
MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

T a 9 u n 9 s b e r ich t" 8/1980

Funktionentheorie

17.2. bis 23.2.1980

Die Funktlonentheorietag~ngin deren Mittelpunkt Funktionen

•
einer Veränderlichen stehen, fand in diesem Jahr vo.m.._11.. bis

I

23. Februar im Mathematischen Forsc~un9sinstitut 1n Oberwolfach

statt. Die Leitung hatten G.Frank (Dortmund) , eh. Pommerenke

(Berl!n) und K.Strebel (Zürich) Ubernommen. Der Tagung wohnten

51 Tel1~ehmer, darunter 27 aus dem Ausland" bei.

Die diesjährige Tagung hatte wieder den Charakter einer inter-
. -

nationalen ~agun9. Die Vorträge behandelten 1m wesentlichen

die beiden Themen ftGanze Funktionen" und "Riemannsche Flächen".

Durch die Beschränkung auf diese heiden Gebiete und durch die

Anwesenheit insbesondere vieler ausländischer Spezialisten

wurde ein reger Gedankenaustausch möglich.
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J.M. ANDERSON: Merorno~phe Funktionen ohne Defektwerte

FUr eine meromorphe Funktion f(z) ist die sphärische Ab­

leitung p(f) durch

p (f) I f' (z) I
1+1 f(z) 12

definiert.

(wobei unter "rneromorphe" "rneromorphe 1n der ganzen Ebene ~"

zu verstehen ist)

Satz: Es sei f{z) meromorph von der Ordnung null mit ~(~,f) > o.
Dann gilt:

1im sup
r+oo

!.~> 0
T~

~Korollar: Es sei fez) meromorph mit p(f{z» = oe r ) r +m. (.)

Dann besitzt fez) keine Defektwerte, und die Bedingung

(K) ist bestmöglich.
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I.N. BAKER: Entire Functions with Linearly Distrlbuted Values

The on1y entlre transcendenta1 functlons such that

Vw 3straight-line l(w) on which all selut~ons of f(z) w

lie are AeBz+c, A,B,C constant, B # O.

Recent extensions of this result: we get almest the same

resu1t lf we assume the above only for three values w1 ,w2 ,w 3
not collinear in the pl~ne, or even two w 1 ,w2 such that then

in addition 1 1 (w) ~ 12 (w) •.

We may also consider the case when the roots of fez) = w

lie on a system of k «~) straight lirres.

H. BEGEHR: Klassische Randwertprobleme für partielle Differen­

tialgleichungen im Komplexen

Die klassischen Randwertprobleme der Funktionentheorie

dienen als Ausgangspunkt zur Lösung von zwei nichtlinearen Rand­

wertproblemen fUr quasllineare Gleichungen. Sei r eine glatte

einfach geschlossene Kurve in ~. Dann sind unter geeigneten

Voraussetzngen und Normierungen folgende Probleme eindeutig

lösbar:

Problem I Problem 11

Wz= h(z,w) in D (aD r)

Re(eiTw) = ~(z,w) auf r

w­z
+w

H(z,w) in er - r

w-+ F(Z,w+,w-) auf r

Die Beweise fußen auf einer Einbettungsmethode , die dar in

besteht, daß Uberall auf den rechten Seiten ein Faktor t

eingefUhrt wird, so daß fUr t = 0 einfache Randbedingungen

fUr analytische Funktionen auftreten. 'Flir t > 0 werden die

nichtlinearen rechten Seiten nach Newtons Methode 1n lineare
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Funktionen überfUhrt und ein Ap~roximationsbeweisgegeben.­

Die Methode wurde erstmals von W. Wendland angewandt und geht

auf H. Wacker zurUck. Die Ergebnisse wurden zusammen mit

G.C. Hsiao und G.N. Hile erhalteri.

Eine Ausdehnung auf Gleichungen der Form Wz = H(Z,w,w
z

) als

Verallgemeinerung der Be~tramischen Gleichung erscheint

naheliegend.

J.G. CLUNIE: A sharp result for Picardsets

A set E ~ ~ 15 a Picard set if any transcendental entire

function restricted to a:'E takes every (finite) value

i~finitely often with at most one exeption.

Theorem. Let (an) , a
i F 0, be a sequence such that

Ian+1 1
~ q > 1 (n ~ 1 ) and 0 {Iz-a 1<0 }, where-Ta;! n n n

log 1-
(log lai) 2

1 co
> KIn 'with K > 2'. Then E U Dn is a Picard set.

