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.Die Tagung über Potentialtheorie am Mathematischen
For~chungsinstitutOberwolfach in der Woche vom
16. bis 22. Juni 1974 stand unter der Leitung von
Herrn Pro:!. Dr. H. Bauer. Dabei war es nach etwa
10 Jahren (Tagung des C.N.R.S. in Orsay) zum
erstenmal wieder gelungen, führende Vertreter aller
Teilgebiete der Potentialtheorie, wie der klassischen,
der axiomatischen, der wahrscheinlichkeits- und
prozeBtheoretische~, zu versammeln.
Die Fülle von 38 Vorträgen, die sänitlich'über neue
Forschungsergebnisse berichteten, läßt erkennen~

daß sich einerseits das Interesse an der Potential­
theorie in letzter Zeit wieder verstärkt hat und
daß es andererseits. wünschenswert wäre, "die Zeit­
abstände zwischen derartigen Tagungen über Potential­
theorie nicht zu groB werden zu lassen.
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J. DßNY: Diriehlet Forms and Operators tl carre "du ehampsn.

(Survey on three recent.papers on Dirichlet
forms and. related" topies by G. ALLArn:

"(Orsay 1973); L.~. ANDERSSON (Mittag-Leffler
Inst. 1974); J.P. ROTH.(C.R. a~il 1974).)"

There is an integral representation theorem for Diriehlet

forms:

Theorem 1: For X a loeally compact space let Q be a

Dirichlet form, whose domain V is .dense in:K(X). Then

there exists:

(i)

.(ii)

a positive Radon measure ~ on X

a positive Radon measure (J on X2 '\ ~

(iii) a Ioeal Dirichlet form N on V

such that Q(.f) = .r l.f 12 dl-l + ~ .fJl.f(x) - .f(Y) 1200 (xtY) + N(.f)

tor all f E V, and such a decomposition is unique.

Concerning the local form in theorem "1 the following

theorem holds:
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Theorem 2: If X is an euclidian domain in IR n and if

J(X) n ~1(X) c V c J{(X), then there exists a positive
2 .

Radon measure v on X and n borel functions a ij E L1oc(v)

satisfying a iJ· = aJ"i and l: a .. (.)f. f. ~ 0 such that
ij 1J 1·J

for all f E:X (X) ri 'e1 (X)

N(f) = cf dvCx)
OX j

These results give new and simple proofs for LtvI-KHINTCHIN

representation formulas of operators satisfying the positive

maximum prineiple.

M. FUKUSHIMA: On Clos'ed :Extensions of Markov Symmetrie Forms.

A symmetrie form on areal L2-spaee is said to be a Diriehlet

form if it is elosed and the assoeiated L2-semigroup is markovian.

Givena closable symmetrie form f introduce the following

semiorder in the family DE ce ) of all Diriehlet extensions of e

. f or u E D( r. (2 ) ) ,

and look for the maximum elements of various subfamilies cf

DE( e ). We give a concrete expression cf the KREIN-EXTENSION

and present an example where the Krein extension generates a

se~group which is not even positive.

When ~ is given by the usual Dirichlet integral D on an

euclidian domain n c IR n with DC t» = 'e 00(0), then the maximum .o
element is known to be the eelebrated SOBOLEV spaee (e ,H1 (0)).

. We establish analogous theor~ms for the more general integro­

differential expression introduced by BEURLING and DENY.
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eHR. BERG: Fourier Transformation of Positive Definite Measures.

Many symmetrie kemels in potentialtheory are positive

·definite measures, and it tums out to be of interest to Fourier­

transform such measures. If the underlyi.ng spaee is 1R n this

ean be done, sinee every positive definite measure on 1R n is

a tempered distribution.

Using the theorem of BOaHNER it is possible to prove

the following result:

Theorem 1: Let G be a local1y compaet abe1ian group with Haar

measure dx and dual group G. Then for every positive definite

measure}1.on G ther~ exists a ~iquely determined measure a on G
such that :rar all f E J<. (G) and x E G

(i) Slf(t)1 2 da(t) <~

(H) f ~f <tI:f(x) = S(x.t) If(!) 12 OO(t)

Theorem 2: This Fo~ie~ transformation is an idempot~nt

homeomorphism between the cones o~ posi~e definite measures
.. .-

""of G and G respectively endowed with the vague topologies.

G. RITTER: On a Construction of Resolvents and Semigroups
by Means cf Absorbing Sets.

Let V be a complex kern~l on a local1y compaet space X with

a countable base. It is supposed that V ~s "suff:i:-ciently"

many absorbing sets (A c X is ~bsorbing if X = A and supp(V(x,.))

c A for x E A). Then yIl can be defined by composition end it is

shown that there exists aresolvent family (Vp ) of kernels
pEC[
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The condition on the existence of u many" absorbing sets i:s

satisfied for hyperbolic and parabolic potential kerneIs.

It i8 shovm how SEBASTDrO e SILVA' s spectral theory in

algeb~as with a bounded structure can be applied to such

resolvents.This yields a sufficient condition for the existence

of a semigroup whose' Laplace transform is the resolvente

J.L. DOGE: Probabilistic Versions of Potential Theoretic Ideas.

