of Xreveras on Young's Lattiee.

A result attributed to Xreveras by Berge (Principes"de Combinatoire,

p. 59) relates the enumeration of paths betveen two partitions in
.. . . ~;

Young's la~tice ~o an ~n~era~io~.c;:onne~te~~th st~~ard...~,?un~_

tableaux. Here saae genera1isations of Young's lattice are "given, and

the analogaus enumerations of paths in these gener~ised struct~es

are given explicitly fn terms 01 charaeters 01 tbe symmetrie group.

~~~ .: _Preuves cQmbinatoi~es des identit~s d'Abel

De nombreuses identites du type de eelled'Abel (AbelJHUrvitz, Cauchy,

Abel-Rothe) sont d~ontr~es de fa~on-purement eombinatoire et leurs

connexions avec des denombrements'de-lamilles d'applicationS" d'un

easemble fini dans lui~eme sont mises en evide~ce.
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J • R• GOLDMAN============ Formal Languages in Enumeration

A review of recent developments by the speaker and other5on the

application of formal languages and the corresponding theory of

generating functions in non-commuting variables. Applications include

enumeration of planar graphs, random walks, and the representation of

combinatorial objects by rooted planar trees. The relation between

formal language solutions of enumeration problems and the analytic

inversion Iormulas required in these solutions will be discussed.

H. HARBORTH
=========== Ein Gitterpunkt-Problem

Mit f(r, d) sei die kleinste Anzahl beliebige~ Gitterpunkte eines

d-dimensionalen Gitters bezeichnet, so dass "mindestens von einem

r-Tupel dieser f(r, d) Punkte der Schwerpunkt selbst Gitterpunkt ist.

Es gilt f(2
D

, d) ::: (2
n

- 1)2
d

+ 1. Ein Ergebnis der additiven Gruppen­

theorie von Erd8s, Ginsburg und Ziv (1961) besagt I(r, 1) ::: 2r - 1.

Es wird weiter f(3, 2) = 9 und t(3, 3) ::: 19 gezeigt. Weitere Zahlen­

werte scheinen ähnlich schwer wie Ramsey-Zahlen zu bestfmmen zu sein.

Auf eine ähnliche Fragestellung rar Blockpläne wird hingewiesen.

A. IERBER
=========

On the evaluation of cycle-indices

The following theorem has been proved :

Theorem (enumeration theorem for the exponentiation group,

polynomial form)

The cycle index of' the exponentiation group [G]H of GS Sm and H S Sn

reads as follows

(f;TT)a.
X.1

1.

n
m

P H. a 1 > : TI
[G] lGI nlH' (t;TT) E G'\. H i =

where G\.H ::: t (fiTT) I f : 11, •••nl -t G, Tl E H} denotes the vreath

G d E cB) (. (.) k -1(. »product of an H, and vhere for Tl H Tl = J Tl J •••n J
v 1 v v v

denotes the usual cycle decomposition of n, vhere

i-1
1: ~(r,i)a1,(f;Tl)r

rli
and
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r/gcd(r,k ) gcd(r,k )
a, (g" _. \J) ~

and tor an f : 11, .•• ,n} ~ G and Tl E B :

~. LAVR~ Ramsey Graph Theory

Let r(A,8) be the least integer N such that any graph G on N vertices

contains a subgraph ot type A or i ts coaplellent contains a subgraph of

type B. If A and B are complete graphs, then r(A,B) is the raasey

number r(IAI, IBt).
Ramsey' s theorem guarantees the existence ·ot r(A,B) for 'any A,B wich

a:re subgraphs of a complete graph. I viII discuss vhat iso currently

lcnown about r(A,B).
