von ihnen im Dorf {bernachten muBten.

MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tagungsbericht
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6.6 bis 12.6.1976

geleitet. Die Anzahl der Teilnehmer war dieses Mal so hoch,
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Die Tagung wurde von S.S. Chern (Berkeley) und W. Klingenberg (Bonn)

daB einige

- Hauptthemen dieser Tagung waren der Laplace Operator und harmonische

Abbildungen. Neben den angekiindigten Vortrigen nutzten viele die Még~.

lichkeif. im kleineren Kreis iiber neuere Ergebnisse zu berichten.

Die traditionelle Mittwochswanderung fand dieses Mal bei strahlen-

der Sonne am Donnerstagnachmittag statt und fiihrte zu einem nahegele-

nen Waldcafe.

Teilnehmer

W. Ballmann, Bonn

.P Bérard, Pan.s
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L. Bérard-Bergery, Paris
J.P. Bourguignon, Palaiseau
J. Briining, Marburg

BE. Calabi, Philqdelphia

J. Cheeger, Stony Brook
S.S. Chern, Berkeley

Y. Colin de Verdiére, Paris
J. Dodziuk, Philadelphia

P. Dombrowski, Kdéln

J.J. Duistermaat, Utrecht
P. Eberlein, Chapel Hill
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Vortragsausziige

E. Calabi: Contributions to the Existence Problem for Complete Affine

Hyperspheres

A negative valued, strongly convex function u : D —R of class C3,

wvhere D is a bounded, convex, open domain in Rn. determines two

+1 n+l3
R" )

embeddings of D into ,» resp. (R , that are mutually dual,

defined by
X(x) = ﬁ%;)(xl....,mn,l)

* a —(38 3u_ - .3_
X (x) (axlo-O-oaxnou(x) Ix i3x )

The hypersurfaces X(D) and x*(n) are called affine hyperspheres,

mutually dual, if u(x) satisfies the differential equation

W) (-u(x) ™ 2aee(® VD))

3x 3! ) = const>0

Question. Given any bounded, convex DcR”, _does there exist a complete
affine hypersphere? :

Cheng and Yau recently claimed to have a positive answer to this question,
using former results of Calabi-Pogorelov-Yau and Calabi-Niremberg.

J. Cheeger: The Ray-Singer Conjecture on Reidemeister Torsiom

iet. M be a smooth riemaonian manifold. Then a certainvinvariant

Tr:em(u €) can be defzned for coefflcxents in a flat orthogonal bundle
€ using a natural volume element in the space of harmonmic’ forms. )
Ray and

Singer wrote down a formula for an analytxc invariant’ T(M) in terms
of the. spectrum of the Laplacian of M acting on i-forms. They con-

jectured that = = T. A proof of this conjecture was dicussed.

riem

S.S. Chern: Abel's Theorem and Web Geometry

Theorem. Given a d-web of hypersurfaces in R“, n23, d22n+l, of rank
7(n,d) (in the sense of Blaschke), where

"(0,d) = grzpy{ (=17 (d-n) + s(n-1-8)}
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s = -d+1, mod n-1
0<s<n-2.
There exists a coordinate system in which all the hypersurfaces are

hyperplanes.

The Theorem was proved by G. Bol for n = 3 and by P. Griffiths
and Chern for all n23.

Remark. According to Castelnuovo, n(n,d) is the max genus of a non-

degenerate curve of degree d in @".

Y. Colin de Verdiere: The gspectrum of the Laplacian on a compact

Riemannian manifold with integrable geodesic fl-‘,

If a d-dimensional coﬁpact Riemannian manifold has an integrable geodesic
flow (for example a surface of revolution or an ellipsoid) we can con-
struct on it by using a Fourier Integral Operator some "quasi-mode",
which give asymptotic es;imates for a great part of the eigenvalues

of the Laplacian. More precisely, let K be the homogeneous function

on the open cone C of md\o, which is the pull-back of the Riemannian
norm on T*M\0 by an "actidd-ahgles" mapping y md/zd)<c-+v<1*u\p.