XI ~ U :5 x lt andn ,n -n

The PERRON-WIENER-BRELOT method of solving the Dirichlet problem

for classical harmonic'functions leads·ta anew criterion for the

uniform integrability of a martingale:

A.martingale (u'n) i~ unifo~ly integrable iff for any € > 0

there is a supermartiIigale (XI) and a submartingale eXil) such that·-n . n

E[X1 - X1] < t.

The probabilistic version of the existence of LEB-ESGUE-POmTS

o~ a function leads to a new convergence theorem for' cond1tional

expectation:

Given an incr'easing .sequence <.3'n) of cr':""fieids on n "

X measurable with respect to V- n 'Jn. Put for w l E 0

Y(w) := X(w) - X(WI)~ Then the proof cf the Lebesgue point

theorem leads to the proof of

lim(E 3=ri[ I.Y IJ) (\-1')
n-+co

r',

'.

o a.e. on n
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Duality up to a Polar Set.

Assume E to be a Borel set in same cornpact metric space

and let (Xt ) be a 11arkov process on E U{t} (~ f E), (Pt) and

Clip) its semigroup and resolvent respectively. Let CXt).~urther­

more satisfy the "bypotheses from the right" (i.e. (Xt ) right

continuaus, lvithout branching points, p-excess.iv~ .functio~s

nearly borel and a. s. r:j.ght continuous along paths ), U bee a proper kernel.on E and suppose all the measur.es iLCx,d.y) to be

absolutely continuous to same fixed measure m.

Then it i8 possible to remove a polar set from E and to make

a time-change (more precisely an accelaration) of the process

such that C1Lp ) has co-resolvent Cilp ) satisfying the bypotheses

for a RAY-COMPACTIFICATION.

So without any hjpotheses on the existence of a d~al all

the theory of inartin boundary 'can b"e ""carri'e'd out"."

M. NAGASAWA: A" ·Class· of 'Excessive Measures' of ,'Branching

- Markov' Processe·s •.

Let S be a compact ..metric space and define convolution

on the g'eneralized sequence space .TTt '€ CSn ). ==: L 1 (S) as in ..l1.
1 .

Then a convo'lution preserving semigroup (Tt ) of bOWlded linear

operators on .t1·CS) '. induces a dual ,semigroup (St) on -the

(generalized) 1 00
(8) by <Ttf' ,ll) = <1" ,St~) with th'e following

property. I~ for a bounded measure m on S~· is defined on

U
OO

Sn A . n A ~("")by mISn : = m the formula Stm Stm 1 holds
n=o
(KAC's propagation of' chaos).

Now the non linear semigroup Htm := (St~)1 provides·the·'

solution 01" Boltzmann equation. Furthermore if ,(St) preserves

absolute continuity with respec~ to ~, we can define a semigroup
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""b n ". A) A 1\ ~ A "'" 'i:>(Pt) on ~(U S ) by St(f m = (Ptf)m where fm =: f m Cf E~ (8)1)' _

which satisfies branching property Pt! =~.
Now if ~ is excessive for (Pt)' we have duality between (Tt )

and (~t)~ Concerning the existence of such excessive measures·we

have for Galton-Watson the reference (*)J and for the general

case we have the following

Theorem: If there are non-negative solutions ~1 ~ n2 (at most

two) of Eqk uk = u, then ~ is an excessive measure when e
and

when·qo = 0 (e.g. dual of ~o11ision. process), ~ = o. Ir there

is another solution "2 > 0, then we can find m ~ 1 /112 •

H. FÖLLMER: Relative Densities of Semimartingales.

excessive functions, Fatou theorems).

Fatou theorems of the form nYX(w,t)

A semimartingale X = (Xt ) over a "nice" system (O,:f,3='t,P)
. . t~o

can be represented as a finite signed measure pX o:Q. the a-tield

"of predictable sets -in 0 x (0,001. Introduce the relative

density DYX of X with respect to-a.semimartingal Y as the Radon­

Nikod3m density of pX. with respect to pY •

It turns out that there are various identif~cations of nYx,
which are motivated by classical analysis on ~1 (Lebesgue's ~
theorem on the differentiability of functions of bounded

variation, l'H8pital rules) respectively by potential theory

(Dynkin's formula, Mokobodzki's theorem on IIdifferentiabilitylt of

X
lim r(w) pY a.s.
8ft s

for example hold on the parts of 0 x (o,~] where the li~e time

) (w,t)' = t is predictable.

(*) Proc~ Jap·. Acad. vol 49 (1973)

o -·9- ,.                                   
                                                                                                       ©



H. KUEITA:

- 9 -

The Controllability Problem and the I1aximum Principle.

Let Uß consider the control system defined on n< d:

r
C*) : Y(x) + ~'X.(x) ·u.(t)

j=1 J J

where Y,Xj ~e ~ CXl-vectorfields on 1R d and uet) = (u1et) •.••• 'uret)

are vector functions called the control. The controllability-region

of x E 1R d is defined as the set of all y, which can be reached

e in positive time from x by trajectories of e*) with a suitable

choice of contral. We discuss the relation between the controllabili-

ty ~egion ~~ the ~imum.domain a~tting the maximum principle cf

the elliptic operator

L = where X. =
J

The way of combining these two problems is via supports of

diffusion process corresponding ~o L, which was studied by

STROOCK~VARADHAN •

c. DELLACHERIE: Ensemb'les B.nalztigues et temps d'a.rr~t.

