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Die Tagung über Einhüllende Algebren von Lie-Algebren war die zvreite Tagung

dieser Art, nachdem die erste im Jahr 1973 ebenfalls in Oberwolfach statt­

gefunden hatte • Das Gebiet, das sich in rascher Entwicklung befindet, steht

im schnittpunkt von nichtkommutativer Algebra, der Theorie der Operation

algebraischer Gruppen und der unitären Darstellungstheorie Liescher Gruppen.

Nachdem zu 8eginn sich diese Theorie mit einhüllenden Algebren nilpotenter

Lie-Algebren und sodann auflösbarer Lie-Algebren befaßte, liegen seit 1974 erste

detaillierte Resultate im halbeinfachen Fall vor. Diese neue Entwicklung

wird auch daran sichtbar, daß sich diesmal die Hälfte der Vorträge mit dem

halbeinfachen Fall befaßten.

In der Zeit zwischen der Tagung und der Fertigstellung dieses Berichts

hat der halbeinfache Fall eine stürmische Entvdcklung genommen.

Die Tagung war international zusammengesetzt und ermöglichte viele ergiebige

Gespräche und Diskussionen. Die Tagung wurde geleitet von P. Gabriel (Zürich)

und R. Rentschler (Paris).
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Vortragsa.uszüge

~~. BORHO: Primitive cornpletely prime ideals in the envelope of ~~5,C)

. \.

Le·t ,g = ~(5 ,It) ';~e a cemplex Lie' algebra cf type 8 2 • Let X' denote the

primitive ~p~c[ru~ of its envelopiryg aigebra U (i.e. the set cf primitive

ideals, endovJed wi th Jacobson'-' s topology). Let X
r , d = .{ J G X I rk J = r , Dirn J =d!

Tor r = '1', 2, ••• and d = 0 , 1:, 2, ••• , where r == rk J is' the Goldie-

rank, defined by Quot(ujJ) ~ Mr{K) , K skew field, and Dim J is the Gelfand­

Kirillo\'J~imension (ntranscendence-degree") of ujJ • Then X1 , d = 0 for

d # 0, 4, 6, 8; x~,O == a single point (the augmentation ideal) ;
14 16'_X' = a single point (Joseph'-'s ideal) ; X' == the union of two one-parameter~

families with 1 point in common , X1 ,e ~ affine complex plane. There is

a canonical projection p: X --;e. Xi, 8:: plane, defined by Duflö by p( J) = (J 1'\ Z) U

(Z the center of U), such that p-1(I) = iI~ for all I e- Xi , 8 . In particular,

p is the identity on X1 ,8. The picture indicates,

how the space t.} Xi, d of all completely prime p.;..H;yp ~

ideals and its projection onto the plane look

like. There are 4 points in the fibre of the

augmentation ideal, 3 in the fibre of Joseph'-'s

ideal, 2 in the other fibres containing same

J ~ Xi ,6 , e.nd only 1 in the Itgeneral n fibres.

Moreover, Joseph~s ideal turns out to be the

first member cf a sequence J1 ,J 21 ••• with

Jrt Xr ,4.

R. ~':'. CARTER On certain commutator relations in enveloping'algebras.of

semisimple Lie algebras

o.'
of i i+1

Let ~ be a simpl~ Lie algebra of type At over t with reet system

\r
ij

i f: jl = ~, positive system ~... == ~rij i< j! and fundamental

system 1f = \ r i i+"\. Let U be the enveloping algebra cf ~ with generators

er' f r' hr , r f tf>+ where [er,frl = hr Let g = .!:! ~!!t e!!_ and E-: ~ d:) ~- •

Let Sr. '7 U(!2-) be defined by
~J

S r ..
~J

• . .. -0
h j _

1
i - (j-1-i)

fj_~ j
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The element S lies in the -r.. r.'cight spacc of U(~ _ ) • Then forr .. ~J

r f t~
l.J

each 56"" end all ~, dE-L \'Jith !< ) 0, d> 0 \'18 he.ve

( ek /k ! ) ( Sd/ d ! ) (Sd/d!)CEk/k!) 6- U!!+ + U(h r +p(hr ) - d )
5 r r s

Applications of these commutator relations to the modular representetion

theory ~ere discussed. Let V~ b6 a finite dimen3ional irreducible

representation of U , let V).. ,I.. U
L

~Io vJhere cJ>~ is the extreme generator

of V~ end UL is the Kostant subring of U • Let K be an algebraically

closed field of caracteristic p, let Ü = UZ ' K I' VA = V>..,lL ~ K

Then ~~ is a finite dimensional rr - module, called a Weyl module , and

VJ8 consider Horn Ü (VI-"- ' V).. ).