There exists a

. d 2.2,1
¥, in & such that we have A“v = AT RT(Fug*tv) +0(1),

vhere V¥ j}ﬁv is an ipjective map of . ct\zd into N and (An)nem
is the spectrum of the Laplacian. As a corollary, we obtain that in

the non-degenerage case (i.e. K"(g) has maximal rank almost everywhere,
then for each ¢€>0, we can spii@ the sﬁectrum of the Laplacion into

2 parts A, and B_, such that

Card{A <A|A €A} = cd(voun)\e)x‘”2+o(xd’2"*'/d”) ' ' ‘

.exdlz. . . .

J. Dodziuk: Lz-cohomology of infinite coverings and harmonic forms

Card{ <i|)A €B .}~ C,4

Let M be an oriented Riemannian manifold §cted“9n_ftge1y by a dis-
crete group of orientation preserving is&metries,§o that‘the‘quotiént
M= M/T is compact. The group I is represented on the Hilbert
space 3&p(§) of L2 harmonic forms. _' . . '_ )
Theorem. The representation of I on 3&p(ﬁ) is a homoéopy invariant
of the pair (M,T). ) A

The theorem is proved by comparing 30*(M) with simplicially

Deutsche
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defined Lz-cohomology.
Corollary. The numbers 8?(H) = dim?&p(u) are homotopy invariants.

Open Problem. To give an example of a pair (ﬁ,r)_ so that one of the
numbers B;(H) is irrational. ' ’

P. Dombrowski: Jacobi fields and totally geodesic foliations

Let L be a k-dim totaliy geodesic foliation of an m-dim. riem. mani-
fold M, J an open interval, 0€J. If ¢ : J—M 1is a normal geo-
desic into a leaf of L, then the Jacobi fields along ¢ parallel to
L satisfy a certain first order linear differential equation. There-
fore Y(O) ¢# O implies Y(t) # 0 for all t€J. With these Jacobi

fields as a tool, one gets:

(A) Completeneas results for totally geodesic nullity distributions

of certain tensorfields on complete riemannian manifolds.

(B) Restrictions on the dimensions of totally geodesic folitations
with at least one complete leaf in a positively curved manifold.
As an application one gets e.g. the following
Prop. If M is a complete surface in E3, K20 and K#0, which has

one constant principal curvature, themn M 1is a sphere.

S. Gallot: 0bat§'s Theorem and Generalizations

Let (M,g) be a connected n-dim. riem. manifold.

8(M) = sup [sup{reR|exp_ is defined on B(0_,r) cT MJ]
pER P P P
Proposition 1. If 6(M)>¥. u,(n) = 0 and there exists a non-trivial

~solution of (Bp), then (M,g) = (s“,can). Heére (Ep) denotes a

system of differential equations, which is on (s",can) characteristic
for the eigenfunctions corresponding to the p-th eigenvalue A of A.
For p=I this is Obata's theorem and for P=2 a conjecture of Obata.

Now let AchqH) be the first eigenvalue of A on closed q-forms.

Protosition 2. Ifj M is compact, ﬂl(n) = 0 and if the curvature
operator p 1is such that p>g (where g is the metric on 2-forms)
and there exists one q such that A](AqH) = A,(Aqsn).

Then (1) If n even or q odd: (M,g) = (Sn,can).

(2) If n odd and q even and if multiplicity of Al(AqH)zz,

o
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then (M,g) = (S",can). . -

Remark. A counter-example of (2) with mult, = | is given by Berger's

spheres in e"e.

P. Gilkey: The Lefschetz fixed point formula and the heat equation

Let M be a compact Riemannian manifold and T : M —>»M be a smooth
map. We assume the fixed point set consists of the disjoint union bﬁ
smooth submanifolds Ni' dT induces a map on the normal bundle over
the fixed point set - we assume det(I-dTv) + 0. Let L(T) denote
tﬁq;Lefschetz number of T, then L(T) = gsign(l-dTvYX(Ni) wvhere the
sum ranges over the components of the fixeé point set and 'X(Ni)

denotes the Euler-Poincare characteristic.
By using heat equation methods one obtains a local formula
L(T) = I/, Pi(x,G;T) where Pi is a functorial expreésion in the

1' I3 2 . I3
derivatfves of the metric and of T. By using techniques of invariance

‘theory one shows" P, = sign(I-dTv)Ei, where E; is the integrand of

the Chern-Gauss-Bonnet theorem. This gives an analytic proof of the
Lefschetz theorem; there are similar applications to‘the G-signature
theorem and to the:DolbeAult complex for a holomoiphic isometry and
Kaehler metric. These results have also been derived by Donnely for the

Dolbeault complex .and Kawasaki for the signature complex.

