
1
I..

•

I~I'
MATHEMATISCHES .·ORSCHUNliSINSTITUT OBERWOLFACH

Tag u n g S b e r 1 c h t 22/ 1980

Gruppen und Geometrien

11.5. bis 17.5.1980

Die Tagung fand unter Leitung von Herrn B. Fischer (BielefeldY und
Herrn D.G. Higman (Ann Arbor) statt. Es haben 33 Mathematiker teil­
genommen, und es wurden 25 Vorträge gehalten.

Wie den folgenden Auszügen zu entnehmen ist, wurden Themen aus der
Theorie der endlic~en Gruppen, der Graphentheorie und der Geometrie
behandelt•. Insbesondere wurden dabei Z~sammenhänge zwischen Eigen­
schaften kombinatorischer Strukturen und denen ihrer Automorphismen­
Gruppe dargestellt. Außerdem \"Iurde Uber die neuentdeckten Beziehu'ngen
zwischen endlichen einfachen Gruppen und Modulfunktionen berichtet."

An einem der Abende fand ein Problemkreis statt,. in dem von den Teil­
nehmern aktuelle Probleme und Fragen gestellt und erörtet wurden.

Heben diesen offiziellen Veranstaltungen hatten die Teilnehmer Gele­
genheit zu gen)einsamer Arbeit und Diskussionen" in kleinerem Kreis.
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VortragsauszUge:

L. BABAI Coherent configuratioosand the ord~r oE primitive permutation.

groupe

Let G b~ a primitive but not doubly transitive permutation group of degree n.

H. Wielandt proved that . IGI < 4D and asked if tbe exponent n could be re­

plaeed by c~ log n. We solve thls problem apart from a log n factor.

Theorem. rar G as above., (cl< exp(41n 10820).

The proof Ls purely combin8torial. We translate the problem to coherent con-....

figurations (the digraph verdton of assoeiation schemes) and prove a stronger ~

result about thema The arguments use hypergraph cover and considerations re­

lating.degree an~,diameter of regular graphs. No groups occur in either the

statement or the proof of tbe main result.

Recently P.J. Cameron has greatly improved on the-above bound, a~8uming the

classification of fin.ite simple groups • His results IIr:ttivate conjectures

on eoherent eonfigurations, in particulac on strongty regular graphs.

E. BANNAI: On (P U_Q)-polynomi,al schemes vi,th large diameters'

A list of known P-polynomial , (i.e., distance-transitive graphs)or Q1»otynomial

schemes vith large diameters was present~d. They are divided'into 3 categories:

(1) analogues of J(v,k), (11) analogues of H(n,q). 'snd (111) variations

of (I) end (11). They are elosely related to claseical groups; and, they

should play the 'same role in combinatoiics as the cl8ssical groups da in finite

group theory.

Conjecture If d Is 8uffi~ientll large. the~ any P-polynomial 's'cheme basa

structure of Q-polynomial scheme, and vice versa. ~

(This vas·checked for all known eXamPles with large diameters. 'In particular

the odd graph 0k hag a Q-polynomial structure which seems to ha~e been un­

noticed before. So the above liBt IB in fact the list of known (P U Q)~oly­

nomial schemes with large diameter d).

Conjeeture 2 If d is sufficiently large •. then any {P U Q)-polynomial scheme

is in the above list.

Fina11y arecent result of D. Leonard vhicb 8ays that all the parameters of any

(P U Q)-po1ynomial scheme are expressed by usiog on11 6 parameters k, a., 8 2,

c2, 9 and PI was mentioned.
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L.H. RATTEN: Quadries end the Higman-Sims geometry

It may be the esse that seme of the so-called 'sporadic' finite simpl.

groupe can be shown to belong to families of groupe. In this paper ve derive

a con~ection between the Higman-Sims group and those groups 8ssociated vith

quadr~e9, via corresponding geometries. An axiom system 18 introdueed in

vhicb when lines all heve two points ve 'obtain preeisely the Hlgman-Sims

geometry, and vhen lines bave more thantwo points, we abtein certain gen~­

ralized quadrangles which include quadric8 of the. type ~4(q)·

B. BAUMANN Same properties of the Thompson subgroup

is elementsry

111e folloving
Let P be' a p-group (p

abelian of maximal order

theorem holde:

8 prime). Theo J(P)· < A ~ p IA
> is the Thompson subgroup of P.