Let L k = {).,- (A + P) (h ) = kp 1 , k ~IL , and let. VI k be the reflectionr, r r,
in Lr,k. Suppase )., fA- are dominant integral such that JA- = Wr,k( >..) , r < A
and 04! d4" p where d = (~ + f) (hr ) - kp represents the distance of >..

Tram the reflecting hyperplane Lr,k'. Then it may be shown by.considering

the above elements in U . and other 'related elements that dirn Hom Ü (~ ,VA 1.

References :

R.W. Carter. end G. Lusztig

N.N. Shapovalov

.M.T.J. Payne

Math. Zeit. ~ (19?4) '193 - 242 •

J. Funk. An. e Priloz. ~ (1972) 65 - ?D

Ph.D thesis, University of Warwick, to appear

This first part of the talk concerns partial generalisations for ~(n', lt)

of the known r~sults con~erning ~(3, ~). The 2
nd

part is large1y

conjectoral. Let H be a simple complex Lie algebra, G the adjoint group,

h a Cartan suba1gebra, L1 the root system. For" rcL1, let .!1 r be the set

of HE-!:! with ec.(H) = 0 rOr4!.6r, q:(H) + 0 forc(~lJ .. r. Let H = G(!!r) •

Distinct sets 9 , ••• ,g·l~ are disjoint. Let gV be the closure of 9
-~ -p -p -"

inside the'set of elements cf H for which the centralizer has the same

dimension than a10ng 9 r . Then g~= g"" U ••• U 9- is the set or elements in g.. - -; -~ -r, ,., .
whl.ch adml.t polarisations. Let 9 = g'" ..... .1Lg~ • For x ~ 9r. let P "I··· ,Pk- -r..~ -r, - l' -., -

the polarizations of x which are obtained as li~its of polarizations of

elements in ~n • Let I~, ••• ,Ik the ideals deduced fram'x by the twisted

induction proce;s, using E
1

, ••• ,Ek • Conjecture: 1
i

= ••• = "I k .• This

·e

J. DIXM1ER On primitive completely prime ideals in the enveloping'

algebra af ~(n, t)
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would define a map of fl' /G onto the non - fnysterious part P af Prime U(~) •

Conjecture: this map defines a 'bijection from H"/G onto P .• Theorem for

~ = ~(n, c) , ~ is the disjoint -union cf ~~ J... J~: ,so that g- can
r1 ,'I- -

be identified ~ith ~ • That should be the reason vmy ~(~, t) is better

than other simple 1ie algebras for the study cf Prime U(H) • Note : The

conjeeture was immediately disproved by Borho - Rentsehler (ease cf 8
2
') .

c. GODFREY Ideals cf eoadjoint orbits of nilpotent Lie algebras

Let ~ be a finite dimensional nilpatent Lie algebra over a field of

characteristic 0 • For each f~ g* Dixmier has constructed a rational

ideal I(f) in U(~) and showed that I(f) =. I(~) iff fand h are in

the same coadjoint orbit in ~~. Let J(f) be the polynomials in S(H)

vanishing on the orbit through f.

A Kirillov - type inductive process gives a formula for constructing f~om'

fany basis th1, ••• ,hr\ for the isotropy algebra ~ ,polynomials ~ , •• ,

generating J( f) such that T(P1)' •• , T(Pr) generate I( f) , where T is

the cananieal sym~etrization map of "Sc'a) into U(,g) •

A. VAN DEN HOMBERGH : On step algebras

P
r

Let ~ be a finite dimensional Lie algebra, k a rcductive subalgebra of i

with Cartan subalgebra h and ß~ a ~ - invariant eomplement in Q cf k •

One has: .!s = ~_~.!:! 4') ~+ • Define S"'C2'~) = {u ~U(.2) I ~+u s U(~)!s + J
and S(~,~) = S~(H' ~)jU(H)~. so(~, ~) i5 the subalgebra of S(~J~)

generated by S(.a,~) n (U(~).a'" + U(.a)~+/Uc.~J~..) and E= ~ + U(H)~+/U(!l)~'" •
If ~ is a highest weight of ~ J then J ~ is the 1eft ideal of, U(~) that

kills the highest weigt vettor of a simple finite dimensional k - module

with nighest weight ~. Call an so(g,~) - module dominant if it is

~ _ diagonisable end its weights are ~ - domin9~t and extreme if it is

dominant.and the elements of weight~· are killed by S~(H'~) n U(~)J~ •

Theorem. There iso a ! - 1 correspondenee between ~ - finite finite1y.

generated H - modules and finitely generated extreme 9o(~' ~) - modules.

