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MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tag u n g s b e r ich t 23/1975

Mathematische Modelle in der Biologie

1.6. bis 7.6.1975

Die Tagung über "Mathematische Modelle in der Biologie"
stand unter der Leitung von K. P. Hadeler (Tübingen),
W~ Jäger (Heidelberg) und H. Werner (Münster). Das Ziel
dieser Tagung war, eine übersicht über die Anwendung
mathe~atischer M~thoden bei biologischen Problemen iu ge­
winnen. Hierbei standen die Analysis und die Topologie
im Vordergrund, doch war auch die Stochastik mit Teilge­
bieten vertret~n. Die behandelten G~genstände lassen sich
wie folgt gruppieren: 1. Lineare Diffusionsgleichungen in
Zusammenhang mit Modellen für die Nervenleitung, Ausbreitungs­
phänomene in der Genetik,' in der Oekologie, und in der Theorie
chemischer Reaktionen, 2. Modelle für die Entstehung von
St ru kt ure n, 3. Mo·d e11e aus der. Epi dem i 0 log i e .und I mm uno log i e ,
4. Optische Perzeption.

Aus mathema~ischer Sicht bestehen zwischen den genannten
Punkten jeweils engere Verbindungen. In der Stochastik lag
,der Schwerpunkt auf den Verzweigungspro~essen. Die topolo­
gisehen Methoden wurden in zwei Obersichtsvorträgen darge­
stellt.

Einige Vorträge zeigten, daß auch andere Gebiete der Mat~e­

matik (Algebra, Gruppentheorie) zu Lösungen für biologische
Probleme führen können. Hier gibt es noch·ein·weites Feld für
mathematische Anwendungen.
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Die Kommunikation zwischen den Arbeitsrichtungen war gut,
allerdings zeigten die Erfahrungen dieser Tagung, daß es
wünschenswert .ist, noch nähere Verbindung zu experimentell
arbeitenden Biologen und Medizinern zu suchen.
Die Tagung ergab, daß das Gebiet in .Deutschland, abgesehen
von einigen wenigen Schwerpunkten, kaum entwickelt ist. Da­
gegen hat die Beschäftigung mit der Biologie im Ausland, vor
allem in den USA, viele Mathematiker aus verschiedenen Ge­
bieten, insbesonder.e der Analysis, angezogen.
Die na c hha 1t i ge Unter s t ütz ung dur ch die Ins ti tut s 1e i tun g., die
diese Tagung ermöglicht hat, wird dankb~r anerkannt.
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J.E. Cohen, Cambridge
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eh. Conley, Madison
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L. Edler, Ma;nz
J.W. Evans, La Jolla
P~. C. F i fe, Tucs 0 n.
K.P. Hadeler, Tüb;ngen
U. an der Heiden, Tübingen
F.C. Hoppensteadt, New York
W. Jäger, Heidelberg
K. Jänich, Regensburg
N. Kaplan, Kopenhagen

. R. Kel~er, Regensburg
L. Lander, Regensburg
D. Ludwig, Vancouver
H. Maurer, Köln
H. Meinhardt, Tübingen
B. Mellein, Mainz

P. de Mottont~ Rom
I. Nasell, Stockholm
F. Poggio, Tübingen

··T,.. Pos ton, Genf
R. Repges, Aachen
G.H. Renninger, Guelph
H.L. Resnikoff, Münster
F. Rothe, Tübi ngen
L.A. Segel, Rehovot
B.D. Sleeman, Dundee
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D. Steinhausen, Münster
H. Thieme, Münster
R. Thom, Bures-sur-Yvette
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H.-O. Walther, München
P. Waltman, lowa City
H. Werner, Münster
A. Wörz, Tübingen
E.C. Zeeman, Coventry
R. Zielke, Tübingen
B. Zwahlen, Lausanne
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Vo rt rags aus z.üge

J.E.COHEN: An ergodie theorem for the age structure of
1arge populations in markovian ~nvironm~nts

The ergodic theorems of demography show that the present

age structure of a unisexual, closed population is in­
dependent of the .population's·age structure in the suffi­
ciently remote past, but depends entirely on the recent
h; st 0 ry 0 f vi tal rat e s (bi r t h an d dea t h rates). .The erg 0 die
theorem presented here supposes that at each ,instant in
discrete time, the array of age-specific birth and death rates
t 0 wh ich .a uni sex u·a1, c los e d pop u1a t ion iss ubj ec t i s dra wn
fram a set S af such arrays. Given two initial populations,

.and fwo initial arrays of vital rates fram S,.the vital r.ates
in the next instant af time are chosen fram S according tO'a
Ma r k0 v . chai n' 0 f ace r ta i n kin d, i ndepend ent 1y f 0 r each 0 f t he .
t w0 pop u1a t ion s. The n a11 mom'e nt s 0 f t h'e ag e s tr uct ur ~ s 0 f t he
two populations converge and the age structures converge in

distribution.
J.E. Cohen, Ergodicity of Age Structure in Pop. with Markovian
V; tal Rat es. I. C(, uno-tab 1e States. J. 0 f t he Am. Stat. Ass. 1976 .
w. Brass, Perspecti~es in Population Prediction . J. of the Roy.
St & t. So c . Se r i e s. A 137 (4 ), 532 - 583, 1974 .