Pn og t1 1

1
Baker and Liverpool have proved the above resul t wi th K > '2 re-

T11aced bv K > 4 (9+ 1 ) and they have shown that in general
," - 0-1 1
E 1s not a 'Picärd set if K < 2. This ~atter resu1t has been

extended by Toppila to K = ~. Hence the above theorem-is

sharp.

our prodf 18 direct aod shows that if E is not a Picard set
1 .

then K s 2 by considering in a number cf separate cases the

possi~le zero.distribution of a function f(z) whose zeros

and ones ultimately all lie in E. Otherwise it uses on1y a

zero of the fundamental results of complex function theory.
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D. DRASIN: Quasiconformal mapPlngs and meromorphic functions

By compos~ng with nuasi-conforrnal mappings with small di­

latation, we convert meromorrhic function of finite order ~

having (~) rf. (a) = 2 to OllE' having ö (0) = 6 (al) = 1.

As an application we show that under the hypothesis (~)

necessarily each ö(a) i5 a rational number whose den6minator

1s not largc ~ .Remarks are also made concerning the sharpness

of Nevanlinna's second fundamental theorem .

c. EARLE: Deqeneration of Riemann surfaces and Kleinian groups

When the conformal structure of aRiemann surface 1s varled

by plnching some nonintersecting simple loops, these surfaces

wil~ "degener~te" to a singular surface.' The degenerating sur­

faces can be reDresented by Kleinian groups that also converge

to a limlting graupe

In joint work, Albert Marden and the speaker describe the

degenerating surfaces by natural geometrie parameters that

are elosely related ta same af these Kleinian groups.

·M. ESSEN, D. SHEA: Canjugate functians in the unit disk

and the elass L log L

e Let F be in the Nevanlinna class in the unit disk U, let

. N(r,w,F) be the caunting function for the value W of Fand

let T = 6U be the unit circle. Then N(l,w,F) = 1im N(r,w,F)
r-+l-

ex1sts and N (w) = 11m sup N( 1 , r:, F) .is subharmonie in ~ 'J"F (0) ) .
(:~w

Zygmund has proved that if F E H~(U) and Re F ~ 0, then

Re F E L log L. Conversely, Re F E L log L implies that

F E HI(U).
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Theorem. Let F E HJ(U). The following tWQ conditions 'are

equivalent •

(1) J N(u+!v) log+lvldv <cofor same u em.
-00

(2) Re F E L log L.

Remark (1) 1s equivalent tö

+(1') !N(ü+lv) log Ivldv<aoforalluEm.

Corollary 1 Let F e H1 (U). Assume that N(w) vanishes on two

curves f 1 and r 2 such that

i) r 1 c { (u, v) v:e cl u Ia} ,

f 2 c { (u , v) v:!: -c Iu Ia} ,

where c > 0 and a ,>1 are constants.

i1) f 1 and r 2 go out to-.infinity. Then Re F E L log L.

•
Corollary 2. Let F E L 1 {T), let 9 be the synnnetric, decreaslng

rearrangement of fand let fand 9 be the corresponding conjugate

funtions with mean zero. Then 9 E LI(T) if. and only if
f E L log L.

Corol1ary 3. Assume that F E t. 1· (U) and that

F(U) C {w = Re W F O} u {w = iv = v E Ulk}

where I k = (ak-dk,ak+dk ) are nonover1appinq intervalls, k e !.

I~ a k = 2 1kl sign k, d k = ·a~lklq, k E !\{O},then Re F E L log L

if q > 1.,

D. GAIER: Funktionentheoretische Beweise von High-Indices

Theoremen

Some Tauberian gap theorems for logar1thmic summabil1ty are
proved using cornplex analy'sis methods. Let ~ ak have partial
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sums sn' and let L(x) E
k=Q

k+l
sk

x
/ 1k +1 log 1_x (0.-: X .-;: 1) ·

Theorem: If L a
k

has Hadamard gaps, then

(~l °jL(xl_sl :!:: 'A(1-xl a / 109 l~X for 0 < x < 1 1mplies

Isn-s.1 s AC(a,q)n-
a

for n = 1,2, .•. if (( #- -1, and

Isn-sl ~ AC(a,q)n-a 10g(n+1) if a = -1.