Theorem. Let G 'be 8 finite group end P s Sylav 2-eubgroup of G. Assume
G G - '

G ... <J (P) >, CC(02 (C)·) =02 (C), v· <n I CZ (P,» > and '. C • G/Cc(V). Then

there 19 a subgroup H· H, X ••• x H x E(G) of G. Let H +1 Hm be then n , ••• ,
components of Co (i.e. E(G) is 8- central produet of H +1 H). Thenn ••••• m ,

(i) H. ~ a (is~ •••. ,m),
1

(li) alB i8 a 2-group,

(iii) Bi x ••• x H
n

)c. Z(~-(G» • Sol (C),

(v) ([V,R.],H.f· I. (I +"j).
1 J .

A.H. COREN : A near octagon assoei.ated "Itb the Hall-Janko group

Let P ~e the set of i~volution9 of the Rall-Janko -group that are central in

a 2-Sylov ~ubgroup ond let L be tbe set of tripies tn P consisting of pair-:·.

vise ~ommuting involutions.

Then (P,h) i8 a neer octagon on 315 points vith 3 points per line 'and 5 lines

per point without 4~eycle8.

Study of tbe generalized" subhexagons leads to Buekenhout's diagram - OC:=.=D 0

in a way that does not look very promising for the existence of onelog8 .~f­

'Yaftushka's lemma' on ge~eralized 8ub~adrangles.
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R. M. DAHERELL: 'ac tori.s.ßt i,on of Polynomi.al s

The study of algebraic combinatorics leads to many number-theoretical problems of

the fol1owing type: given an infinite family F of pQlynomials., to dete~ne

.which members of F have factors of email degree. No satisfactory metbod is

yet known for tbe s~lution of these problems, but the method of loeal analysis

8o~time8 succe~ds. Thie. talk wlll describe the methods for factorlsing pol,­

nomials over p-adic fields, vith illustrations from veriaus combinatorial

.pro~1~9. Most of the work described here vas done Jointly with E•.Bannai and

M. ·Georgl~codis ..

H. HÄHL A ne~ class o~ 8~i~n~iQnal l~cal1y COmp4ct tran81at~on planes

. We'discuss toplogical ·8-dimensional translation planes over' m admittlng

SL2 (1) 89 collineation group. (All such planes C8n be explicitly· d~termifted;._

they are in fact the first known examples of non-classical 8-dimeosional

translation planes over' lR I,:, which the connected component of the collineatiQn'," ~

group lias no .fixed point;) We give a deBcription of these planes and of the

ac~ion of the~r collineation graups, and ve explain the role played bJ' tbe.e

planes in the clsssi!ication of all 8-dimensional translation planes over lR

baving. 1a~ge' collineation groups.
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z. JANKO: Problem der Existenz der projektiven Ebene der Ordnung 12

Es wird bewiesen, daS die Automorphismengruppe einer Ebene der Ordnung 12

eine sehr kleine {Z.3}-Gruppe sein muS. Die Hauptschwierigkeit im Beweis

ist die Behandlung der Automorphismen d~r Ordnung 5, IJ.und 13.

c. LEFEVRE-PERCSY: Foldings of thin geometries

Tits defines "foldings" of thin chamber complexes and uses them in the

stUdy of Coxeter complexes and their relation vith buildings.

We coosider foldings of a particular eisss of chamber"complexes:

Geometries. in the sense of Buekeobout and Tite.

We prove. vith S. Guillitte, that every folding of a thin and "strongly

connected tl geometry is ~ssociated to arefleetion. By constructing a elass

of counter-examples, ve show" that this is not true if the eonnexity of

tbe geometry is somewhat weaker.

R. LIEBLER: Autotopism Group Representations

If G is an autotopism group 'of a finite plane n, then G fixes a tri­

angle P,Q,R and normalizes the groupe of (P,PQ)-perspectivities,

(Q.PQ)-perspectivities end (R,RP)-perspectivities. Since eaeh of these

is elementary abelian, they may be viewed as G-modules. The main theorem

discussed here asserts that these modules a~e all free just in esse. G

fixes a point not on the triangle. This and related results will appear

in the Journal of the London Mathematical Society.

D. LIVINGSTONB: Kirdar's ldentity

If [Al and {al denote the same partition of n with [Al an abbrevia-

tion for the set of parts II ~ 1
2 :: 13 ... and {al one '.for the set of

repetition numbers a 1'82' ••• J 8. being the number of A equal to i.
1 r

then

n n 1. n n a.1
[Al 1 (a)

1

Tllie simple identity is an iomediate eonsequence of a theorem in
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representation theory. But, taken out of tbis context, it seems' tbat it

could be difficult to prove.