It turns out that the structure cf So(i'~) is very niee in the cases

that .a is cf type ..=2( n, 1) or ~(n J 1) "and k is the compact subalgebra

cf g . In these cases one obtains at least all k - finite irreducible

.2 - modules •

                                   
                                                                                                       ©



- 5 -

R.L. HUOSON : Casimir elements for U(n)

We construct Casimir element~ H~, r = 0,1, ••• , n , for U(n) ,

whose eigenvalues in the irredueible representation vmose highest

weight has eompenents 1
1

- n + 1 , 12 - n + 2 , .•. ,ln ,are the

e1ementary symmetrie polynomials 6" , r = 0, i, ••• , n • We consider
r

the Casimir element

[ i k]A. ,Al =
J .

whereo "»-. tet n.c.Gn = L- s1gn"~A"p ••.Anp. . «".,,,1,, n
end CaS1m1r elements Gr , r = 0, 1, 2, , n - 1 , obtained from

eoefficients of the po1ynomial resu1ting from the substitution A~ ~ A~ +91.'
J J.cl

in the expression for G
n • The eigenva1ues of G

n . are linear combinationsn r
of Ei n , ES ~ ' •• ,. tt"' ,whence H

n is a linear combination of G
n , G

n , •• ,G
n

o r· r '. o. . r
8y comparing the behaviour of G

n under the transformation A~ ~ A~ + ecJ~
r . J J J

end under the summation process cf the Weyl branching formula with

corresponcing behavicur cf the ~n this combination is found to be
r

HO t::.. (n - s)!(n-r,s)! n ( ) n
r s= e n! (n _ rJ 1 s! e' r-s 0,1, ••• , n-1 G5

J.C. JANTZEN : On modular representatiens cf Chevalley groups

Let H be a simple complex Lie-algebra ,~ the Kostant -~ - form cf its

enveloping algebra, R the reots, R+ the positive reots, 0 - ~ ~~ , W the
.J - ~ "'t6Rt'

Weyl group, v a highest weight vector in a finite dimensional, irreducible

represeotation V(A) of 11 'with highest weight.A V(A)Z UJlv

O~~) the determinant of the contravariant form on V(A) (normalized

by (v,v) = 1 ) restricted to the weight space V(A); ,p a prime number,

Vp the p - adic valuatioo (V p( pO) = n ) J V p( 0" (r)) eCf.)·, where (e(r))
is the canonical basis of the group ring of the group of weights, ~

l.().) ~ det(w) e(w().",,~)) / ~ det(w) .e(VJ(~)) for all weights •

Theorem For all dominant weights A we have

Vp(O ) = L I:::- V ( (~-+f)(~) - r ) "X( A- r Cl( )

016 R'" 0<'" .c().tr)(\) p
if a) R is cf type An' 8 2 , 8 3 , C3 , 04' G2

and p arbitrary

or b) ~ is not cf type E6 , E7 , ES' F 4 and p > Coxeter number cf R

This theorem has applieations for representation theory in caracteristic p •

1t can for example be used to prove an analogon of the Bernstein - Gel~fand ­

Gel~fand theorem on Verma modiles •

Besides the main results of my paper in Math. Z. 140 (.1974), 127 - I49 were

reported.
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Let ~ bc 2 5im~le Lic algebri ovcr thc co~plex field ~ not isomorphie

to slen) : n = 1, 2, • IdGntify E ','·!ith its dual 11* through thc Killing

form end fi;~ 2. Carte.n sube.lgcbriJ. h. Let 6 = A (~,12) be the SEt af

non-zero roots und foZ' CiJ.ch cL E- A, let ,g Gl. be the root subspace , E~ .:.;. non-

zero vector in ~oe. Cln:! H~ = r~ , E-c.J. Fix e..n orderililg in ~ and let ß be

the high3St root. It i~ !<nown thet l;I1t admits a single non-trivial orbit l1
o
'

of minimcl dimension. Furthermore C)O consists of nilpotent elements, ~

contains g-P - ~O~ , o.nrJ :L: not polarizable • Set r = f~E-t1: (~,)') > 0 } .,

and g r lin span t!i~ :YEr!. Then li r is a I~eisenberg algebrn with eentre g P
Furtherr:lOre! .,gf'e ß; H~ i~.: Cl subslgebra cf Jl v!hich idGntifies v!ith the