B.O. COLEMAN: On periodic sQlutions of same unusua1 non-linear
integral equatians with applications in neurobiology'

Solutions r af the equation \

r(t)= m(e(t)- ~
b

t10Je - S 1& r ( t - t" - s ) dS )

o
( 1 )

with A,'t", and & positive constants and m the "positive part tl

fun c t ion de f i ne d bY m( x) = ! (x+ Ixl ), appeart o~ 9i ve a go 0 d de -

s c r i pt ion 0 f t heres pan s e 0 fee r ta i n ~e t i· nae ~ i nc1l.J d i n'9 .t hat o'f
the compound eye of Limul us, ta spati al Iy uni for:m exci tati ons .
e(t). George H. Renninger and I have recent1y shown that if A
and f:/ & are' i n appro pr i a te ra nge s, t hen, f 0 rehe1d co ns ta nt ,
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(1) has a non-constant periodic solution which can be
written in closed form in terms of e1ementary functions.
This solution shows a sustained synchronous Ubursting
phenomenon" in wtlich the time-fntervals 'of neural activity

. .
in the optic nerve alternate with rest periods. Possible
physiological uses of such oscillations will be discussed,
and recent ana1ytical resu1ts on a generalization of (1) will
be presented.
~.D.Coleman, Rendiconti de11 'Istituto Lombardo A (1975)(in
press), B.D.Coleman, SIAM J. o.App1.Math.(1975){in press~. ~

CH.CONLEY: Trave11ing waves

This report concerns the exi~tence- and stability of trave11ing
wave solutions of the equation ut = Du xx + f(u,e ) where t and
x are scalars, u{t,x) is an n-vector, 0 is a diagonal matrix
of (p 0 s· i t i ve) di f f us ion_ co ns ta nt sandEi s apo 5 i t i ve -p ara ~e te r .

The first step is to construct travelling waves for small E
making use of .properties of the (singular) 1imiting case when
E is zero. Ideas from the qualitative theory of ordinary
differential equations play the main role here. The second
step is to try to analyze ("linearized") stabi1ity of the
travel1ing solution of the P.D.E. This again comes down to the
study of an ordinary differential equation. Some partial results
are described for equations of the type of the Hodgktn-Hux1ey.
equations.
G.A. Carpenter, "O n travel1ing wave solutions of the Hodgkin-
Huxl ey equa t ion I~ The s i 5, Uni ver s i t Y 0 f Wi s co ns i n 1974. C. C0 n1ey ,_
1I0 n travel1ing wave solutions of non-linear diffusion equations ll

•

M.R.C. Tech. Summary Report No. 1492. C.Conley,R.Easton,IIIsolated
i nva r i an t set sandis 01 a tin 9 b10 cks 11 , T. A. M. S. Vo 1 . 158 , No. 1 "
Ju1y 1971, pp. 35-61.C.Conley,"0 n the continuation of invariant
set s 0 f a f 10 WI~, Ac te 5, C0 n9res i nte rn. Ma t h. 1970 . T0 me 2, P. 90 9- 91 3.
S.Hastings,"The existence of periodic solutions to .Nagumo's
equation", Quart.Journ.of Math.1974.

K.DIETZ:Models for the pair formation of parasites

Male and female parasites are assumed to enter the hast according
ta i ndependent Po~ sson processes' wi th constant rates i\ . They

dte at a canstant rate p. They form immediately pairs if a
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_parasite of the opposite sex is available. They do not remate
after the death of one partner. The death rate of a pair is Y.

Then the expected number of pairs tends to the limit value

f {1- [1+2 ds 1F 1 ( 1 ; ~ +2 ; sJ] - 1 }

where S' = 'Alp. In order to approximate the transient behavior
of the number of pairs for large and small f' two simplified
models are considered. (K. Dietz, Theor.Pop.Biol.~,1975).

L.EDLER: A general age dependent branchlng process with
variable life time and generation time distribution

A general age dependent branching process with generation de­
pendent life time and generation time distribution describes
the development in time of a population, where each individual
I has a random life time LI and produces durinQ his life at rarrdom
ages (called generation times) TI (1) ~ TI (2) ~ ... ~ LIane off­
spring, who belongs to the next generation and behaves in the
same fashion. The behavior of each individual is independent of
all others (branching property). The ~robability distribution
of (LI' TI(1'), Y =1,2,_ ... ) may depend on the generation I belongs
to. Th i s branch i ng'process gene ra 1i zes tho se of CRUMP-MODE. J.

Math. An. Appl. ~,~ and FILDES, Adv. Appl. Prob. ~,~.