4It There is a sim11ar o-Theorem. If the 109 1s dropped in (.1,
the factor 10g(n+1) appears in theconc1usions. As a corollary

we obtain the equiva1ence of the methods L,l for series with

Hadamard gaps, and a new proof of the high indices Theorem

for L-summ~bility' follows (Krishnan, 1979). In the proof

same new results for functions in HP and a "Two-Term-Theorem"

appear.

w. HARVEY Kleinian Grauns

•

There are fruitful inter-relations "between the theories of

discrete hyperbolic groups in dimensions two (the Fuchsian

case) and thre~ (the Kleinlan c~se). Study of the Te~chmUller

~paces.provides many instances of this, and there i5 -much

evidence that 'new -tnsightsare"to be gained "hereby into the

geometry of three dimensional manifolds of finite hyperbolic

vo1ume .

Perhaps the most precise analogy between the two th~ories

occurs in consideration of the range of p05sible vol~me5

and the convergence of discret~ groups in tne sense of the

Hausdorff topology on closed subsets of the real and comp1ex

graups of M~bius transformations.

Theorem: (Thurston,J~rgenscn,Gromov)The set of volumes for

Kleinian 3-manifolds 1s w~ll ordered, and at most finitely
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~any manifo1ds can have a given volume. The volume function

. 1s c~ntinuous.

One can furthermore give apreeise unified description of the

convergence cf groupe in topological and group theoret!c
terms.

W.R. HAYMAN 'Wertverteilung von meromorphen Funktionen in

einem Winkel

Es sei u ein positives, 1m Endlichen" beschränktes Mass,- .
S : Cl < arg z < B

ein Winkel, n(r,a,ß) die Totalmenge von lJ in S n (zl < rund

ken,B) = 1im log n(r,a,ß)
log r

die Ordnung von lJ in S. Offenbar wächst k mit ß und -a.

Wir definieren ferner die innere 'Ordnung

ko(a,B) = 1im k(a+E.6-E).
e::-+O+

Wenn f in S meromorph ist, schreiben wir ko(a,S) wenn ~ die

Anzahlfunktion der Wurzeln von f ~ a ist und kotS) wenn u
das Flächenmass des Bildes von f auf der Riemann-Kugel ist.

Satz: Es gilt ko(a,S) = koeS) ausser fUr h8chstens zwei a

für die ko (a) < ko ·sein kann und eine Menge V {Ur die .
1f

k o < koCa) s 0-8 möglich ist.

V kann recht genau charakterisiert werden und ist im Sinn des

Hausdorff Masses sehr klein.
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s. HELLERSTEIN: The Zeros of Successlve Derivatives of Meromorph1c

Functions Which Mave Ooly Real Zeros.

In 1914 and 1915 G.Polya aop A. Wiman presented several conjectures

relating to the Ioeation of the zeros o~ successive derivatives

of entire functions which have only real zeros. A survey of

progress on these conjectures.isgiven, which ineludes recent

work by the speaker and Jack Williamson. Some new problems

arising from these investigations are presented.

1w. HENNEKEMPER: Uber Ungleichungen zwischen N(r,f), N(r'l)

1
und N ( r , n (k) )

(f) -c

Wir zeigen die· Ungleichungen

NCr,t) ~ O(N(r,f» + O(N(r, k+l 1 (k) » + S(r,f) k E~,c E ~,{O}
(f ) -c

- 1N(r, f) s 0 (N
1
(+, f» + 0 (N ( r , k +2 . ( k) » + S ( r , f), k E JN , C E a: ~O} ,

(f ) -c

- 1· f v f'
N(r'f) s O(N(r,"f» + O(NCr'(fV+k)Ck») + S(r'r) + 0( 109 r)

k,v E lN, k :?: 2

und ziehen daraus Folgerungen über die Werteverteilung von
(fk+l) (k) und (fk+2) (k) •

J.A. JENKINS: On the representation and compactification

of Riemann surfaces.

Any R1e~annsurface can be obtained by the following process.

Let Adenote the open unit disc, C is circumferenee. To 6

adjoin pairs of open ares on C of equal angular measure, all such
ares be~ng disjoint. Identify points of such an associated pair
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. isometrically 1n opposlte senses of description on C. This

involutory association 1s denoted by T. If a k , k = 1,2, ••• ,21,

are certain of these arcs such that (wrlting 021+1 = Q,)

(i) a 2i-l' 021 have a common endpolnt 0 1 , i = 1, ••• ,1,

( i 1 ) a 2 i +,. == Ta2 i' 1 1 , ••• , 1 ,

we identify all 01' 1 1, ••• ,1, and ca11 the correspondlng

element a cycle point. The elements of R consist ·of points
of 6, elements consisting of pairs of identified points on
assoeiated boundary ares and eertain eyele points. The local ~
uniformizinq parameters are chosen so that A 1s conformally

em?edded in Rand the ares in R obtained from pairs of assoclated

boundary ares are (open) analytic ares.