IN
Soient . 0 := IN ,~les applications coordonn6es,

e 1'n:= afX;.r ~I et "t' l'ensemble des temps d'arrAt sur '0

muni de la topologie de la convergence simple sur (1 • "e est' un

espace 'compact metrisable. Une application x·....--:? T' de E dans '1:'
~ x

est dit s.c.s. si x ~Tx(w) est 5emi-continue superietirement pour

tout w e (1

Proposition: Il existe une bijection canonique entre les sch~mas

de Sou51in sur les fermes de E et les applications 5.C.5. da E

dans 1C • Le noyau de sch~ma de Souslin'est alors l'image

reciproque par x ~ Tx de l'ense~ble ,'Y des temps d'arret non finis.
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Theorie da I'indice (LUSnq--SIERPnfSKI) i: 't -4 I LI {nJ

(DU TI est 1e premier ordinal non denombrable)

Theoreme 1: L'ensemble {(S,T) E~ x ~ ; i(S) ~ i(T)} est analytique.

Theoreme 2: Soient S et T deux temps d'arret.

i(S) ~ i(T)~ Il existe un pliage ~ telque S ~ To!.

[Seminaire de Probabilites de Strasbourg, vol. IX].

NGUYEN-XUAN LOG: A Martin Compactification cf a Borel

Finely Open Set in the Kunita-Watanabe Hypotheses.

Let X be a Hunt process with the resolvent in duality cf a
A

.coresolvent (Wa ) in the sense of Kunita-Watanabe. The part cf

X = (Xt ) on a Borei, finely open sUbsetLL·of the state space E

iso defined as foliows:

X
1L

(t,w) : = {
X(~,w)

~

t < 5(w)

·t ~ 5' (w)

wher·e l.(~) := inf{t ~ 0; .. X~(w) f 1.LI.
We try to construct th~ exit gpace of ~2L. The method

consists of ·three steps:

(a) Construet a "niee" eompaetii'ieation ~ ~i' u. (b) Prove that e
for every excessive function h, which is integrable with respect

to the standard measure, we have lim :xu,(t,w) exists ~ - a.s. in
tt S(w) .

t (x E 11.). (e) Use the random variable x~_(w) to represent h-- and to

characterize the exit space of 11. for X1J...

An application cf this result is the Martin representation of

non~negative, finely hyperharmonie function on a finely open set

of a Br.elot. axiomatic \nth axiom (D).'
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A Non-Linear Dirichlet Problem.

There is one method to solve the Dirichlet problem in'

axiomatic potentialtheory which uses instead of the liriearity

·af the sheaf af harmonie functions the resulting property that

sums of hyperharmonie functions are hyperharmonie. Taking

advantage of this situation a weaker no~-linear axiomatic is

cons.tructed in wbich the proof of resolutivity still holds.

This axiomatic m~y be used in order to solvethe Dirichlet

problem for some quasi-linear systems of partial different{al

equations. More 'precisely: given an open set tL in euclidean space

and finitely many differential eq~ations such thit each of it

defines a harmonic' space on U • Then adding 'a perturbation in order

to mix up the unknown f'unctions and 'to get -non-linear differential

equations, the re~~ting sheaf satisfies this non-linear axiomatic.

R.M,~ HERn:: Quelgues'propriet~s,des fonctidns surharmonigues

associf!es a un operat,eur elliptf.gue degen~r~.

Probleme de Dir'ichlet pour' uri.e. tel ope~ateur: ~Sö'it .

r
Lu ~~ ~.u + Y:u + c.u defini sur un ouvert, (1 c 1R n, ~

k~

et Y des champs de vecteurs E 'e ClOe 0 ), c E 'e oo(Ö ). Soit

;cex1, ••• ,Xr) l'algebre deo Lie engendree par X1 , ••• ,xr • Si le

rang da ~ex1,••• ~Xr) est·n en tout point y de n. on montre:

1) les fonctions surharmoniques sont localement integrables

et caracterisees par Lu ~ o•

. 2) les potentieIs a support ponctuel donne sant proportionnels.

Par suit, etant donnee une axiomatique de M. Brelot possedant

"suffisantement ll de :fonctions harmoniques E 't co
, l'unicite de Py

est verifiee pour y EU, 'LL un ouv'ert dense dans (1
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D'autre part, onmontre qua la solution du probleme de

Dirichlet dans un ouvert w ewe n Ca frontiere ~~ et tres regulier

au sens de .Bony) au sens variationnel, eonffiruite par DERRIDJ

coincide avec la solution classique de PERRON-WIENER-BRELOT.

u. KURAN: On Sets where a Harmonie Funetion Vanishes or not.

It is wellknown that if P is a polynomial (onJRn) then the •

number ~o([p = oJ) of the connected components cf the set where P

vanishes is finite and so is ~o([p +0]).

In.the opposite direction there are the following results:

(I) If h is harmonie in ~.2 and ~o([h + oJ) = k < m (k > 0),

then h is a polynomial ofdegree n with ~ k ~ n ~ k.

(lI) .S~ppose that f and g are harmonie in 1R 2 , positive in a domain

D and vanish on its finite boundary dD. Then there exists a

strictly.pos1tive runction ~ on 1R 2 such that f = ~. More
. 8+b

precisely cp = ./ltl2 where a,b are non-negative constants,

a + b > 0 and b > 0 if and only if there exists an entire

function ~ , l'itf > 0 and Im 't = g.