R. A. MATHON: On Geometrie Association Schemes vith 3 classes

A 3-dimensiona~ partial geometry' Pa G3 .is a linear ine~dence Btructure

consisting of: points p. lines L, and planes Msatisfying

Every line L E l .contains 8+1 points.

If d(x.y) m i then exactly ti+1 liDes througb y' contain points ~

st dista~ce' i-I. "from' x, i ° .. 2,3' (x,y € p).

If d(x,L)~. j . then l{~' E Lld(x,'y) e j} I lD a., j"~ ".,2
J

(x E ". L e: L).
(iv) Every pair o.f ~:ntersecting. line~ from l is eontained in a unique

partial 'geometry ,vith p~r,ameters (s~t2~Gl) (-plane).'
Then' the -foilowing statements b.old:

•• The ~oitit graph of a Pa G
J

.' is the graph of a distance regular

association'scheme vith 3 classes.

~. Tbe planes·o.f a Pa G3 are either nets (ei. es t 2). or duals of Steiner

2-designs' . (a I es t 2+1), o'r generalized quadrangles ~a·.-· e 1).~
. . 3 2 .

In the last e8se Q2 - I and t 3 ~ s +t2~s ~s+I).

Ex~les'are given of geometries witb planes of any of t~e8e·types.

J. MCKAY: Coxeter grsphs p character tables, platonie Bolids,

snd singularities

I sball describe tbe representation grapb of a group and cl~ssify a gener-" ~

alization of the Coxeter graphr~lated to affine Dynkin diagrams wich

haB connections vith the c~racter tables of certain finite groupe tbem-

selves related to the structure oE .rational singularities as Btudied by

Klein. One can obtain .. the tin.ite -rank Dynkin diagrams in a uniform vay

from a single universal diagram together witb 'folding' - an incidence -

and weight-preserving map from a graph to itB quotient under an automorphism.

There appear to be connections with the MOnster group.

I

j
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A. NEUMAIER: Rectagraphs, diagrams, -and Suzuki' S .sporadic .simple group

He investigate incidence structures with diagram 0---0 0 0 o·~
. 2 2 2 2 2 k-I

of rank 0+1. For n-2, examples can be constructed

from biplanes. semibiplanes, and stronglr regular graphs with A-O, ve2 •

Far n > 2, tbere are Bo~e examples related to the groups ~(2), IU, G2(4}.

Sz, whicb come from Suzuki's construction of a 8trongl~ regular graph ~n

1782 points with automorphism group Aut Sz. Moreever. we give so~e general 1

theorems on diagrams whieh e.g. ~mply that an incidence structure with
C J C

diagrslII~ gives rise to a ; ~_.,~~o i an example of this

situation can be obtained from the rank 4 representation of PSU3(9) on

36 points.

s. NORTON: Modular Functions associated with graups

It was ShOWD haw the j-function invariant under the modular .group r c~uld

yield many other modular functions by replacing its coefficients by Monster­

c~racters of the.same degree, and that the process could be replaced on

these functions by replacing their coefficients by characters of smaller

. groupe. (However further iteratio~ gives 00 more functions. 8S far 8S is

knownl). It is apparently true thatall such functions are invariant under

a genus zero discrete subgroup of PGL2(3) contsl01ng same fe(n) (but

not z+z+k for non-integral k). It is also true that these functions obey

certain formulae, knoWn as the replication formulae. 8ssociated with c~ar~

aeter identities on the above graups.Some computation work was illustrated

identifying 72 functions of odd level satisfying the replication formulae

with Hauptmoduls of modular groups of the type above. A conjecture was ~d'e

that the two classes of functions are identical. although this has not been

proved in either direction. The existence of functions of order 58 and 82

suggests. 8S a wild possibility, the existence of a (presumably) new spora~ic

group associated vi th Ij (2z)-17281 (of order 2) containing elements of

orders 29 and/or 41.
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N. PERCSY: Local~Y embeddable geometries

Several recent results prove that certain locally embeddable geometries

,are actua~ly embeddable (in ~ome generali~ed projective space). So are

, local1y projective geometrles (Wiile), ·locally 'affine 'ones '(Mäurer),

lo~cal1y strongly embeddable or locally "categorical1y" embeddable ones

(Kantor).

~11 geom~trie9 consldered here are geometric,lattices; embeddings are iso­

metrie in' Kantor's sense (i.e. order- and'dimension~p~eservinginjective

tIiappings).