A. Gray: Compact Kihler manifolds with nonnegative sectional curvature

Theorem A, Let M be a compact Kihler manifold with nonnegative sec— -

tional curvature and constant scalar curvature. Then M is locally

symmetric. ‘

The same method fields a well known theorem of Berger:

Theorem B. Let M be a compact Einstein Kihler manifold with positive
sectional curvature. Then M is isometric to a complex projective
space.

Moreover, theorem B can be generalized to noncompact manifolds:
Theorem C. Let M be an Einstein Kihler manifold with positive sec-
tional curvature. Then the holomorphic sectional curvature has: no

local maximum or minimum.




K. Grove: A Pinching theorem for the diameter.

The following generalization of the classical sphere-theorem by
Klingenberg is proved:

Theorem. (Grove-Shiohama). Let M be a complete riemannian manifold
with sec. curv. k>8>0 and diameter d(M)>"/2/8. Then M is a .
topological sphere.(There are several manifolds M with k26>0

and d(M) = T/2Y%, in particular the projective spaces P (R),

PP(Q), P®(Q) and P" (Cayley) with their standard metrics).

The idea of the proof is to exhibit M as the union of two embedded
discs (centered at two points p,p at maximal distance) and one

cylinder (M \the discs) joined along their common boundaries.

E. Heintze: Horospheres in manifolds of negative curvature and some

gglxcatlons

The geometry of horospheres is used essentially in the proofs of the
following theorems:
Theorem 1. J a lower bound for the volume of complete n-manifolds with

2 and -a?.}

curvature between -b
Theorem 2. The number of homeomorphism types of complete n-manifolds
with curvature between -b2 and -az and diameter bounded from above
is finite.

Theorem 3. Let "/F be a complete manifold of finite volume and cur-
vature between two negative bounds. Then any canonical fundamental
domain of T° has only finitely many cusps and these are fixed points

of parabolic isometries of [ .

H. Rarcher: Riemann Center of Mass and Mollifier Smoothing

For a mass distribution £ : A-—)Bp (vol A = 1) on a convex Rie-
mannian ball ch M the center of mass Cf can be defined as the
minimum point of the function l f d(x,f(a)) da =: P (x). Proper-

ties of Ce follow from estimates of grad Py (x) via ﬂD grad Pg - idj

i can be smoothed (at m)

< const e pz. A continuous map F : M"—M
by first concentrating the volume with a bump function near

m : Q (m,x)+dx and then taking the center of mass of )

F : (H 0 (m, x)- dx)-iM to be 'Fp(m). This smoothing behaves as in
the eucl1dean case: F approximates F well, Lipschitz estimates

are deteriorated at most by (1 + const -pz) and if P is locally

Deutsche
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bi-Lipschitz with L < 1 + (%(n-l)) 2, then Fp is an immersion -

for sufficiently small op.

‘H. Kaul: Dirichlet's problem for harmonic mappings of Riemannian mani-
folds

Let M,N be Riemannian manifolds, M compact, 3M + @, N complete,
AN = ¢ and let £, : 3M—>N be of class C!.

Theorem. (S. Hildegtandt, H. Kaul, K.0. Widman). Let fo(BM) be

contained in a closed ball Ko CN  of radius p ‘satisfying

‘xp.r\c(xp) = @ and let p<u/2/%' , where C(Kp) -uyek C(y) 1is the ‘

cut locus of Kp- and where %20 1is an upper bound”for the sec~ !

tional curvature of N. Then there exists a harmonic mapping |
£ : M—>N such that f£|3M = f  and £(M) €K,

The proof is based on direct methods in the calculus of variations -
and depends essentially on the existence of certain convex functions

on the target space N.

Conjecture: 'The result is optimal.