Performing possible further identifications on the points of

C not included 1n the above ares one obtains a compactlflcation

of R, which 1s more ar~iculated than the Kerekjar~6-Stoilow

compactification and in many ways seems the most natural one

for Function Theoretic purposes.

Y. LOt Angular Distribution Theory of Entire Functions

Prineipally the fol1owing theorem haB been proved.·
If f (z) is an entire functlon of order l (0< A< CD), then there

exists a ray B: arg z = 8
0

(0 s:. 9
0

< 21T) such that: Par

any positive number E , every pair of finite complex numbers

a,ß ~# 0) and every pair of positive integers k, 1 s8tifylng

2 + 1 <1, we havek I
lOg{nkl (r,9

0
,€,f=a)+n1 ) (r,eo,E,f'=S)}

1im BUp = ~
r+ro log r

where n
k

) (r,eo,E,f=a) denotes the number of zeros of order less

than k of f(z)-a in the region (izi ~ r)nclarg z-sol ~ E),
and nil (r,Bo,E,f'=ß) has a siml1ar·meaning.
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H.H. MARTENS: Mapp,lnQs of"Closed Riemann Surfaces

lIurwltz showed that.an automorphlsm of a closed Rlemann surface

of genus q ~ 2 18 cornpletely determined by the homo~o~phlsm

1t induces on the first homology group. Thls result re~elves

a very natural proof when examined in the light ef the universal

mapping property of the Jacobian varlety, and admits an

immediate generalizatlon.

Let X + X' and X ... X" be glven maps of X ento. surfaces X I

and X" of "the same genus. Assume that, with respect to given

bases for homology, the lnduced homornorphis~s of the first

integral homology graups are the same (i.e. expressed by the

same matrix). Th~n. there 1s an isomorphism XI .. XII inducing

the natural Identificat,ion of homology and commuting with the

given maps. Thus the Induced hornomorphism of homology determlnes

the map X + XI in the strong sense that the conformal stucture

of X' 18 determined.

H.A. MASUR: Quadratic Differentials

I will be concerned with propertles of quadratic differentials

on compaet.Riemann surfaces, particularlytheir trajecto!y

~tructures. I will diseuss the related notion of a measured

follation and the result of Hubbard and Masur that on ~ny

Rlemann surface, a quadra t ic differenti~l 1s ·determined by the

topological and m~tric properties of its horizontal trajectories.

On the other hand there exlst examples of faml1ies of quadratic

differentials each with dense trajectorles such that the

trajectory structures of the members of the faml1y are topologically

(but not metrically) "the same. We show that these examples .

are rather infre~uent that is, there is a natural measure on

the sp~ce of quadratic differentials such that "almost all" are

determined up to scalar multiples by the topological strucure.

of the1r horizontal trajectorles.
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G.P. MEYER: Zur Wertverteilung von Exponentialpolynomen

und ihrer Quotienten

Es werden die Polyaschen Exponentialpolynorne

fez) = n
E

k=1

und ihre Quotienten w{z) = f{z)/g(z) (f,g Exponentialpolynome) ~

unter dem Geaichtspunkt der Nevanlinnaschen Wertverteilungs- .-r
lehre untersucht. Ist eine sehr allgemeine Exponenten- und

Koefflzientenbedlngung erfüllt, so hat man einfache geometrische

Formeln fUr die charakteristischen Größen T(r,w), ö{a,w),

OCa,w), e(a,~) und ~e. Eine wesentliche Rolle spielt die

Abschätz~ng der gemeinsamen Nullstellen zweier Exponential-

polynome. Weiter wird mit Hilfe einer von P. Erdös gegebenen

Abschät~ung der Lösungszahl einer gewissen diophantischen

Ungleichung gezeigt, daß der Quotient zweier Exponential-

polynome einer algebraischen Differentialgleichung genügt.