Let Zi(t) be the number of individuals alive at time t, the
initial individual born into the i-th generation. Integral
equations are derived for the mome~ts of zitt} and under several
conditions there is a constant bi such that Zi(t)/biEZ;(t) con­
verges in mean square to a random variable Wi , i=0,1, ... ·

J.W.EVANS: Nerve impulse stability

Let Vt = (:~~) +f(V) be a set ofaxon equations with a

resting state at V=O. If thesystem is exponentially stable
at rest than there is a function-~(v,y) which far a fixed v.>-O
is the unique candidate for ·the nerve impulse arising from zero

"at Da • If ~(vo,y)~ 0 as y~ -oothen the stability properties
of ~(vo'.) viewed in the y=x-vot coordinate system are given by
the zeros of an analytic function D(~) which'determines the .eigen-
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va1ues of the generator of· the 1inearized system of equations
about··~ (va'.). The si9n of (dD/dA){O) p1ays a critica1 ro1e
in the behavior of (d~/JV){v,y) as v increa~es thraugh Vo for
1arge negative y.
Nerve axon equations 1,11,111 & IV, Indiana Univ.math.J.Vol.21
no 9, Mar ch 1972 ,- 877 - 885 Vo 1. 22, no 6, 0e ce mb er 1972 ,577 - 593
and Val. 22 no 1,Ju1y 1972, 75-90 and to appear.

P.C.FIFE: Pattern ·formation in reacting and diffusing systems

The question of the genesis of spatia1 order. in bio1ogica1
systems is approached by investigating the spontaneous appearance
of order in reacting and diffusing systems. A mechanism is des­
cribed, whereby stab1e sharp1y differentiated (dissipative) struc­
tures can evo1ve natura11ly within a mixture of reacting and
diffusing substances. The mod~l has two reacting components, with
on e duf f us ion co e f f i ci ent much s malle r t han t h'e 0 t her. Un1i ke
patterned states obtained by sma11 ampJitude analysis near uni­
form states, our structures hav~ 1arge amplitude and serve to
divide the reactor into subregions, each carresponding to a
distinct phase for the syst~m. A singular perturbati~n analysis
and the theory 'of the moti on of waye fronts i s used to deduce
the evolution of such states fram arbitrary initial data.

K.P.HADELER: Wave fronts in Fisher's model and related problems

Consider a system ~=f{u,v,c), ~ = g{u,v,c), c a real parameter,
in a domain of 1R 2 . Assurne the only stationary points are a' •

saddle at 51 and another point s2' whic~ is a st~ble vortex for
c< c"., a stable node for c> c4-.A trajectory 1eaving SI with the
ins tab 1e man i f o. ~ dan dar r i vi n9 a t s 2 wi t h· def i ned direct ion· i s
ca11ed a front. The corresponding va1ue of the parameter c is
called speed. We give sufficient conditions for the existence
of fronts, .in particular conditions for a c10sed upper ha1f-line
of fronts: The resu1ts can be app1ied to nonlinear diffusion
equations and epidemic models. The speeds in Fisherls model can
be expl icitely determined for all cases of interest.
K.P.Hadeler,F.Rothe: Trave11ing fronts in nonlinear diffusion
equations, J.o.Math.Biol.1975.
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U.AN DER~HEIDEN: Ober ein kontinuierliches Nervenmodell

Die Funktionaldiff~rentia1g1eichung

1

1 + exp {-f+b Tx(t-u} [e-PU_e- qU] du]
o

ist ein Modell für den zeitlichen Verlauf der normierten
Impulsfrequenz x(t) eines Neurons in Abhängigkeit vom Input
f(t). Sie läßt sich in ein nichtlineares System dritter Ordnung
gewöhnlicher Differentialgleichungen überführen. Ist dessen
statiQnäre Lösung instabil, so existieren periodische Lösungen
bei konstantem Input. Ist f(j.)-periodisch, so gibt es eine
w -periodische Lösung, die, für den Fall, daß b(q-p}< 16 pq,
global asymptotisch stabil ist.
J e des aus Neu r 0 nend i e se rAr t gebi 1de te Ne r ve nn.e t z hat zu
jedem konstanten Input einen stationären Zustand. Dieser ist­
eindeutig und stabil, wenn die Eigenwerte der ~atrix·aus den
Verknüpfungskoeffizienten gewisse Bedingungen erfüllen.
:U. an der Heiden, Existence of periodic solutions of a nerve
equation, Biological Cybernetics (to appear).

F.C. HOPPENSTEADT; Population waves

The phenomenon of waves occurring in a popu1ation ' s birth rate'
will be described. This begins with a description of Bernardel1i
waves ar~sing in the linear renewal theory. Then a modification
is introduced which invo1ves a density dependent ferti1ity; thus,
a nonlinear renewal equation must be analyzed. A discrete version
of this is ana1yzed: It is shown that there are multiple bifurcations
of periodic solutions with eventual transition to chaos, i.e.,
the appearanee of an infinity of periodic solutions. The dynamics
are described in the chaotie regime by means of numerica11y deter­
mined density functions for solutions.
F.Hoppensteadt, Mathematical theories of populations: Demographics,
genetics and epidemics , SIAM Pub1ications, Philadelphia, 1975.
F. Hoppenstaedt and J.M.Hyman, The transition to chaos of solutions
to a logistic.difference equati"on (in press).
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N.KAPLAN: A branching process with disasters

A population process is considered where particles reproduce
according to an age-dependent branching process, and are sub-
jected to disasters which occur at the epochs 6f an independent
renewal pro~ess. 'Each particle alive at the time of a disaster,
survives it with probability p and the survival of any particle
is assumed independent of the survival of any other particle.
Necessary ·and sufficient conditions are given for almost sure
extinction. In the case when extinction is not sure, the asymptoti~

growth is determlned. . ~
N.Kap1an, Sudbury,A., Nelsen, T.; A branching process with
disasters. J. of Appl. Prob. March 1975. At~reya, Kaplan, limit
theorems for a branchin~ process with disasters, preprint no.8,
1~75- Instit. of Math. Stat., Univ. of Copenhagen.