J.A.C. Kolk: A Poisson formula for compact locally symmetric spaces
of negative curvature and applications

Using harmonic analysis on semisimple Lie groups, a Poisson formula
for compact locally symmetric spaces of negative curvature and of
arbitrary rank, is obtained.

This formula contains more refined information than the formula

that are obtained using wave operator techniques.

. ’ |
N. Kuiper: Tight Co-embeddingg of RP(2) substantially into Es '
(Work with William Pohl) ‘

The Veronese surface in Bs

and Banchoff's PL-émbedding of the six
vertex triangulated projective plane in Bs, have the followiﬁg
properties:

a. The image is not in any hyperplane

b. The image is a C’-embedded RP(2)

c. Every hyperplane divides it in at most two parts.

Theorem: There are no other examples,

DF Deutsche
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J. Lelong Ferrand: Regularity of Conformal Mappings

’

We have the two following theorems, which involve the regularity

of conformal maps of c” manifolds, even if we take this term in
the general meaning of l-quasi-regular mapping.

Theorem A. For any intﬁger n23, there exists a constant Kn>|

such that any K-quasi-regular mapping ¢ : M®— %", with K<Kn,

is a local homeomorphism (conformal mappings are therefore local

homeomorphisms). .

Theorem B. If Hn,ﬁnA are C~ [}esp. c?] manifolds, with n22,
any l-conformal homeomorphisms ¢ : M ¥ is ° [tesp. (}"ﬂ .

L. Lemaire: Harmonic mappings of surfaces

Let M,M' be connected, compact, oriented, 2-dim. c®-Riemannian
manifolds, dM = 3M' = @, with genus p resp. p'.

Question: Does there exist a harmonic map in a given homotopy class

of maps from M to M'. When p'# 0, the answer is yes. Difficulties
arise, vhen p' = 0. The homotopy classes are then parametrized by

the degree d of the maps. J. Eells and J. Wood showed, that if d>p,
every harmonic map of degree d 1is holomorphic with respect to com-
plex structures associated to the metrics. Such maps don't exist,

when d = p and M hyﬁetelliptic. When d>p, or d = p and M not
hyperelliptic,or p even,then a harmonic map of degree d exists.

When O0<d<p . partial existence results hpié been obtained. For instance,
there always exist metrics on M and M' with respect to which a

harmonic map of degree d _exists.

J.C. Mitteau: Harmonic mappings - The positive curvature case

Considering the elliptic polynomial differential operator T associated
to the variational problem of energy E(f) = % IITzf|2d vol(x)
: M

wvhere f : M —M' is a CC-mapping of riemannian manifolds and where
|Tif| is the norm of tangent mapping in vector bundle ™M e f*TM'
herited from metrics én M and M', we obtain a formula giving

T in the exponential chart for manifold CZ(H.H') (M is compact).
Then we can prove majorations and by various methods (geometry and
linear operator theory) attain two stability results on isometries

among harmonics and a technical lemma on existence and convergence-

utsche - B4 .
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for solutions of the parabolic equation %% - T(ft) = 0,

E. Ruh: Compact manifolds with small curvature variation.

Let M be a compact manifold “X,,...,X a trivialisation of the

tangent bundle TM. Let ¢ = (CE-) de:ote the structure functions.
of the Liebracket: [xi,x. = zcijxk‘ Define the riemannian .
metric on M by the property Exi.x5> = Gij’ and let ¢ denote
the average of ¢ over M. We normalize the vector fields such
that the first eigenvalue of the Laplace operator takes value one.
The following conjecture would give pinching theorems for any symmetr,
space‘as model space. ) .
Conjecture. There exists A >0 such that with the definitions and
normalisation above "c-8"2p<An implies the existence of vector
fields zl,...,zn with properties

(1) Ixi - Ziﬂ small

(2) {Zi} spann on n-dimensional Lie algebra of vector fields:

Theorem. The conjecture holds in case IEI is small.,

U. Simon: Certain Differential Equations on Riemannian Manifolds and
Applications to Submanifolds of Higher Codimension

Theorem. Let M be a closed, connected, n-dim. (n22) Einstein mani-

fold with constant scalar curvature and sectional curvature ° KZ% c.
M admits a diff. function f : M—R with Af + cznf = 0 iffthere
exists an isometric diffeo. ¢ : M-—%Sn(c): )
Remark. For arbitrary dimensionA n the lower bound %c is the best

possible. : . R .