J. MtLES: Same remarks concerning the Fourier series cf the

logarithrn cf the modulus cf a meromorphic function

A number results concerning the distribution of values of
. .

meromorphic functions f have been obtained by studying the

Fourier series cf log If(re ie ) I, 0 ~ a ~ 2n. A survey of·these
results is presented, inclu~ing the work of Edrei and Fuchs, .~

Rubel and Taylor, and Miles and Shea. Emphasis 1s placed on
results concerning quotient.representations of.meromorphic

functions, bound~ for the ratio (N(r,O) + N{r,m)/m2 (r,f) .~.
2 10'where m2 Cr,f) denotes the L norm of log If(re ) I, and bound~

on the ratio N(r,O)/T(r,f) for entire f of infinite order with

zeros on a finite number of rays through the origin. Certain

open problems 1n value distribution theory areoindicated to
which these techniques may be applicable.
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P.J. NICHOLS: Dirlchlet Regions for Fuchslan Groups

Let G be a fuchsian group in the unlt disk ~ • With the non

euklidean metric p in 6 and for a E 6 not a flxed point,

we write

Da = (z E 6: p(z,a) < p(V(z) ,a) all V e G, V ~ I}

the Dlrlchlet region for G centered at a. We set

e Ea {( E 3A : V«(> C Da for some V E G} •

A point ( E 36 i8 a horocycl1co limit point if one (and hence

all) G-orbits enter every horocycle at t . We wrlte ( E H

in this case. We show that

for any a E 6

where 9a 1s the set of .Garnett points recently introduced

by Sullivan in his study of the ergodie properties of die-
mcrete group~. A result of Ponunerenke shows that ". (9a ) = o.

We give an example to show that in general 9a ~ ~ and that

Ea #- Eb -

For I:: E 36 we construct a region Dt C 6 whlch for ~ ~ H U( U 9a )
. ae6

turns out to be a fundamental region for G and generallzes

the classlcal Ford construction.

E. PESCHL: Beiträge zu ungelösten Problemen der konformen

Abbildungen

Betrachtet wird die Aufgabe, die Kreisscheibe Izi <-1 auf das

Innere eines sphärisch konvexen KreisbogenpolYgons ~)
konform ~bzubilden. Da die Gruppe der sphärischen Isometrien

3 reelle Parameter, die allgemeine Möbiusebene dagegen deren

6 enthält, kann man erwarten, daß man hierbei mit einer
Differentialinvar1anten 3. Ordnung '(anstelle der Schwarzsehen
Derivierten) auskommt. Dies ist der Grundgedanke der folgenden

Behandlung.
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Seien ds = dz , d~ =~ die Linienelemente 1n der
1-zz 1+ww

z-Ebene <rzr < 1), bzw. in der w-Ebene (Riemannsche Zahlenkugel).

Hier gibt es als absolute DiffereQtial1nvarianten niedrigster

Ordnungen:
a = 19 ddS(J' = 19 « l-zz) Iw' I·), U = (::T

W

WII
- 2w') z+1 •

1+ww 1+WW

w = w(z) bildet genau dann die Krelsscheibe Izl < 1 auf einen
sphärisch konvexen Bereich ~) mit stetiger sphärischer Rand­

krUmmung ab, wenn Re u :2: 0 in Iz I < 1. FUr u gilt

- 1 2a
Ö 2(u) = (l-zz) uzz = -2 e u, oder

(z) _ J. -2«
Ö 2(u) +2u = (l+ww) u~ +2u = -e a2u+ 2u = O.

(w) (w)
Nach einem allgemeinen Darstellungssatz~) gibt es fOr jede

Lösung u dieser linearhomoqenen Differentialgleichung

Ö 2w+2u = 0 (in (~» eine in <iV holomorphe Erzeugende g(w) mit
(w)

1 . d w"
g(w) = ~(1+WW)2UW = [w'zJ z = z(w)'ChI g(w) = [WT z+lJz = z(w)

- d
sodaS die Darstellung gilt u = -2~ g(w)+ d~(w). Liegt

1+wV w
die Ecke (mit Innenwinkel att) in wo= 0, so hat man fUr das

1 1
'Zugeh6rige"Zweieck z(w) = tgh (2a 19 w),· g(w) ~ awsinh(ä1g w)

(:= 90 (wll und u = 1~ nWSinh(~ 19 W)~ Binh(~ 19 W)+COSh(~ 19 w).