D.LUDWIG: Persistence of dynamica1 systems in the presence
of noise

Random perturbation may decisively affect the 10ng term be­
havior of dynamical systems. The deterministic concept of
stab; 1 i ty no longer appl fes. I t can be repl aced by the expected
time elapsed before leaving a domain of attraction. The expected
time e1apsed is computed by means of an asymptotic solution of
a diffusion equation, for small noise. This theory. can be applied
to problems in population biology.
D. ludwig, Persistence of dynamical systems under random per­
turbations, to appear in SIAM Review (1975). A.D.Ventzel and
M.1. Freid1 in (1970). On small random perturbations of dynamica1 e
systems. Uspekhi Math. Nauk, 25. pp.3-55. G.F.Mil1er (1962) The
evaluation of eigenvalues of a differential equation arising in
a problem in genetics. Proc. Camb. Phil. 50c. 58, 588-593.

H. MAU RER: Ein i ge An wen dun gen der The0,r i e 0 ptimale r Ste ue r -
prozesse in der ökologie

Erst in den letzten Jahren sind Anwendungen der Theorie Qptimaler
Steuerprozesse auf Biologie und ökologie untersucht worden. Die
Schwierigkeit bei ökologischen Prozessen liegt im Gegensatz zu
physikalischen und technischen Prozessen darin, geeignete dyna­
mische Modelle zu formulieren. In diesem Vortrag werden zwei ein­

fache Modelle als Steuerungsprobleme behandelt. Zunächst wird
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ein gesteuertes Räuber-Beute-Modell nach B.S. Goh et al.
betrachtet, das auf dem Vol terra-Lotka-Modell bas i ert. Di.e
Steuerung"erfolgt dabei durch ein Insektizid, welches die
Beute (Pest) oder die Räuber bzw. Beute und Räuber tötet.
Im zweiten Modell wird ein logistisches Modell für das
Wachstum der Population angenommen und damit das Problem
des n 0 ptimale n Fis chens ~I nach C. C1.a r k dis kut i e r t. Bei ein e r
Fis chart ist d; e Lös un9 v0 11s t ä ndi. g. bekann t' , das Pro b1em,
zweier' Spezies jedoch ist nu·r teilweise gelöst und es
werden lösungsan~ätze ski~ziert.

B.S.Goh, G.Leitmann, T.l. Vincent: Optimal contro1 of a
prey-predator system, Math. Biosc.19, 263~286 (1974). C.W.C1ark,
The'. ec0 n0 mi cs 0 f 0 vere xp10i .t a t ion, S~'i ence 181, 630- 634 (Augus t

,1973.). C.W. C1ark, Mathematica1 problems in bio1ogi.ca1 conser- .
. vation'," Rep'ort, .De'pt: of' Math., Un;v. o.f British C~l umbia, Van­
couver, Canada 1973. H.T. Banks, Mode1ing of control and dy~a­

mi calsys t ~ms i n t hel i fes c i ences, i n 11 0Pt i .m a1 Co nt r_o.1 and i t s
App1 ication" t Part I, Lecture Notes, in Econ,0!l1i,c's and Math.
Systems, Vol. 105, Springer Verlag~ 1974.

H.MEINHARDT: Formit~on of hetlike 5tructures during morphogenesis

Dur in 9 the de ve 1opmen.t 0 f. an 0rg an; ~ m, ve ry c·omP.l i ca te dne tl fke
5t ru ct ure 5 5Uch .as .b100 d.- ve 5S e1s· and 1ea f ve ins are made. A
possib1e mechanism for generating such structures. cou1d be the
fo1l owing: By i nteracti"onof' two·:'5ubs.tance's, the' acti vator and
the inhibitor, a loca1 high activator concentration is generated.'
This ;5 us~d as a signal for a sma11 group of cells to differentiate.
lfa 5tripe js to form, t~e next cell to differen~;ate should be
that neighbor of the .a1ready. ,differentiated cell, the sum of
who5e i s maxi mum from these' cell s. Th {s can be a'ch'i eved th ro ugh
t he agen cy 0f a t hi r d 5Ubs ta nce, wh ich i 5 pro duc e'cl e verywh e re
and consum~d or tran5ported away by the differentiated cells.
The production of the activator must be dependent on this
IIdriver ll -substance. The system is de5cribed by four partial
differential equations. Numerica1 calculations show the formation
of the desired netlike structure.- ·The mechani5m cf activator­
inhibitor interaction can be found in: Gierer & Meinhardt, Kybernetik
Dezember 1972, App1 icatio'ns to biological problems in Journ.· of
Cel1 Science ~ (74) 321.
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P. OE MOTTONI: Stability problems for a.system of reaction­

diffusion eguations

We consider a system of nonlinear equations of diffusive type,
together with vanishing Dirichlet condition -and(positive)
Cauchy data. We ask about existen~e an-d stability of (positive)
stationary solutions. It turns out that the stationary solutions
of the sYstem are characterized by the stationary solutions of