H. AI~ULT: Formes harmonigues 'at processus de diffusion~

M est une variet~ riem.annienne de dimension n. On indique deux

me:thodes pour etudier d'un point de vue probabiliste les formes

harmoniques sur M, elest a dire les rormes differentielles ~ qu~

satisfont a l' ~quation 0 ~ = 0 ou. 0 est I' operateur de De Rham.~··

Hodge sur M.
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(1) La methode employee par P. MALLIAVIN utilisant ~e fibre

de reperes orthonormes D(M) de la variete M Ca paraitre

Jour. of Funct. Analysis).

(2) La methode qui consiste a cons~derer les formes

harmqniques" comme des fonctions sur 1e fibre tangent,

lineaires sur les fibres dans le"cas des formes de degre 1,

p-lineaires alternes dans 1e cas des formes de degre p.

On construit un processus dans les deux cas.

J. FARAUT: Semi-groups de Feller"invariants sur les espaces

homogenes non moyennables.

Let G be a locally compact group and (~t) a convolution
t>o

semigroup of probability measures on G with t ~ ~t is vaguely

con~iriuous. ~o being idempotent, it follows that ~o is the normalized

Haar measure of a co~act subgroup K of G. The associated convolution

constitute a FeIler semigroup on the quotient

'eo(X)) •

operators (Pt)
t>o

space X := K,G. Raving defined-the notion Utype a of" the semigroup

(I-lt)u. it turns out, that (Pt) is integrable if' a. < D (i.e.: for
t~ 00

each f continuous at x and with compact ·support x ~ J Ptf(x) dt
o

is an element of

The type a of (~t) ~s strictly negative in case of" a non

amenable group G, ~t + ~o' and K being maximal among the closed

subgroups of G.

The hypotheses on G and K are satisfied if X·is a riemannian

symmetrie space of non compact type which is ir~educible.

- 14 -
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Fine Limits for a Family of Functions.

Let X be a Hausdorff topological spaee. Consider a cone C cf
00

lower serni continuous functions, with 00 E C and every 2: un is
n=o

contained in C. There is a corresponding fine topology and a notion

af tbinness and strang thinness.

Suppose thinness ilD.]?lies strong thinness".

Now given a family F of real functions, a sequence fp.with fine

limits at x o ' a sequence ~q of positive functions with a fine limilit

h ~ O(q ~ 00). Ir for any f E F and any fixed q there is a pq

such that f p - ~q ~ f ~ fp + ~q,.then there ~xists a set a thin

at Xo such that any f tends to a limit at Xo off a.

One of the appl'ications is as follows: Let w be a domain in

a strong harmonie spaee in the sense .of Bau'er; 'U' , U n harmonie _

in wwith finite fine limits at Xc (polar, l w thin at x o), then

there exists a eommon thin set for the family of all harmonie

u with U' ~ u ~ Un. .

B. FUGLEDE: An Optimal BoundarY Minimum Prine~ple.

Let (2 denote a strong harmonie space with axiom CD) and an . '

adjoint sheaf in the sense of Mme HERvt;. Let G denote the Green

kernel on n x n and let there be given a potential p = ~ on O. Foilt

finely hyperharmonie and ~ - p in a finely' open set 1L c n.consider

the sets:

E .- {Y E 8
f
ll fine-lim in! u(x) <0 Ix ~ y, x E 'll.

e .- {Y E dr 1L fine-lim in.f u(x) =-oo}. and
x -+ y, x E "U

Er .- E ncb CU).

'r
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Er and e are Borel sets. If Er is a nullset for

then u ~ o.

Tbis theorem is best possible in the sense that neither of the

smallness conditions on Er and e ·can be weakened. In case of a

bounded'U and a lower bounded u it reduces to a result due to

BRELOT (1950/51), whereby the latter condition drops out-.,

K. GOWRIS.ANK.ARAl'f: Holomorphic Functions on the Polydisc.

Let f be a holomorphic function on the polydisc LL n in the

Nevanlinna class (i.e.: log+ Irl h~s a n-harmonic majorant).

ZYGMUND (1949) proved that the iterated non-tangential:limits of f

exist almost everywhere on the n-Torus ~ andhe ~onjectured that

these iterated limits are independent or the order of iteration.-

One can show a more general result: If f is defined only on a

proper open Bubset ofUn and has ~terated limits (on a suitable

subset of ~) then these limits are ,indep.endent of the order of

iteration, except for a set of measure zero. Similar results. are

~ true fo~ positiven-harmonie funetions and in this ease even the

existence of the limits can be proved.

E.P. SMYRNELIS: Axiomatigue des fonctions biharmonigues.

Les axiomatiques harmoniques sont inspirees des eqnations aux

derivees partielles lineaires du second ordre et ne s'appliquent

pas ades equations simples d'ordre plus eieve &omme, par exemple,
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l'equation biharmonique 62h = 6(6h) = O. Pour traiter cette

equation, on peut la remp1acer par 1e systeme 6h1 = -h2 ,6h2 o.
En uti1isant un faisceau de coup1es (h1 ,h2 ) compatibles, nous

avons developpe une axiomatique biharmonique loeale applieable

aussi ades equations du typ~ L2(L1h) =.0 ou Lj (j=1,2) es~ un

operat~ur lineaire du second ordre elliptique ou paraboliq~e.o

Ainsi, nous obtenons~ parmi d'autres resultats, la solution

generalisee du probleme de RIQUIER.