"'We.prove a-necessary arid sufficient condition for a'geometry G of

'~rank ~ 4 to be embeddable: tbe condition _demands that .G. be 1~~al1y ~

beddable 'and t~t th~'se emb~dding,s satis~y. c,~rtain..c~mPatibili~y coUdi-,,

ti~ns.' Tbis theorem provid~,s a uniqueg,e.neral proof 'of . tbe above ones

and has new applicatio~s, e.o~ to locallr ~ffine-proj~ctiyegeo~tries.

'M.A•. RONAN: Representations of ChevalleyGroups using Buildinss

~f Ii is a buildi~ whose vertic.es bave types i.E 1, then for any' 8t1~­

set j C:.l we let fjJ' denote thesub~ompiex spanned',by the vertices of.'

types j E J. We wi'll show that the redueed homology,' of . 6J · ia trivial

. except, in·dimensi~nequa~,t~·the.dimension Qf ö
J

•

w~ conaid~r' the' action of G· Aut 6 ,on this top homol!,gy. '81':.9uP.• For

exämple, if J m ~ it, is well-known.(Curtis-So19mon) that one'obtains

, 'th~ ,St~inberg representat'iori,' althougli, 'in, gen~ral the" represen~ati~n on

, B (AJr' '(m-'IJI-I) turns ,out to be reducible.' Bowever',' ~in the cas'e of
. 'm' . . ::. ,
A ,i-f J={·I, 4! •• ,k) where the nades' of the dlagram are 'numbered in

n • . I 2 n-I n . ,.,'. J
increas1ng order - •••-, then the representation on I1t-l CA .)

·is'!-rredueible. We will eonsider some other speciai eases"one of which

. i8 closely related to a representation of M24

P. ROWLINSON: The uniqueness of certairt automorphic graphs

It 19 shown that there is ooly. one automorphic g~aph r with intersection

array {12, JO, S; I, J, 8)_ It is pos8ibl~ to find IAut(r>I by inspecting

the subgraph of r induced'by the g-p paths of length 3. where a and p

are ~o fixed points of r at distance 3 apart.
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Tbe uniquenes8 of an automorphic grapb vitb array { I, 9,'9. I, 2, 4}

follows from a result of Yamushka 00 geoeralized.hexagoDS.

St. D. SHITH: 2-1ocal geometries for sporadic (and classical) groups

Hark Ronan and tbe author bave studied natural geometries for certain

sporadic simple graupe, provided by low-dimeosional GP(2)-modules; these

exhibit many eimilaritiee with buildinge for Chevalley groups, and cao be

axiomatized by Dyokin-like diagrams. In fact, these geometriee corre~pond

to chamber ~Y8tems in the sense of Tite. provided by 2-CoDstrained

2-1ocals of 'thegroups.

For example, one can show tbat the relevant geometriea characterize K24
and Co.I, providing new cODstructioDS of tbese groupe. Tbe ~nimal modules

for He end Ru display certain ioteresting features.

rinall" this approach seems to pr~vide some useful methods for exbibiting

the action of tbe parab~lics in a Cbevalley group, defined over CF(2).

ön its variou8 irreducible GP(2):..modules.

B. STELLMACHER: Automorphism' groups of trees

.1
1

Let C be a group and B. and H2 be finite subgroups of G such that

In bis paper "AutolDOrpbiS1DS of trivaleot graphen D. Goldschmidt coosidered

tbis situation for u l • u2 and· described the 8tructure of HI , H2• Por

tbia purpose he transformed this problem ioto a problem about edge-transi­

tive groups of automorpbismB of a trivalent tree. whose vertex stabilizers

are finite.

Tbi. method yields similar results in tbe more general ease of hypothesis

(.) .

,
(.) ( I j

(2)

(3)

02(H i ) ~Li

G • < HI, 82 >.

". and H2 hav~.no non-trivial normal subgroups in commoD.

)B./B. n 821 • 2 1+ 1, snd there exists L. ~ H. such tbat
I. U. 1 - I.

and L
i
/02(H

i
) g L2(2 1) (i-a,2).
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H. SUZUKI: Transfer

A general metbod of obtaining th~ transfer bomomorphlmD.is discu8sed. A'

typiesl result la tbe folloving" Let G be a finite group. S an

S' -group for same prime p'. and let A be anormal subgroup of s.
p

Suppose tha't H is a subgroup of Gwhich contains NG(A) and that A

1s of Sylowtype in H (i.e. AX c B for some x E G implies that

ÄX
D Ab for same bEB). Then.·one of the-fol1awing three cases occur:

('1) G/OP (G) ~ B/OP (H) , (2) for Bome conjugate r, A n.rt Is a proper

subgroup of A an: An R" .. HA(B) for s~ subRroup B of A nxJt'
witb index. IA n R :BI D p, or (J) pc 2 and for same conjugate H,

IA:A n rl · 2 end there 18 a normal subgr~p B of A' suehtbat

A j A n HZ :;, D witb IA:BI es 4. This generalizes arecent leuma of

Solomon-Wong.