, "

a ~ingl~ non-linear elliptic equation. Then conditions for the
existence of a non-trivial solution are easi1y given.As to·the
stability, for the trivial solution we make use of Lyapunov's
'gene ra 1 cri teri on. whereas for the .nont ri vi also 1ut ion the same
method, although ~n princip1e applicable, is not of practical
use. We then prove the system to be equtvalent - in view of its
peculiar stru~ture - to a single integro-differentia1 equation,
for which we construct a monotone tteration procedure, whi<:h
provides an Einschl ießungssatz and, hence" an a pri0t:'i bound for
the who1e system.
D. Sa t tin ger, Top.i c s ;n s tab i 1 i ty . an d bi f ure a ti 0 n t he0 ry', Lee t .

Notes in Math., Springer,Berlin 1973.P.de Mottoni, A.Tesei, in
Applicazioni del Calcolo, Scritti offerti a Mauro Picone in
oc~as;on~ del s~o 90. compleanno, Veschi:Roma 1975.

I. NÄSELL: A mathematica1 model" of Schist.osomiasis with
snail "latency

Sc his tos 0 mi as i s isa s e rio us t r 0 piealp aras i ti ein fee t i on. 0 ne - .
phase of the life cycle of the causative parasite is spent in hum~
beings, and another phase is spent in certain spe~ies of fresh
water snails. A hyb~id model (i.e. a model with both stochastic
and determinist~c ingredtents) is 'es~ablished for the transmission
of S~histosomiasisin a community. The model allows for latency
and differential mortality in the snail population. An irnportant
threshold behavior ;s predicted on the basis of properties of the
solution of a system of nonlinear differential equations. Conditions
under which the infection will be eradicated are studied. The effi­
ciencies of various methods of co"ntrol or eradiction are investi­
gated.

I . N~ s e11 & W. M. Hi r s eh, The t ra ns miss ion dyn ami es 0 f S'c his tos 0 mi as i s ,
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Communications on Pure and Applied Mathema~ics, 26(1973),
395-453. I. NXsell, A mathematical model of Schisotosomiasis
with snai1 latency, Trita-Mat-1975-2, Dept. of Math., Royal
lost. of Technology, Stoc~hol~ (1975).

T. POGGIO: The vi sual system of· the f(y: An' examp1 e of 'a ,
functional descriptiori of nonlinear (nervou~)

iriteractions

An approximative dese~iption.of·a c1ass of many inputs, ~on­

linear, interactive n~tworks is 'introduced through th~ Volterra
series formalism. In this way,a kind of canonica1 class,ifica,tion
~f'non1inear interaetions provides a conc~ptualiza~ion of the
relevant information processing performed by a network. The
lfcomp~tat,ional n prop'erties of "Vol terra ne.tworks" c~n "'be further
ch~racterized'through an interesting connection with a theory
of Analog Perceptrons.
The Volterra formalism is applied to behavioural studies of the
part of the nervous system of _the f1y whi eh under1 i es' visual
orientation and pattern disc~imination. Antisymmetric, second
order interactions between pairs of inputs are respo~sible for
direct.ion sensitive, movement detection. Excitatory, single e.hannels

, .( we i ghted a cc0 r di n9 tot h~ i r 1'0 ~ at ion i n t he eye r pro bab 1y P'r 0 vi de
·the position dependent .information responsible for the f1y's
orientati~n towa.rds. smal1 objects. Surroundi ng, non1 inea'r~- fo~rth

,order inhibitory 'interactions affeet selectively the "attraetive.ness"
of m~re strut~u~ed patterns.The int~rplay betwee~ nonlinear excitation
and inhibition in this. nervous network underlie's' simple cases of
figure-ground e~traction ind is probably critically important for
spontaneous pattern discrimination.
Poggio, Reichardt, A theory of the pattern indueed flight
or i ent at ion 0 f t h~ f 1y Mus ca, I,' 11., 1~ 5- 203 (1 973 ) , Ky bern et ; k.
Poggio,Reichardt, A theory of the pattern induced flight orientation
... , 11, ~, 69-80 (1975), Bio1. Cybernetics. Geiger,Poggio, The
orientation of flies towards patterns: on the searc~ for the under­
1ying functional interactions, ~, (1975) Biol.Cybernetics. Poggio,
Reiehardt, Nonlinear interactions in the visual system of the f1y,
Symp. on Quantitativ~ B;ology, Cold Spring Harbor (1975) (in press)
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T.POSTON: Zeeman1s heartbeat & nerve impulse models

An account of Zeeman1s paper "Differential equations for the
tieartbeat and nervous impulse" Cin Towards a Theoretica1 Bio10gy 4,
Ed.C.H.Waddington, 1972, A1dine-Atherton, Chicago)~ with attention
more on the mathematica1 motivation than on the resu1ting detai1ed
models. In parti~u1ar, discussion of whether a fast foliation
/~low manifo1d structure is in f~ct logicallY necessary if a
differential equation is to show "jump" behavior at a threshold;
in what sense lemma 3 (the impossibility in R2 of smooth return 4It
ta equilibrium after such }umps) is true; and whether the nerve
impulse equations of § 2.7 do correspond to a f1ow·on the cusp
surface, with jumps at fo1ds~

R.REPGES: Application of prigogine's stability conditions in
physio1ogy

Same general methods are deve10pped to derive mathe~atical

equations for some . class of physio1ogical problems. It seems
to be essential, that the linear relations between forces and
fluxes rnust be replaced by nonlinear re1ationships, in order to

ge t s te ady 5 ta te co ndi t ion 5 fa r f ro m equi 1i br i um an d pa t te rn 5

in time (oscillatory) and space. The use of Prigogine'i stabi1ity
conditions for such cases.;s demonstrated.