M. ARSOVE (with H. Leutwiler): Harmonie and Potential Bands.

A superharmonie semigroup is a regularly partially ordered

abelian semigroup (1L"+,~) with 0 such that the ordering f1~" is

finer than the specific order n~ f1. Two further axioms are- imposed

on 'U.• ;Examples ofsuperharmonic semigroups are the nonnegative

superharmonie functions in classical case, in 'the axiomatics cf

BAUER, BRELOT and CONSTANTmESCU-CORN'EA, and the excessive f'uncticns

of MOKOBODZKI's Stresa notes. The following results are cbtained:.

(lL,~) is a Dedekind, a-complete, Archimedean lattice.

There exists a mixed lattice structure on LL(denoted by -A
and Y whieh are not commutative) such tbät for any subset

A of 'U right resp. left orthogonal complements exist .. denotec:e·

by Ai resp. ..l..A.

(Pre-)harmonic and potential semigroups are defined. It turns
"10*out that there exists a greatest harmonie 'subsemigroup ~

of ll.
Introducing the notion of 'Je -potentials and J>-preharmonic

elements (where'Je is a preharmonic, ~ a potential .semigroup)

it is proven that the dl-potentials form· the potential serni....;.

·group 'JE..l, the :Y -preharmonic elements form the preharmonic .
- ..1. '1}

semigroup . .,J •
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(Pre-)harmonic and potential bands are defined. One obtains

various results about the relation of these nations and the

"mixed" orthogonal complements.

Furthermore one obtains"a Riesz-decompoStion and, using the

notion cif ~-(quasi-)boundedness and ~-singularity (~ a non­

empty s~bset of U) one gets a deeomposition ?f U , which is

"related to the"P!RREAU- decomposition in elassical ease.

H. LEUTWILER (with M.- Ar~~ve): Superharmonie Semigroups and

their Spectral Theorem.

u-sou
sup -~"-­

6>0 b

lLis a superharmonie semigroup onwhieh multiplication by

scalars "E 1R+ is defined and-for whieh a· stronger.form of one

of the two axioms holds.

Fixing an element e. E' U a one-parameter family of operators.

SA(Ä;::: 0) is eonsidered, defined by SAu ~.min{w .eU: u ~ w+A-e·'.

It is shown that u. E lL is 'e-quasibounded "iff Su = "0 and

e-singular iff Su =.u, where Su = in! SÄUe
A

The operators SÄ form a semigroup, i.e. SÄS~ = SÄ+~.

A generalized infitesimal operator A is defin~~"by Au

Thi~ pperator is idempotent.

It is shown that th~" set ~ of invariant elements of A consists

preciße+y of the set of extremal elements of the convex set

Be = {u Sei. In classi~al ease, if U is.the set of nonnegative

superharmonie funetion~ and e =1, the harmonie f'unction~ i~ ~

are the generalized harmonie measures in th~ s~nse cf M. HEn~S

(i.e. defined by ~ ~ (~-h) 0) and the po~ential$ in ~

- 18 -
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are the :fine capacitary· potentials. The.. following generalization

of the spectral theorem OI H. FREUDENTHAL is obtained:

For every e-quasibounded element u E lLthe representation

00

u = J eh dA holds, where e Ao

Soit (H,a) un espace fonctionn~l a forme coercive construit sur

(X,~), ou X est localement compact, et j une mesure de Radon

positive. sur-.·X. On suppose. que la contraction. "module opere sur

(H,a). On introduit une' "notion da classe de fonction a-excessive,

et o~ en donne quelques proprietes. On caracterise ensuit.e 1e cas. ou
la bimesure associ~e a. (H,.a) est une .densit~ par rapport a. ~~J.

. On peut alors introduire un noyau potentiel de base J ' ~ssoci~

a..u.D. cSne.d.e·f.onctions:.exc.essives,· ~t construire une fonction da

Green ayaD.t de bannes propria.tas.

~in, on illustre les considerations precedentes en etudiant·le

cas ou X est homogene et (H,a) est invariant "par translation.

A. ANCONA:

N. BOBOC:

Fonctfon da Green dans les espaces fonctionnels.

H-cones.

•

The uR-cone" is intended to ·eonstruct potential theory which

provides a natural framework for the duality in harmonie spaces

and which has as principal models the cones of superharmenic,

:finely superharmo~c and excessive functions.

A convex subconef cf positive elements of an ordered vector space

is called uR-cene n if any subset of ~has an in:fim~ (resp. a

supremum i~ it is upper directed and dominated) belonging to. ~

anci if· the Riesz-decomp~sitionproperty holds in :f .' The dual Y *

1·9                                   
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of ::f is the ordered eonvex eone of all maps ~ : :J -7 1R + U{ +001
whieh are additive, inereasing, continuous in order fram belaw, and

finite on a subset of ~ which is dense in order fram below.

Many constructions and .results ~rom the ordinary potential theory

Cbalayage, reduite, specifie order) are given and their relations

with the dual are studied.

GH. BUCUR: Standard H-cones.

An element 5 of an H-cone j' is called continuous' if any·...increasing

family converg1ng in order to s 'is Uniformly co~vergent' with respect

to any we'ak order.-unit. An H~~one is cail"ed standard if 'it p~'~s'esses

a countable dense - in order fram below - subset. ~f contiriuous

elements. If C' is a standard H-cone, ·then the f'öllowing "results 'are

obtained:

a) the dual C* is also 'Standard

b) 'an integral representation theorem holds

c). C is isomorphie' With the .c'c;ne cf. ·exeessive functions with

respe'ct tc a resölvent family of 'continuous kernel's' on a

'. eompact met"risable space ' -

d) If 'C-is represented as a'cone 'of functions ·then the -fine

topology, thin sets; balayages in C and'in C* are ~nvestigated.