A. WAGNER: Invariants oE refleetion tmd transvection _roups

Theorem: Let G =GL(V,k) vhere V Is a finite dimensional vec:tor 8pace

over the fleld k of characteristie o. If" G ia generated by reflections

or transvections then the rIng of invariante of G is genera ted by alge­

brai~al1y independent elements (i.e. 18 a polynomlal·ring).

The proof La short and elementary.

:Note: I. If G is fiöite the theorem is wel1-knovn: Sbephard and Todd

(1954); Chevalley .(1955)

'2. If G is finite then the converse of this theorem i8 true:

Shephard and. Todd (1954)

3. If G la Infinitetben the COQverse of this theorem i9 false.

4. If the characteri9tie of k is not zero tben tbis theorem 18

false: Rakajima (1979).

J.H. WALTER: Character!zatlon8 ot.ehe.a!!!l Groppa

The purpose of the talk is to diseuss tbe ~haracterizationof Che~alley

groupe deflned ov~r fields of odd cbara~teri8tie. Let Chev(q) be tbe

set of Chevalley group defined over a' fleld r ID for same odd prime q.•
q

Define

Chev.(q) ~ Chev(q) - (PSL(2.q»). q:> 3, ..

Chev*(3) • Chev(3) (PSL(2.3),PSL(l,]),PSU(3,3).PSp(4~3),PSL(4,3),

PSU(4.3), G
2

(J») •.
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Theorem. Let G be a finite gro~p such tbat "P*(C) is simple •., Suppose lome

involution centralizer has a 2-component of type Chev·(q). q odd. Then

'-(C) has type Chev(q) or type L3(4).

The proof rests on Aschbacher's classification of Chevalley groupe over

fields ~f odd charactertstic which requires tbat an involution centralizer

have an intriDsic SL(2.q)-component. The c~ncept of a strongly intrinsic

componeot is introduced and its role in characterizing the group8 of

type Chev(J) is discu8sed.

R. WEISS: A geometrie charaeterizatioD of certsin graups of Lie type

Let r· (V.E) be an undirected graph. For each x E V let ri(x) be

the set of vertices at a distance of at most i (rom x. let Ci(x) be

the set of elements in G (G some su~group of aut(r» fixing each

u E ri(x). let r(x)· rl(x) and G(x)· Go(x). An. s-path is an

(s+I)-tuple (xo •••••xs ) of vertices ~i such that Xi € r(xi~l) for­

.~i~s and xi. xi - 2 for 2~i~8.-For ea~h s-patb (xO, •••• KS)' let

G(xo"··· ,x
8

) • G(xo ) n n G(xe ) and Gi (xo •••• .x
8

) • Gi (xo ) n n- Gi (xs ).

Tbeo~em I: Suppose for some n ~ 3

(i) G.(x •••••• xn_
l
) ac~s transitivelyon r(xn)-{xn_ I} and

(ii) ~1.(xo.xl) n G(xo '·· •• X n) • I

for eveiy n-path (x •••• ,x ). Tben n· 3. 4,6 or 8. assumingo n
Ir(x)1 ~ J for each x E V.

Theorem 2: Let f. and G be as in Theorem 1. Suppose. too. that r is

finite and that

(iii) G.(x •••••• xn_.) n G(u) •• for u' f(x.) U r(x2) when n· 3.

tor u f f n/ 2(xn/ 2) when n ~ 4. for every'n-path (xo ••••• xn) and

(iv) Ir(x)1 is odd and not too small tor every x E V.

Then·r is a generalized n-goo.

Theorem 3: Suppose that·r is connected end finite, that G sets transitively

on V . 'and that G(x)r(~) ~ Ll(p) (acting on l+p+p2 points) for every

x E V. Then GS(x.y). I for every {x,y} € E.

H.A. WILBaINK: 2-transitive Minkowski planes

We show that 'all Minkowski planea admit~in8 an aytomor~li8m group wich

the property tkat any pair of noa-parallel poiDta can be mapped ooCo 8ny

other pair of non-parallel points, are known.

8. Stelleacher (Bielefeld)

,_ ..."

I

, i
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