1
Bei allgemeiner Lage in w" hat man z·(w) E: vt gh(2a

v
19 Lv(w»

w-w
roi t I e: I = 1, L (w) ::: lJ __v_ , lPJ = 1 und nach einem allgemeinen

1 v. V v 1+w W e
Transformationsgesetz') f~r die Erzeugende :

- (1+ -)2
A lJ" WW"

9v (W) = [90 (W)]w = L (w) und daher
v 1+wowo

_ 2w d
Uv 1+wW 'lv (w) + dw 9" (w) •
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. Somit erhält man fUr die Erzeugende

n
G (w) =r "1: 9", (w)

v=l

die dazugehörige L8sung

n 2w n n d
U = E u'" 1: 90 (W) + 1: dw 9v (W)

v 1+w'i1 v=1 v=l

2w G(w)+ ~(w) n
mit G(w) = 1: 9 v (W)

l+w w \'=1

~ [90 (W>]w
lJ (1 +WW )2

V V

v=1 L",(~) 1.+wowo
1 - 2 z (w) hieraus konunt:- !( l+ww). Uw zrrwft

Z = J dweXt? G(w) •

Analog läßt sic~ der Fall der w-Ebene (I~ < 1) behandeln,

wobei der Bereichsrand ganz im Inneren des Einheitskreises

bleiben soll. Der Wegfall dieser Forderung beda~f einer

gesonderten Betrachtung. Weitere Untersuchungen betreffen die

nichtkonvexen Polygone.

~ K.W. Bauer und E. Peschl,Ein allgemeiner Entwicklungssatz

fUr die Lösungen\der Differentialgle.ichung (l+EZ~)2wzZ+En(n+1)w 0

in der Nähe isolierter Singularitäten. Sitz Ber.d.Bayer.

Akademie d. Wiss~ 8.10.65.

F. PITTNAUER: Zur Theorie der aSymptotischen Entwicklungen

ganzer Funktionen

~usammen mit H. Wyrwich zeigen wir, daß es ganze Fu~ktionen

gibt, welche in endlich vielen Winkelräumen asymptotische

Potenzreihenentwlcklungen um den Punkt Unendlich besitzen und

zusätzlich von minimaler Wachstumsordnung wie von vorgeschriebenem
Normaltyp sind.
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z~ Beweis stUtzen wir uns auf eine von HANDELSMAN und LEW

(1969) angegebene Verallgemeinerung des WATSONschen Lemmas

fUr Integraltransformationen,.deren Kern die WRIGHT-Funktion

enthält, sowie auf die bekannt~ Buckelmethode.

Unser .Satz verfeinert einschlägige ~rgebnisse von POLYA (1922)
und von RITT (1916) und steht darUber hinaus zu einern Ergebnis

von HAYMAN (1969) Uber ganze Funktionen mit vorgebenen

asymptotischen Werten längs endlich vieler lediglich stück­

weise rektifi~ierbaren JORDAN-Kurven in Beziehung.

E. REICH: Quasikonforme Abbildungen der punktierten Ebene

Sei S eine Menge von ~ 3 Punkten der komplexen Ebene ~ ohne

Häufungspunkte , (1 ::: a:' S. Für i< > 1, sei FK (z) = KX+iy, (z=x+iy),

die affine Stre.ckung, Q' = FK<O>. Vortragender und K. 'Strebel

betrachten folgende Probleme : Unter allen quasikonformen Ab- .

bildungen von n auf G' die zu FK hornotop sind, ist FK extremal ?

Wenn ja, 1st FR eindeutig extremal ? Die Fragen werden teil­

weise fUr verschiedene Typen von Mengen S beantwortet, unter

Anwendung "geometrischer" sowohl wie "analytischer" Methoden.

Für Letzere sind Abschätzungen des Funktionals

~elevant, wo ~ über die Klasse der in n holomorphen Funktionen

<pr 11<:- ."= JII cp(Z) I dxdy < ..., variiert.

H(S)

IJ.f. q>( z) dxäy I
s~p 11 Cf 11

."~'
B. R9D1N: External iength and conformal mapping

Suppose the Rlemann mapping function f: R+·S of a simply
connected region R onto a standard region S makes a giyen prime
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end Wo of R correspond to the boundary point Zo of S. Several

u~solved classical que~tlons reqarding the behavior of f near

Wo are subsumed under the general problem of finding an

~c representation of f in terms of geometrie data of R.

Il S i8 normalized t~ .. be the parallel strip {z 10< III Z < 1}

with Zo at +m, such a representation takes the form

f(w) = [ ...w••• ] + 0(1) where the te~ in.brackets 1nvolves

only the geometry of R, and where 0(1) +0 for a glven mode

of approach of w + wo.

This general problem i8 attacked in several stages. First an
. .

asymptotlc representatlon in terms of extremal length is ob-

tained. When it i8 applied to several special cases, new and

improved estimates of f (w), as w -+ wo' a~e obtained.• Applicat10ns

to the classical problems will be treated 1n the talk of

Professor S.E. Warschawski.