A. COR1~EA: DualitY'in H-cones and Applieations to Harmonie Spaces.

A balayage B on a standard H-cone C is called-regular if the

image cf any continuous clement is ~lso a 'continuous element. The

balayage is called coregular if it is a eontinuous map with respect

to the weak topology cr(C,C~), where C~ is the set of all continuous

elements of C*. The regular and caregular balayages are in duality.
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The relations between regular (resp. 'coregular) balayages and

regular (resp. completely determining) domains on a harmonie

spaee are investigated. For any st~dard H-cone of functions a

presheafwithrespect to the fine topology is construeted. Conditions

under -which the sheaf proper~:for C and C· holds are investigated•

B. WALSH: Characterization of the ~pace of A1fine Functions

on a Simplex. •
Let E be a Banach-space ordered by a -closed, 'normal, generating

"positive" cone K. \Ve show that the fol~owing conditions are equi­

valent:

(1) E' is lattice ~rdered by K'

(2) Ir T: .E ~ E is an operator of finite rank -and ·T ~ 0
. .

(T [Kl~K), then tr (T) ~o.

(3) The i dentity operator on.E is.the-pointwise (simple) -limit

of" o:per~tors x .... t (x,y!)y. '(y .. E K, .y! E K')~
111 ·1'

If' E has an order unit (so that it is the space of a.:r:fin~ functions

on a base B of K') then (1) is: equivalent to B being. a simplex.

In this case "finite rank" in_ (2) may be replaced by "nuclear" ,

"pointwise" in (3) by "uniformly on cOuq)acta l ' and there is a fourte

equivalent metric condition: .

(4) If T E ~ F, F a Banach ~pace, is cone-absolutely-summing

then it is integral, with
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Simplexes and Harmonie Spaees.

2) V x E X: supp T(x,·) c X and Vy. E

Let (y;Jt*) be a f -harmonie spaee with countable base, Y its

cone of real continuous potentials and let X c Y be co~pact.

Let 'J be a set of l' ~dilations on X, i .. e. ,kerneI? T on Y such that

1) VP E ::P:' Tp is hyerharmonic and Tp :5 P

X: T(y,') = t '.y

Theorem: S:r = {s E '€ (X): TS ~. S V T E J r is a siinplicial

cone (i.e. for.any x E X there exists a unique representing

measure supported by the Choquet bounda.r:r C~ X). The IIiaximal .

measures lJx are obtained by balayage of Ex 0;' CIt;:/U tx.

For any subset A of Y, the essential base.ß(A) .o~.~:is defined

as the maXimal subset of the fine closure 11" of A whieh is not

thin at any of its point. ~(A) is,. thesmallest sub.set. of xf whieh

is finely close:d and differs- fr~m xf by a semi-po~ar set.

Theorem: Cbs X = X n ß(A~), where A rr i6 the (finely closed)
'J' . . J ,J

set of points y E Y. with T(y,·) =. E y 'V T E :r
,It follows that every··real co'ntinuous ·funetion on X whieh is

"f'inely harmonicll on the fine interior of X is the uniform limit

of a sequenee of' functions wbich are harmonie on a neighborhood'of

x. ~oreover, this theorem yields a char~cterization of Itax-iom plt:

(semi-polar = polar) and lIaxiom TIt (serni-polar = totally thin).

Applieations 01 Nonstandard Analysis to Ideal

Boundary Theory of Harmonie Spaces.

~ter an introduetion to nonstandard analysis, one eonsiders

a harmonie spaee (W,d(), an enlargement of a structure 8 containing

(W,a{) and the extension (*W,*ä{) in *8. Assume 1 is dE-superharmoni~
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Theorem 1: If n is a region, h E *Je *0 ,h 2: -n, ~d hexa) ~ n

far some n E fl\l and X o E' n, then 0 hEden.

Theorem 2: Ther~ is an internal, Dirichlet-regular, relatively

compact region n c TI c *W so that if K is compact. in W, then

*K c O. We say that O·c ~(oo).

Assume Wis a compactification of W, and let 6 \J'W. Given

:r E e (~), let? E e ew) extend f inta W, and let
(1 0 .-- 1':\ .hf '= H (*f " 0,0).

Theorem 3: ~he mapping f

and ~(f,W) ~ h~ ~ H(f,W).

Theorem 4: (CO~-LOEB):

(l
~ h.f E 'Je W,is well--.defined and linear,

Assume W is 2nd countable, W is the

Wiener~compactificatio~of W, and F· is the harmonie part of ~.

Let x E 6.. Then x E riff far· each iilternal, regular; region f)'

.,with n c. lJ,(OO) , J.1(x} n an =t CI.·
A nonstandard approach to Martin boundary theory i~ also discussed.

A. ·DE LA PRADELLE (avec D. Feyel): Faisceatix d'espaces da Sobolev

et Principe du minimum.

Dans "IR m(m ~ 1), on considere I l operateur

Lf = div (M' + f X) - (Y,f') - .cf ou f' = grad :f, A est une

matrice carree; X, Y des cmmps de vect.eurs et c une fonction;

A,X, Y,c E lL ~oc (JR m), L uniformement localement' elliptique.