. ~ -~ ~.. -..

.I.LEEB
;;.'.-.~.

.~~:Pasca1 Theory,. wich vas implicit in the vork o.f Pascal,

Nash-Williams (on trees 1963), Reiman (on vec.tor spaces ·1964) and

Graham-Rothschild (on parametersets 1968), has made consi~erable

progress 'over the last year. After Deuber proved the partition

: t~eorem ,zor. his Zmpc and a Ramsey ror regular tr~es -the vay vas .

open for nev heredity results concerning the Ramsey property ror

4 ::.lab~lled categories of.

.._-...... ;strong, veak tree lBorphisms, direct systems of ordinal morphisms

:; ~-:(Leeb 1970), parametersets, choice f\m.ctions (Leeb 1971). A more

sophisticated version of labelled parametersets, called Deuber'

Blorphisms, also are Ramsey. We (l?euber + X) :even think ve nov bave

.. '; ~a.-.suitable Pascal theory for strong graph Ilorphisms. This sbould

: soon result in a full.Ramsey theorem tor grapbs, perhaps even r·espec­

ting the Erd8s-Hajnal degree condi tion.

I ask the question oE 91v1.ng a characterization (syntactic in same

:suitable language) of those properties oE categories (as vel~ and

ramsey) vhich are preserved under the formation of finite sequences

of objects vi th the Higman-morphisms. Onc~ this is done one could

study vhich categories vith a rorgetEul fUnctor into Ens could be

substituted for Ord (inals) and still allov preserva~ion'of these

properties.
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"p - adic behavior of multinomial coefficients"

Starting from the problem (first raised by J. Von Neumann) of building

a random variable of given dis tribution vi th a coin vi th unknown

probability of head and' tail, ve get first a combinatorial interpre­

tation o~_the theorem of Lucas ~iving the rests moduls a prime number

p of multinomial coefficients c(x) = (x1 + ••• + xn) ! / (x, ! ••• xn I).

Furthermo~e, we prove that c(pkx ) has a p - adic limit (There is same

connexion with B. Dwork results), and ve get p - adic version of same

weIl known theorems, as for example Dixon identity.

v. OBERSCHELP : Formulae' for Rook Polynomials===z::===--===

Let a general staircase board X for forbidden positions ofa permutation

be given, vi th steps of broadth xi ~ 0 (, S i S N) and total heighth li

of the staircase Xi extending up to the i-th step. We introduce a

position polynomial . .
i J, J 2 jN

P{x'Y1'· •• ,Y ) = 1:.. . j x Y Y2 ••• YN ,where the coeflicient
H 1,J" ••• , N 1

is the number of systems with i admissible r~oks and ji rovs in Xi

~ed by' a r.o~., . k
-~ 1 I, IN

Theorem 1 : p(x,y" ••• 'YN) = (1+x ON) ••• ('+x b, )[y, ••• YN ],
Y2'·· .YN

vhere'Ö i means partial differentiation vith respect to Yi • The proof

is by induction.

For the rook-polynoaial ol ~ ve get, of course, R(x) = p(x,', ••• ,1).

This result generalizes the methods tor calculating the rook-polynomials

tor several types of boards (e.g. trapezoidal, S~on He~ombs) 'from

Riordan's Eirst boot.

There i5 an interesting specialization oE this theorem and on the other

hand a generalization, vhere a board is considered, vhich consits of

coaaplete rectangles in a rectangw.ar pattern of the total tableau.