G. SCHMIEDER: Ober eine Klasse von Trinomen

Komplexe Trinome der Form z+azk+bzn ~e1gen 1n ·verschiedener
Hinsicht (Schlichtheitsfragen, Nullstelleneigenschaften)

unterschiedliches Verhalten je nachdem, ob k-l Teiler von

n-1 1st oder nicht. Dabei zeichnet sich die Klasse der Trinome

mit k-1 ln-1 durch interessante Eigenschaften aus. So 1st fUr

solche Trinome die lokaie und globale Schlichtheit 1m Elnheits­

kreis äquivalent. Weiter gilt fUr solche Trinome : Ist
k n .

z+az +bz schlicht ~ Einheltskre1s und 0 $ s,t ~ 1, so ist
auch z+aszk+btzn schlicht in D. .

Aus einer ~ Beweis benötigten Koeff1z1entenabschätzung iäßt

sich eine Aussage über Nullstellen gewinnen: Se! f(z). = 1+az1+bzm'

mit 1 i m, a,b E ~. Ist r die positive Nullstelle von

Iblrm+lalr1
-l und r 1 die ~sitive Nullstelle von Iblrm+rllalcos~ -1,

. I
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Satz 2 Ist 9 e~ne gan;e Funktion mit negativen Nullstellen vom

Geschlecht Null, der Ordnung p und der unteren Ordnung A "< p,.

so gi.lt

Satz 3 Ist 9 ein kanonisches Produkt mit negativen"Nullstellen

'~der n1chtganzzahligen Ordnung p und dem GeschlechtOq, so gilt

11m J~lg(-~)JL ~ fcos np, q gerade

r+ClO~ L" , q ungerade •

S.E. WARSCHAWSKI: AsYmptotic representatlons of conformal maps

cf strip domains

Let R be a simply connected region in the w plane with an

accessible boundary point w~ at w = Cll) a10ng a curve L. Let

f : R + S be a one-to-one conformal map of .R onto the parallel

strip S = {zJO<.Im z <.l} with Re f{w)++ao as w-+w~. Under

certain aregula~ity" assumptions on 3R one has asymptotic

representations,. f(w) = [ ••• w••. ] + 0(1), where the express1o~

in the bra~kets involves only the geometry of Rand 0(1) +.0

as w + ww. In the present paper asymptotic representations fqr f

are obtalned wlthout such boundary regular1ty condlt1ons, .1?Y
comparing R wlth ~ region Re which has w~ as an accessible

boundary' point'~lon9 the same curve Land whose mapping

f O= RO ~ S is's1ml1arly normalized. We derive necessary and

sufflclent prox1mity conditlons on 3R and aRa near Wao such

that f = f o+c+O'(1) (e 15 areal constant> a~ w .... wGJ 1n R on Ro.
Thus asymptotic representatlons cf f O apply ~lso to f. Various

applications a~e given, among these a necessary and sufficlent

condition or the exlstence of the Visser-Ostrowski limit.
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J. \'lILLIAMSON:

Suppose f 18 areal entire function (i.e., real on the real axial
such that fand f' have only real zeros.'Let F = 1/f and note

that pt has only real zeros since f' does. We consider f" and plt ,

and inveBt~9ate the relationship between the number of non-real·

~ ~f f." and the number of real zeros of F" • For example,

if f 18 of finite order, then fIt (F") has at most a finite

number of non-real (real) zeros. In fact,the number of non-real

zeros of f" = the number of real zeros of F"·. e
'However 1f f 18 of infinite order this duality breaks down

since fIt will have an infinite number of non-real zeros while

F" need not have any real zeros. The l~tter result can hold

even when f has infinitely many zeros.

Important corollaries to these results are obtained aa w~ll

as other results on the number of non-real zeros of F" •

J. WINKLER: On the minimal growth of the spherical derivative

of meromorphic functions

Lehto and Virtanen introduced in 1957 the spherical derivative

of meromorphic functions as an natural characteristic for the

~ehaviour of meromorphlc functions near an essential singularity.

~n 1958 Lehto got the followinq result (that had to be modified

in one Point as Gavrilov.pointed out in 1965 and the speaker

had shown by examples in 1964},:_!

If, for a meromorphic function f(z), a point sequence z1 ,z2 ,z3.·. ~+

and a ~eal va1ued function hClzl) = 0(1%11
If' (z ) I .