Pour taut ouvert w w2(w) designe liespace des f E L- 2(w)

teIle que f' E IL 2(w); wioc designe 1e faisceau des wioc (w).

Pour taut ouvert II f E \.Jioe (U) est une sursolution Ioeale

faible et on a

- 23
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Bu er ,~) = J
U

CU' ,~') + f(X,l:p') + ~(Y,f') + cx f d 1: ~ 0

Ver E 3) (U.), ~ ~ 0 (d'"L.= mesure de Lebesgue). Les sursolutions

dans U forment un eBne convexe f ( U) - les :J (U) forment un

faisceau "$ c wioc. On montre:

- ~ satisfait un p~incipe du minimum relativement a la base

de tous les ouverts bornes coercitifs w a. frontie~e () w

Lipschitzienne.

1- ast' maximal ·d8.n~' v10c pour ce principe du mwimum.

En utilisant un"resu1tat de hypoellipticite de STAMPACCHIA on
~. .

associe a. J'un faisceau ~ de represen~ants. s~c.i. > - 00 tel.. que
/'. /'.

'Y sott isomorphe a. ,~. De, pl.Uq 'j verifie 1e principe du minimum

.usuel.relativement a la ~eme base.

D. FEYEL (avec A. de la Pradelle): Faisceaux dIespaces de Sobolev

et princip~ du'minimum.

~ poursuit lletude des sursolutions iaible~ de 'l'ope~ateur

L en liaison avec 1e principe du minimum. On montr~"qul il n'existe

qui un seul prefaisceau de canes convexes de fonctions s.c.i •. > - 00

~ maximal pour le principedu minimum, determine par le faisceau des

sursolutions loeales faibles. 'On en deduit qua ce faisceau maximal

est identique au faisceau des hyperharmoniques associees a L

par Mme.HERvt. Dans une deuxieme partie on.etudie les prpprietes

de continuite de la reduite variationelle de STAMPACCHIA. Cela

permet de retrouver assez simplement les proprietes de regularite

des fonctions hyperharmoniques.

- 24 -
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Pour conclure on sait que 11 etude de 1 1 0perateur L peut

se ramener essentiellement a llatude des espace~de Dirichlet,

du principe du minimum et de l'hypoellipticite.

I. LA.INE: Harmonie. Bl-mappings between General Harmonie Spaces.

There are announced recent results devoted to eovering properties

of harmonie Bl-mappings between harmonie spaees in the general ~

axiomatics of CONSTANTINESCU-CORNEA. A eontinuous mapping is

harmonie if it preserves hyperharmonie functions (f'o ~ is

b:yperharmonic on cp-1(lL') wheneve:x: 7.L' c XI is ope"n; (f)-1(W) , f1
and fl is hyperharmonie 'on U'). A. Bl-mapping, by definition,

preserves locally bounded potentials. Let 1.1! S XI be· a . f .-domain

with Cf)~1 ( U' ) =t f1 •
The following results are considered:

1) If (J)(V) is .open then (p(V) i's an absorbent set in U' •

2) If the image D~ o~ the branch set of cp is nowhere dense and its

polar points fomi a polar set and if n( cp,x' ,V) as a funetion

of Xl is l.s.c. then

Ft = {x' E lCl n(~,x',V) < sup n(~,LL'~V)} is polar

inlr or int (Ft) +9. The· same result holds H q> is open an4
D~ polar.

3) Same special cases with stronger conclusions are treated.

4) Some open problems are shortly diseussed.

25
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A Co-fine Domination Prineiple rar Harmonie Spaees.

Let (X,dt*) be a ~ -harmonie space in the sense cf

CONSTANTINESCU-CORNEA. Then every u E +~X has an integral

representation by a. unique measure ~u on the ~artin space M of

(X,dt*). For "every extremal function s in +jPx. the.filter.of

"co-fine neighborhoods cf 'S E Mn 1.S given by

TB' : = lEe X : R~E + s I.

Theorem: Let v E +~X. If lim sup T (~) ~ 1 for ~-almost
S

every 5 E M, then v ~ u •.

This implies a nco-fine n minimum principle. As an application we

obtain that every finite potential is a sum of co~tinuous potential~

(i.e. the strong domination ~rin~ipie) if ~X,dt·). has asymmetrie

Green f·unction.

G. FORST:: Convolution ·S·em:Lgroups'·' of Local Type.

A vaguely continuous convoluti6n semigroup (~t)t>o of positiv~

bounded measures cf tota~- ma~s: 1 =-on" a loeally 'compact abelian

group' Ginduces - by convolution - contraction .semigroups (Pt)t>o

on various Banach spaees of functions on G, and the e~nvolution

semigroups (~t)t>o cf loeal type (i.e. for whieh the infinitesimal

generator for (Pt)t>o.is a loeal operator) are studied.

First a measure J.l on G'{O},.the Levy-measure ror (~t)t>o' is

eonstructed and several c~aeterizations of ~ are given. Then it if

shown that (~t)t>o is of Ioeal type i~f ~ vanishes. Using·this·

resuIt, the general"form" of a convolution semigroup·:.of J,.ocal

type is given. Finally, in the ease of a transient eonvolution

- 26 -
                                   

                                                                                                       ©



- 26 -

semigroup (~t)t>o' the property of locallity is studied in terms

of' the potential kernel of' (lJt)t>o.