Glansdorff, Prigogine, Structure, stabilfty and f1uctuations
Wiley 1971;

-Katcha1sky, Curvan, Nonequilibrium thermodynami~s in Biophysics~

Harvard University Press. Cambridge Mass .• 1964. 4It

H.L.RESNIKOFF:On the psychophysical function

A psychophysical function y=f(x) expresses the relationship
between the magnitude x of a physical.~st1mulus and the magnitude
y of the sensory response evoked by that stimulus. G.I. Fechner
proposed that y = ao log x ; f x denotes 1; gh't i ntens i ty and y a
denotes perce;ved brightness.S.5.Stevens later proposed y=c o• xl
instead. Unfortunate1y, neither function agress with experimental
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data except on sma11 subsets of the domain of f. Based upan
several.simp1e general princip1es far the phenomenological
description cf data, we propose the solution of

log *= ao + .a1log x + a2 log 2 ·x as the psyc:hophysica1

function for brightness. If a2=O; the solution is Stevens'
functi on; i f' both a2=O and a 1=0, i t ; s Fechner' s funct ion.
The proposed function, which is the cumulated 10gnormal pro­
bability density, is in good agreement with observation. For
classi.c data of Koenig and Brodhun, ao = 3.833, a 1=O.137,
a2 =-0.024 for X measured in millilamberts and y injust noticeable
differences. Thus we find that the entire range of brightness
perception of Brodhun's eye encompasses 643 just noticeab1e
differences, a prime number.
Ta appear in J.Math.~io.

F.ROTHE:Ober das asYmptotische Verhalten der Lösungen einer
nichtlinearen parabolischen Differentialgleichung

Die nichtlineare parabolische Differentialgleichung Pt=Pxx+F(p)
ist von R.A. Fisher als Modell zur Ausbreitung eines Gens vor­
geschlagen worden. Man kennt wellenförmige Lösungen ~ (x-ct)
für gewisse Werte von c. Mit Hilfe von Lyapunovfunktionalen,
die im wesentlichen Mittelwerte der Ausbreitungsgeschwindigkeit
sind, ~ird gezeigt, daß die Lösungen o~iger Differentialgleichung
für gewisse Anfangsbedingungen im Limes großer Zeiten wellen­
förmig sind, wobei die asymptotische Wellengeschwindigkeit durch
das Abklingverhalten der Anfangsbe~ingung für große x gegeben ist.
F.Rothe, D~~se~tation Tübingen 1975.

L.A.SEGEL:Mathematical models for bacterial chemotaxis

Many bacteria can ·move through the action of one or more
whip-like f1age11ae. Typically, such bacteria are chemotactic;
i.e. they mov~ preferentially toward or away from certain chemi­
cals. Models on various levels for this phenomenon will be
constructed and analyzed. S~itable limits of biased random
walk models lead to sets of nonlinear partial differential
equations. These same equations can be obtained phenomenologically.
The formation and propagation of nonlinear travel)ing wave
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solutions will be discussed. Recent extensions of the analysis

will be treated, wherein the chemical interaction between
receptor and sign.aling moleeules ;s taken into account.
J. Mechanochemistry & Cel1 Motility ~, 25 (1973),
J.Th.Biol. 12,235 (1971), J.Th.Bio1.· 46,189'(1974), J. Th.

8iol. (1975), in press.

B.D.SlEEMAN:Nagumo·s simplified model of nerve conduction

In this lecture ·we consider .an initial boundary value problem

for the .system of evol utionary equations

b ~ 0,u,O<a<l,

'du
'dt

dV
~t

x, t € [0 ,(0) X (0,00).

After briefly describing the physiological interpretation
of this system as a model governing the propagation of impulses
in nerve axon we describe some of the recent results obtained

.i n t he ca se 0 f t ra ve 11i n9 wa ve sol ut ion s .
The more difficult problem of studying the Nagumo system as an initial
boundary value problem has received little investigation and in
this 1ecture we endeavour to initiate such a study. In particul~r

we consider questions of existence and uniqueness and demonstrate

that a is essentially a threshold parameter.The asymptotic behaVior4lt
and stability of solutions ;5 also discussed.