11m hCIZyll T+lflz.) 1 2 = m
y~m y

then f (z) takes all values with at most two exeptions in '·each
subsequence of the discs ([>0 arbitrary) C =#{zll:~-z I:!!: Eh(lz 1)1

. y y y
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If conversely fez) takes 1n each subsequence of the discs cy
each values wlth at most two exceptlons,then there exlsts a

sequence of points z· with Iz' -R 1= o(h(lz I» andy y y y
1f' (z ) 1

11m h ( Iz I) y:; ClO.

r+m y l+lf(z) 12

1

From this result it 18 of

distribution to get small

11m
Izl-+m

for the value­

Letho proved 1958

and

(.)!Im fez) 19 entire.

"' z I+ao
For entlre functlons Clunie and Hayman gave 1n 1966 a striklng

improvement·of (~). They proved for ent1re functlons

If' (z) L
1+ If ( z) r2 > 0,

Iz I
log H(r,f)(i.) 11m

I.z I+m
where M(r,f) 18 the maximum modulus of fez) on Izi = r. The

questlon 18 whether there 1s an result sirnl1ar "tc (*:ti true

for meromorphlc functions. In the lecture 1t will be shown

formeromorphic functions that
-.

lim ~ h(lzl> = ~
Iz i +ClO' hTTiT)

f6r each rea1-v~lued functlon h(lz11z+: m ana

n ( I z f) = 1n ( I z I ) , f) -n ( I z I , t) w1th

Max (ne Izi ,f) ,n( Izi ,~)} = O(n( Izl»

and'nllzl+h2 1Izl)~ ) - nllzl) = O( n(lzl~
filTilT "log2n ( IZ I)
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S.A. WOLPERT: The Fenchel Nielsen Twist Deformation

Adeformation of aRiemann surface R 1s a modiflcation of

the conformal structure. An example, the Fenchel Nielsen

twist, 19 given by cutting R along a simp\e closed Poincare

geodesie. The two sides are seperated, rotated relative to

each other, and glued. The Poincare metric !8 preserved off

the cut locus. A quasiconforrnal map between surfaces also pre­

scribes adeformation. Our investigation began with constructing ~

a quasiconformal map which induces the twist deformation. The

quasiconformal automorph1sm of the upper half plane H

w(z)

o < arg z < 9 1 ,

8 1 < arg z 0 < 92
6 2 < arg z < 11'

18 the prototype.

The net effect of w 19 to sIlde the 1eft hyperbolic half plane

relative to the right hyperbolic half plane. :
Let H be the universal cover of a compact Riemann surface R.

An automorphic Wo can be constructed fram. the above' 'map w.

Given an automorphlc Beltram! differential U(z)dz/dz the equation

lJwlJ in Hz
o in L

has a solution. Assume r 18 the uniform!zation group of R
thus R ~ H/r. The association" of the surface wlJ(H)/wlJ • r • (wp ,-1
to the quadratic differential {wp,z} in L ({,} denotes the ~j

Schwarzian derivative) 19 the Bers embedding of TeichmUl1er
space. Assume r 'has been conjugated so that the imaginary

ax1s 1s the axis of an element A Er. OUr calculatlons yield
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Theorem 1: Let <A> be the cyclic subgroup of r fixing the

imaginary axts. The first variation of the Bers embedding for

the Fenchel Nlelsen twist deformation along the Imaglnary axls i8

2~I E (B'(z)/B(z»2
BE<A>\ r

where the suro 1s over the left cosets of <A>" In r.
We shall describe two new results whlch are consequences of

thls calculation. Given Yl'Y2 geodes1cs on RIet l(y,), !(Y2 )

denbte their lengths. If the surface 18 deformed the lengths

4It of geodesics necessarily change.

Theorem 21 (Reciproclty of Fenchel Nlelsen twists).

aDenote by the derivative with respect to the twista twlst"Yj

deformation about Yj , j = 1,2. Then

31$Yl) 31(Y2)

atw~st Y2 a twist Yl

Given a simple closed geodesie y there i8 an associated

Poincare ser1es ~y.as in Theorem 1. On a surface of genus 9

the maxLmal number of disjolnt closed simple geodeslcs 18

3q-3. Let Y1' .~.'Y39-3 be any such collectlon on R.

Theorem 3. 0 " .' .. ~ 0 span the space of quadratlc
: ~1 Y3g-3

dlfferent1al~ on R.
Ou~. methods.also y1eld variatlonal formulas for_other geometrie

!nvarlants.

E. Mues (Hannover)
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