Theorem. M as above, but KZ%. For f : M—)R define A(f) := Hess f +
+ f+g, g metrictensor, nA(|) = trace A(f), y(n-l)A(z) = gecond ele-
mentary symmetric function of the eigenvalues of Hess f. M . admits

a diff. functionv f : M—>R with A(z)(f)V(A(l)(f))zA(l)(f)V(A(l)(f),
A9y (£)) iff there exists ¢ : M—>s"(1) isom. diffeo.

Theorem. Let X : M'—>Sn’m(l) be a minimal isometric immersion of M
into s™™(1), M closed, connected, dim M = n22, KZ%. Then =x(M) is
totally geod.

Theorem. x : M"?EN isom. immersion, M ¢losed, conn., K22, 1If the

mean curvature vector £ 1is parallel in the normal bundle and

Deutsche
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' Kz%<§L%>: then x(M) 1is a sphere s"(R) cE™! with radius R=n<E,E> 2
n

B. Smyth: Complex submanifolds of tori

Het M® be a compact complex manifold of dimension n, admitting
a holomorphic immersion in a complex torus. Bochner (1950) showed
(-l)nX(M)zO and attempted to describe the structure of M when
X(M) = 0, but without success. This was first done, for n=2, by
Howard-Matsushima (1974). We prove the result for all n.

‘Theotem. 1f M% s holomorphically immersible in a complex torus,
and X(M) = 0, then Auto(M) is a complex torus acting freely on M. «
The quotient Hl - M/Auto(M) " is also holomorphically immersible in

a complex. torus and X(Ml) = 0.

M. Takeuchi: I-foliations and semisimple flat homegenous spaces

Let I' be a pseudogroup acting on a smooth manifold B of dimension
q and F a T-foliation of codimension q on a smooth manifold M.
Denote by Pont® (V(F)) the subalgebra of B‘(H.R) generated by the
real Pontrjagin classes of the normal bundle V(F) of F.

Theorem. Let L/Lo be a semisimple flat homogeneous space associated
with a semisimple graded Lie algebra 1 = By Y B, * B and k., a
maximal compact subalgebra of Bo- Let T be the pseudogroup of
local automorphisms of a second order Lo-sttucture associated to

L/Lo. Then for a TI-foliation _F of codimension q, the strong

vanishing theorem:

Pontk(v(F)) = 0 for k>q

holds if
(1) Spencer cohomology Hz’l(l) vanishes and
(2) Pont(ko) [t IL(ko).

These conditions (1),(2) are satisfied for "almost all" semisimple

flat homogeneous spaces L/Lo.

S. Tanno: Differential equations of order 3 in Riemannian manifolds

In 1965 Obata announced a theorem: If a complete Riemannian manifold

(M,g) admits a non-constant function f satisfying
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VijVif + K(2Vk£gji + ijgik + Vifgkj) = 0, then (M,g) 1is of 5
constant curvature K. However, the outline of Obata's proof is not A
complete. In this talk I explain the gaps in his proof and give a com-
plete proof of this theorem by keeping some parts of Obata's ideas..

The most essential part of my proof is the construction of the field

of frames which is invariant under the l-parameter group generated

by grad f. Applying the K-nullity theory to these we can finish tﬁe
proof. ) '

K.K. Uhlenbeck: Harmonic maps from Surfaces into‘Higher Dimensional
Riemannian Manifolds ‘

Theorem. -Let M be a surface and N a compact Riemannian manifold
and assumed the based maps Q(H,ﬁ) is not a contractible space. Then
either there exists a harmonic map 8 : M—>N which is not trivial

or there exists a harmonic map 8 : 82-—>N._ Harmonic maps s : Sz-—?N
are branched minimal immersions.

The method of proof for finding critical points of E(s) = f{dslzdu
is to find polyharmonic maps which are critical mapé of M

Ey(s) = f(l+|dsF)adu; Convergence properties of the critical maps of

Ea as a+1 are examined in detail to get the result.

W. Ballmann (Bonn)
G. Thorbergsson (Bonn)
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