~~~ A Ramsey problem re1ated to the Friendship Theorem.

Letf(n} 'be the least positive integer N such that, for any graph G

vith N vertices, either G contains a simple cycle of length 4 or the

complementary graph Gcontains a vertex of degree at least n.
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Then f(n) < D + I"n + 2 for all n ~ 1. For n = g2 + 1, this gives

f(g2 + 1) ~ g2 + 9 + 3. Ve show that if 9 ~ 2 is any integer such

that 9 r 5 and 9 F k2 - 1 for any odd k, then f( g2 + 1) ~ g~ + 9 +" 2.

The proof involves graph theoretic arguments, plus consideratioD of

eigenvalues 01 adjacency matrices of graphs.

We use a construction due to Erd8s, R~nyi and Sos (Stud. Math. Hunsar. 1,

1966) to show that r(g2 + 1) > g2 + 9 + 1 if 9 is a prime power. This

constructioD gives infinitely many examples of "non homogeneous triend­

ship sets" defined by Skala (SIAM J. Appl. Math., 1972). The construc­

tion i5 based on finite projective planes.

The probIeR of f(n) 1S ·closely related to the "friendship theorem­

(Longyear and Parsons, Nederl.Akad.v. Vetenschap.,1972) and to an

extremal problem of Erd8s (see the above reference). A sui tably

defined variant of the ".f'riendship Theorem" is equivalent to the study

of f(n).

M. SCHUTZENBERGER
======

DGroupe s~~trique par la m~thode de Specht·.

On d~crit quelques r~sultats ~l~entaires. nouveaux sur les repr~sen­

tations naturelles du groupe sr-etrique obtenues par la methode de

Specht.

~~ : Monotonicity and Hagnetism.

ODe approach to q~a1itative results on phase trans~tions in.lerroma­

gnets is by vay of a ~onotonicity theorem ~ich states th~t correlations

are aonotone increasing lunctions of interactions for the d - dimen­

sional classical Heisenberg ferramagnet (D c 1 corresponds to the ising

model) this can. be formulated as. a conj.ecture (D = 1) on .the count of

"icings" on an arbitrary graph (Sherman) (Settled"affirmatively· by

Dyson) ; (D> 1) on "the count of multicolored threadings on an

arbitrary graph (Lenard) (Settled affirmatively by Sherman in very

special cases (Neighborhood oi 0 - interaction».
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Cambinatorial aspects in difEerential calculus.

Ve give a nev formulation of Faa di Bruno's Formula for the n_th

derivative of the composition oE two differentiable maps betveen

open 'sets in Banach-spaces. The formula involves the set of partitions

of the set [1, 2' ••• tn]. We then give a nev formula for the n-th

derivative for the composite of an arbitrary number of differentiable

maps. For the formulation oE this formula ve use S-maps, these

generalize the monomials occuring in the Bell polynamials.

Using this same Eormalism, ve are able to state and prove a formula

for the n-th derivative of the inverse of a diffeomorphism betveen

open sets of a Banach space. In contrast to the elassical methods

for establishing the Lagrange-BUrmann series (Cauchy Integral, 'Residues)

our proof is purely cambinatorial and algebraic. Indeed the aforemen­

tioned tools are not available in the infi~ite dimensional case and

any proof has to be formal. The key ingredient of the prooE is a

careful study of the relation betveen the set of chains of partitions

on [lt ••• ,n] and the correponding set on [l, ••• ,n + lJ. By speciali­

sation to l-dimensional Banach-spaces, a comparision of our Eormula

With the~knovn one due to B8devadt-ostrovski yields a purely combina­

torial result, we get the number of a special' type of. trees vith fixed

number of end points but the total number of vertices is not fixed.

R. STANLEY========== The Hilbert syzygy theorem and magie squares.

Let Hn(r) (respeetively Sn(r) be the number of nxn matrlces (respec­

tively nxn symmetrie matrices) of non-negative integers summing to r in

every rov and column. Anand, Dumir, and Gupta conjectured. tbat Rn(r ) e
is a polynamial fUnction of r oE degree (n_1)2 satisEying H (-1) =

n
H (-2) c· ••• c H (-D+1) = 0, H (r) = (_1)n-1H (-n-r). Carlitz eonjectured

n n n n 1
that there exist polynomials P (r) (of degree (n+2 » and Q (r) such that

n n
5 (r) = P (r) + (_1)rQ (r) for all r ~ O. Proofs of these conjecturesn n n
will be sxetched, based on the Hilbert syzygy theorem of commutative

algebra. If time permits t same generalizations viII be diseussed.

B. Kittel (Strasbourg)
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