Eva n5 , .J. W., In dia na Uni v. t4 at h . J ..f.l ,.877 - 885 ( 1972 ), I b ; d g 75- 90

(1972) Ibid ~ 577-594 (1972). Green M.W. ,Sleeman 8.0. t J.Math.
8iol. !,153-163 (1974). Levine H.A., Sleeman B.O., Batte11e ad­
vanced studi es center, Swi tzer1 and, Math. report no. 69 (1972)

,-

H.THIEME: Diskussion eines Modells für die räumliche Ausbreitung

einer Epidemie

Ein e ans tee kend e Kren k h€ i t, die f 0 r t \'! äh r € ndeI I-dl~ 1I n i t ä t 9e gen

ein e (r neu te Ans tee ~ ur: ~ 11 C }'. \' LI r ruf t, b r f i "L t: ~ ich ~.;~ t! m1 i (. !- c \l ~ ,

i n dem die i n f ek t i ve n I. nd i v; due n I nfe k t ; vi 1. ä tO (z. i3. ; n ~ 0 r nl
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~on Bakterien) erzeugen, die sich durch Diffusion ~erbreitet

und, in genügend hoher Dosis aufgenommen (siehe K.L.Cooke:
1967), die Erkrankung verursacht.
Für die Größe des suszeptiblen Bevölkerungsteils und dessen
Endgröße werden Gleichungen hergeleitet und in Anschluß an
Ideen D.G. Kenda11s (1957 zu einem a~deren Mo~e1~) der Be-
g~iff einer Pandemie mathematisch formuliert. Es ergeben sich'
Bedingungen für das Auftreten, bzw ..Nichtauftreten von Pandemien,
die an die 5chrankentheoreme für Epidemien ohne räumliche AuS­
breitung erinnern.
Bai1ey, N.T.J., The mathematica1 th~ory of epi~emics, New
Y0 r k: Haf ne r .1 957. Ba r t 1e t t, M. 5., Me a s 1e s per. iod i c i t y .and
community size. J.R. 5tat. 50c., Ser.A, 120, 48-70 (1957).

R.THOM: Comparative embryo1ogy of Vertebrates and Arthropoda··

We try to show that g~stru1ation in Arthropoda"has an inverse
interpretation of the Qne given"for Vertebrates. The "prey"
is rea1ized by ectoderm in Vertebrates, by yo1k in A'rthropoda.
Effects of this difference on-neuru1atio~ are evaluated.

·R. Thom, Structura1 i sm and 81010gy, in "Towards a Theoretica1
81010gy lVII, C.H. Wadd1ngton .(ed.) Uni v. of Edinburgh Press.­
R.Thom, A dynamical scheme for Vertebrate embryology, AMS
'S e r i es 0n Mat h. Bio logy, 1973.

H.-O.WALTHER: Attraktivitätsbereiche von Funktionaidifferentia1-
gleichungen für das Wachstum von Populationen

Das -Populationsmodell (1) n(t)= [r-dn(t- 'C)] n(t) ist der
Differen~en-Differentia1g1eichung(2) x{t)= -O<x(t-l) [l+x{t)]
mit 0<>0 äquivalent. Dabei entspricht die Null-Lösung von (2)
der konstanten Lösung von (1), und es ist 0.. =rC:;. Wi r unter­
suchen in Abhängi.gkeit von <X den Attraktivitätsbereich A (0() der
Null-Lösung des Anfangswertproblems

( 2 I ) x I [- 1 , oJ =lf ( f: [- 1 , 01~ IR s te t i 9 vor ge ge ben) ,

x : [ -1 ,00) ---t IR ist s te ti 9 , x erfüllt (2) auf ~+,
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A(cx ) 1i egt s te t s i n der Me nge C all e r An fan 9s dat en 'f mit
~(O» -1. E.M.Wright bewies, daß die Null-Lösung für ~<f-

asymptoti;,ch stabil ist und daß fÜr ll( ~ l A(oc)=~ gi 1t.-

Ist A([)co ) =C für a1Je 0( E: ( 0, 1-)? Wi. r kö nne n ze ; gen, daß die
Menge aller :X€:(O, f) mit A(Of)=C offen ist. Anders gesagt:

~ .
Der AttraktivitätsbereichC ist "s tabil" gegen kleine Änderungen
der Di f fe ren,zen - 0 i f f e ren t i a1g1e ich ung. .Erg ebniss e die ses .Typ s
erhalten wir auch für allgemeinere autonome retardierte Funktional-
di fferenti a1 gl ei chungen. e
Erscheint in "manuscripta mathematica ll 1975. E.M.Wright, A non-
linear difference-differentia1 equatian, J. Reine Ang.Math. 194,
66-87(1955), J.Hale, Fun~.differential equations, Springer 1971',

'R.D.Nussbaum, A global bifurcation theorem with application ta'
functional differenti~l equations, to appear.