E. CABALLERO: Fonctions indifferentes en theorie axiomatigue

du potentiel.

En se pla~ant dans le cadre axiomatique de M. BRELOT '. on e
'etudie les' fonctions ind~fferentes (introduites en theorie' classique

par M. BRELOT), qui sont defini'es comme suit.:

On considere la familIe W des 'ouverts de la.form w ={x E 0: p(X»l},

o~ pest un potentiel a. support compact etA E 1R. +. Une fonction .

harmoniqu~dahs'n sera ~te .indifferente.~i elle coincide

avec .~a:. sOlution pour l~ .probleme d'e .Dir-ichl~t dans w po~' taut

w: E.. 'W. •. On montre' pour u hai?~onique·.> 0 <;lans n

u est indif'.t~reri.te·da:ns·n~ . izrl- . (Ru.Ul (v) w = 0
v-tn . .
VE'1J .

o sur w \J OJ E lJ

Ceci nous permet d'etudier un probleme de Dirichlet appelle

probleme de Dirichlet asymptotique'Cque correspond au probleme de

Dirichlet radial de M. BRELOT, en theorie classique).

27' _.
                                   

                                                                                                       ©



J. GUILLER1"lE :

- 27 -

Balayage des 'fonctions surharmonigues dans

un espace sans potentiel > O.

On considere un espace harmonique de BRELOT 0 cl base denombrable,

teIle que les constantes' 'sont harmoniques et il. n' existe pas de

potentiel > O. Si u est une ~onction surharmonique dans 0 et A

une partie de 0, on eherehe a ~btenir une ~inorante a peu pres

surharmonique de u, egale cl 1;1 sur A et harmonique dans (j·'Ä.

Si A est relativement compact, eeci s~ppose que u ~dmette un~

minorante harmonique hors d'un .eompact; u est dite dan~ ce eas

admissible. Si u et v sont deux. ~onet~o~s.surh~oniqu~sadmissibles

et uR' vH leurs plus grandes minorantes harmoni~ues_,hO~s du

eompact non localement"polaire H, u et v ~ont dit~s equly~ientes

a l'infini (u':"'v a l' .:0), sLI~~vHI.,::es.t.bo~~ee ailinn~i
(independent de H). So i t poti.t. liädmis ~'ibi~"e1; 'A c 'n: .~..:':. ~.~. '. .
': B(u;A}'~ '{v 'I' 'v' S"~rharm., v·~ u sliz.:AU ~b~"~6mpa~t)J"'

J'(u,A) = Iv I v surharm., v 2:: u sur A, v~u .B. I' co}

""~=iIit' i~~E 'B"(u:;A)J;'" ~.~ inr ;{~'~;:j-'(~,;Ä)J::" ,_
..

On· .mop.tre que: B~ ;et ~. sont. ~gales a u SU~:" A, :harmoniques· dans

o "\Ä, et equiva1ents a u a l' co CA non loe. polaire, u~ admissible)0

4It Pour obtenir ~'ega1ite e~treB~. et ~; on montre des proprietes

analogues a eelles de la reduite. A partir d~ ceci, on.p~ut

~acilement construire des capacites teIles qu'.un ensembl~ soit

loe. polaire· si et seulement si il est de capacite egale_8. - 00.

J.M. REAY: Multipiy Superharmonie Functions.

If X,Y are harmonie spaces with countable base (in the sense,

say, of CONSTANTINESCU-CORNEA) we can define the eone of positive

doubly·superharmonic funetions as folIows:
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u: X X Y ~ 1R is doubly superharJilonic i:t i t is multiply+
superharmonie and for aU fEe +(i), g E 'e+(Y)

[X,Y;Alexandroff-compactifications of X,Y] the functions.

(x,.y) -+ g. uX(y) , (x,y)'-+ f.uY:(x)

(:x;',y) -+ f.(g.'u·(y))(x), (x,y) -+ g.(f.u·(x))(y),

are multiply superharmonie [modulo "small l1 sets l.

If .1: (X,Y) denotes the eone 01' doubly sup,erharmonie funetions. _

we can de~ine the generated vector space' [J8j (X,Y) =

= .!:f~ (X, Y) - .:f8 (X, Y). ' Ve giva i t a Hausdorff locally conv~x+ + '

linear topology, analogous to the T;..topology•.

Theorem: . For X,Y' c~nnected Brelot-spaces

_::f~ (X,Y)~ltheclosureof;1+(x)®:f+(Y) in the projective '

topOlo~ .o·!1' [j>J -EX) ~ '[:f1 (Y) l
and .;f~(xt-Y} is a lil:ttiee cone in 'its own c;)rder'with a compaet ,,'

base~ .

Corollary (GoWRIS~): . If.X,Y·are connected Brelot spa~es,

, , V-v E j>~ (X~Y) :Ja finite Radon measure JJv on the cartesian '•

.p-roduct of the ext'reme points of ~+ (X) with the extreme pqints of

:f +(Y) so that

!u(x) v(y)- dJ.,l(u;V) Vx ,E X, Vy E Y.

An extension of this is ~he

Theorem: If X is a connected Brelot space, Y an arbitrary

harmonie spaee then the eone ~~ (X,Y) is a'lattiee cone.

V. Dembinski ... G. Leha (Erlangen)
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