tangent SpC.C6 to E_~ • It i20 shoen thst oE ad:nits a unir:ue embedding i in

the locnlization of U(!) at E such that il r Id. Let Ja bE thE

t~o sided idenl of U(g) definEd by this embedding. Then Ja is completely

prime and it is shovJn to be the only completely prime ideal in UC.~) \'Jhose

caracteristic variety eoincides with 0aV\O\ . It is further shosn thet Ja is

a maximal ideal and that it cannot be induced from any proper subolgebro of Q •

i5 given explicitly and its centre.l character computcd.The ideal Ja

For .=.e( 2n) n = 1, 2, ••. Ja coincirJEs "'lith the ~~ernEl of the '.'leil

representetion of U(~(2n)) •

A. JOSEPH : Second commutant theorems in thc envelopino algebra of a Lie algebra

Let ~. be 2 split semisimple Lie algebra over a field k cf characteristic

zero. Let ~ be a Cart2n subBlgebra. und ~ the subalgebra spanned by the

.positive raot eigenvectors. Given ,0" c. Uc.~J, let A" denote its sacend

commutant in -U(Q) • Let Z(~) denote the centre of U(Q) • 4It
Theorem: 1) U(~)" U(~) Z(~) 2) U(~)u U(~) Z(~)

1) answers positively _. question raised by Dixmier. 80th generalize to

U/ Jr.lin(~·) , ~ '" !2", \'Jhere J min('\) i 5 minimal primitive. In thi s eaSE 2) be­

comes a result cf Dixmier. 2) generalizes in the follo~ing manner :

Let A be an integral domain over k • ~ a finite dimensional Lie algebra

Ciolbedded in A and suppose thGt each derivation ad
A

X , XE~ , is loeal!y

nilpotent. Let U be thc subs..lgebra of A genereted by ~ , and U', U" the

first 3.nd second com:nutc:nts of U· in A Set y = U 1\ U' .. Z U'n U"
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Let Dimk denote Gelf~nd-Kirillov dimension.

Theorem: I)

2)

3) If A is the subalgebr3 of an envelaping algebra,

then Dirn!<:.!\ Dim
k

U·~ ~ Dirn
k

U

J. LEPO~SKI : Conical vectors in induced modules

Let H ~ EP ~ E9!! be an Iwasa\'Ja decomposition of a semisimple syll'ffietric

Lie algebra over a field of ~haracteristic zero, ~ith ~ a splitting Cartan

subspace. Let ~ be the centralizer cf ~ in k • Given a linear functional v
on ~ ,extend V to c. character cr .!!! (ß ~ ED !! ~hich is trivial on

statement :

~ ~ !! ' and let XY be the corresponding algebraically induced H - module.·

Certain conical vectors (nonzero ~ $~ - invariant vectors) are shown to

exist in the X~ , and it is conjectured that this are all, onc~ a condition

involving a certain finite group of Lie algebra automorphismes of H is

imposed. The results generalize the study of Verma modules, and are 6150._

related to representations ~f semisimple Lie groups.

Paul MALLIAVIN : Poisson formulae in the Siegel half plane plane of rank 2

(Heport on a joint \'lork with A. Korcenyi to appear in Acta Mathematice. J

( "/~, , )_ t" ~ symr). a _ '4 0w ,(lw,-
H - 1. tI 6 A(3 '. r. ,Im '.V = V~ 0 , I~I - 1 1

_ · o~ 2~dw

ll2. ~ tr~ce (c1WV• dw) , L11 = Laplacian for the Riemannian"metric

Let h be a bounded function on H • Then h 1s a poisson

integral on the Shilov boundary i ff A. h = II h = 0
~

Method of proor : (i) Let Z(i) the diffusion processes associated to ~i (i = 1, 2);

deterministic aspects of the trajectories.of Z(i) are obtained via ordinary

differential equation of comparison

(ii) Realization of a compound .process mixing Z(1) and Z(2)

(111) Fatou theorem along the the trajectories of the compound process

J .. UICKELSSON : step algrbras and ,g!( 2) @ gl( 2) -~ gl( 4) - modules

Let G be a complex Lie algebra an8 K c semi-simplc subalgebra of G •

~e study irreducible K - finite G - modules using the step ~Ygebra 5
0
(8, K)
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cf the pair (G, K) • If V is c. G - module , \'/8 denote by VfIt( thG sum nT

all irreducible finite dir:1ension:·.l t< - sub:-:1odule S of V v!ith m:-.;~im2.1 ':.'ci:--ht