P.WALTMAN ,:Threshold induced delays in some epidemi~ and immuno­
logical models

The derivation of a model for the spread of an infection within
a population will be described. The key point of the model is
that a threshold condition is uti1ized which introduces a delay term
inta the equations. The Existence of a positive solution is
established and severa1 numerical examples a·re provided. The same
ideas are then applied in order to describe a model for the pro­
duction of antibodies. Here there are two thresholds, one to
account for the phenomenon of low dose tolerance and another to
account for differentiation of the lymphocytes. Again, functional
differential' equations rather than ordinary ones arise as a resu1t
of the thresho1ds.
Bellanti, ImrPuno1oqy, Saunders, N.Y. 1971.. Bell, G.I.,
Mathematical model of clo~al selection and antibody production,
1,11,111, J. Theor.Bio1. 29 (1970), 191-232, 33(1971), 339-378,
33( 1971) 379- 398. N. J • Bai 1ey, Ma t hemat i calt he 0 ry 0 f epi de·m i es,
Gr; f f i n B0 0 k Co., L0 ndon, 1957. K. L. Co 0 ke·, Fun c t ion a1 di f fe ren t i a 1
equat.ions, some models and perturbation 'problems, Diff~ equations
an d dy nami ca 1 sy s te ms, Ac adem i c Pre s s, 1967 (H ale an d LaS all e e d . ) .
F.Hoppensteadt and P. Waltman, A problem in the theory of epidemics
1,11, Math.Biosc. 9 (1970), 71-91,12 (1971),133-145.
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H.WERNER: Ein Modell für die Reifung der roten Blutkörperchen

An der Universitätskinderklinik in Münster von Herrn Professor
Sc hel 10 ngun d sei ne n Mit a rbe i te rn ·d ur chge f ühr t e . Vers uchs re i he n
an Neugeborenen ergaben den zeitlichen Verlauf des Promillege­
halts der roten Blutkörperchen an den verschiedenen Gruppen
unreifer Teilchen (Retikulozyten) gemäß der Einteilung von
Hei1meyer für die bei den ersten Wochen "nach der Geburt. In
diesem Zeitraum findet auch die Umstellung der Retikulozyten­
erzeugung von der leber auf das Knochenmark statt.
Aus den gemessenen Daten soll auf die Verweildauer in den
einzelnen Gruppen und auf die Stärke der Produktion bei der
Que 11enges chlos sen wer den. Zur Schä t zu Oog die serG rö ße n wird
ein Verfahren beschrieben, das gewisse durch medizinische Fakten
begründete Annahmen macht. Für die Dichte der"Retiku1ozyten wird
eine Differentialgleichung aufge~~el1t.Die gemessenen Werte sind
die Integr'a1e dieser Dichte über Intervalle, deren GrÖße zu
schätzen ist. Das Verfahren kann auch bei anderen biologischen
Messungen angewandt werden.

A. WORZ-BUSEKROS: Autosomale und geschlechtsgebundene Vererbung

Sowohl für.den Fall von autosoma1er als auch für den Fall von
geschlechtsgebundener Vererbung bei Populationen mit getrennten
Generationen und zufälliger Paarung werden Gameten- bzw. Zygoten­
algebren definiert. Es werden hinreichende Bedingungen für die
Existenz und Eindeutigkeit von nicht-trivialen I.dempotenten in
diesen A1gebren angegeben. Für die Folgen der vollständigen
~otenzen von" Elementen mit Einheitsgewicht aus diesen Algebren
werden Konvergenzkriterien angegeben. Bei geschlechtsgebundener
Vererbung werden insbesondere die Fälle einfacher Mendel 'scher
Vererbung im weiblichen und im männlichen Geschlecht und der
reine Mutationsfall untersucht.
Gonshor,H., Special train algebras arising in genetics, Proc.
Edingburgh Math.Soc.(2)!f(1960),41-53. Gonshor,H., Contributions to
genetic algebras 11, Proc.Edinb.Math.Soc.(2)~(1973),273-279,

Wörz-Busekros,A., The zygotic algebra for sex-linkage, J.Math.
Bio1ogy! (1974) , 37-46. Wörz-Busekros,A., The zygotic algebra for
sex-linkage 11, in Vorbereitung.
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Vererbung im weiblichen und im männlichen Geschlecht und der
reine Mutationsfall untersucht.
Gonshor, H., Special train algebras arising in genetics,. Proc.
Edinburgh Math.Soc. (2)11.(1960), 41-53. Gonshor,' H., Contribuitons
to genetic algebras 11, Proc. Edinb.Math.Soc.(2)~(1973),273-279,

Wörz-Busekros, A., The zygotic algebra for sex-linkage, J. Math.
Biology 1'(1974), 37-46. Wörz-Busekros, A.. , The zygotic algebra for
sex-linkage 11, in Vorbereitung.

E.C. ZEEMAN: Gastrulation and formation of somites in amphibia
and birds

A model, based on catastrophe theory consists of (1) the differen­
tiation of mesoderm, causing a hidden primary' wave (2) several
hours later a resulting secundary wave of reduction of cell
free-surface, causing changes of curvature and gastrulation,
and (3) a resulting tertiary wave of incre~sed cell adhesiveness,
causing the formation of noto~hord. During the passage of the
primary wave, mitosis farms a clock, interrupting development
and caus;ng the wave laterally to alternate1y move in spurts
and pause. Therefore the resulting tertiary'effect acts periodically
on lateral mesoderm, thereby knocking off the somites. This model
for somite formation avoids. the standard difficulties of regulation
suffered by classical gradient models. The same wave and clock
model explains the similarities .and differences between amphibian.
and bird embryos, and, in particular, explains the geometry of the
primitive streak and Hensen's node.
E.C.Zeeman,. ·~rimary and secundary waves in developmental biology·,
Lectures in the Life Sciences, Val. 7(1975), AMS Providence, USA.

W. Alt (Münster)

U. an der Heiden (Tübingen)
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