We define A~ ,04 as thE? su balgebre cf ·';hE envel,?ping algebra . U(G) of G

such that A~....v:c v,.+· for o.ny G - module V ~ here V.... conGists cf m2.ximo.l

vectors in V-e • Let rJ" =k Ap,Ol • It is shown that the equivalencc cla::ses [V]

cf irreduciblc G - modules V, such that V-c t 0 r::nd V~ = 0 for p~." :1re

in natural 1 - ~ correspondence ~ith the equivalence classes of irrceuciblc

o /(0 f\ U(G) Me) - modules ,0 is the zero-s-tep algebra , 0 V: c Vec"i for

any V end anyot • Using this result, all irreducible gl( 2) (9 gl( 2) - finite

gl( 4) modulEs are e;<plicitl}' described e
J.T._STAFFORD : Number of generators cf right ideals in simple rings

It is proved thatif R is a simple right Noetherian ri:YJ (with an identity

of Krull dimension n , then any right ieeal I cf R ~~r. be generated by n + 1

elements , ane of which may be chosen to be any ElEment ~hich generates an

essential submodule af I. In particular, this theorem applies to the nth iJeyl

Algebra An over a field of characteristic zero.

This result is obtained as a consequence of the follo\\/ing module theoretic

result. Let M be a completely faithful Noeterian right R - module cf Krull

dimension n over any ring R of Krull dimension greater than n (ar indeed

such that R daes not have a Krull c::Iimension ). Then t1 can be generated

by n elements.

Finall,y this resul t is extended to two further cases. In particular the first

result still holds when R is a polynomial extension in one variable over a

Weyl Algebra •

P. TAU~L : Sur les repr~sentations ir~ductibles des alg~bres de Lie nilpotent

Saient ~ une alg~bre de Lie nilpotente sur un corps k alg~briquement

elas de caract~ristique 0 et p une repr~sentatian irr~ductible de ~ dans

un espace vectariel V. Soit I 1e noyau de p dans l"'a1gebre enve10ppante uC~) de.ß •

On d~finit une repr~sentation ö de H dans Endk V par

~ (x) .f p(x) 0 f

On mantre que les conditions suivantes sont equivalentes :

( i) f 6- P( U(j ) )
(ii) Pour tout X&jiI ,i1 existe nc!l·J tel que G"(~)n'.f = 0 •
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k algebri.que-

Q est

lf* sous 1e

9 -

La d~monstration se fait en deux ~tape5. On prouve d~abord le r~sultat

pour une algEbre de Weyl ou une algebre de Heisenberg. On passe ensuite

au eas general en utilisant ie fait que U(ll)/I.est une ·algclbre de Weyl.

M. VERGNE : Orbites de 1a representation eoadjointe

Soit ~ une a1gebre de Lie de dimension finie sur un eorps

ment elas de caract~ristique zero • 11 est conjecture que si

unimodulaire, les orbites ~f d~un point g~nerique f de

graupe adjaint alg~brique sont ferm~es. Les resultats suivants sont

obtenus (Oixmier - Ouflo - Vergne) :

80it r 0 = n Ke~ 1. ( ~ caracte!res rationnels de r)
et soit 1r(~) = ~X Ixcnractere. rationnel de G , tels qu~il· existe une

fonetion ratio~nelle R + 0 sur !lNo avec '1.. R = XCf) R j .
Alors a) que1que soit J1 det '1. ~VCg)

b) i1 existe un ouvert U de Zariski tel que Ce =rff)test ind~pendant de f

(oll r Cr) = l1l- r.1 t f = f 3)
c) lT"Cjl) = ~"Jtel que ")CI~= idl

d) si ~ = r , elors l~orbite ~f peUT f g~nerique est fermee

e) si ~~ est un id~al de ~, tel que ~/g' soit nilpotent,

alors lT(,a) = 'JTCiJ

N.R. WALLACH : On a eomp1ex analogue cf a p-adic result cf Casselman

Let G be a semisimple Lie group • Fix Po a minimal parabolic subgroup cf G •

. Let (lf, V) be an irreducible finite dimensional representa.tion of G • Ta

each P a parabolic p~ Po WB can associate in a canonical way a represen-

_ tation Ip,V of G so that if Pi:' P 2 Ip~ ,V ::> I P1 ,V We set

lT" = I V, Po / Ijp.lv, p •
Theorem : If Gis· complex and i f (1f, V) is equivalent to i ts complex

cD~jugate dual representation thenVV is infinitessirnally equivalent with

a unitary principal series representation.

Theorem: If G = SL(n,~) and (T, V) is self dua~ then T V i5 unitarizable

with commutant cf dimension at least 2~~
These representations ere related to the cohomology of discrete uniform subgroups.

R. Rentschler (Orsay)
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