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Tagungsberi c‘h t 22/ 1980

Gruppen und Geometrien

11.5. bis 17.5.1980

. Die Tagung fand unter Leitung von Herrn B. Fischer (Bielefeld) und
Herrn D.G. Higman (Ann Arbor) statt. Es haben 33 Mathematiker teil-
genoamen, und es wurden 25 Vortrige gehalten.

Wie den folgenden Ausziigen zu entnehmen ist, wurden Themen aus der
Theorie der endlichen Gruppen, der Graphentheorie und der Geometrie
behandelt. Insbesondere wurden dabei Zusammenhdnge zwischen Eigen-
schaften kombinatorischer Strukturen und denen ihrer Automorphismen-
Gruppe dargestellt. AuBerdem wurde Uber die neuentdeckten Beziehungen
zwischen endlichen einfachen Gruppen und Modulfunktionen berichtet.: '

An einem der Abende fand ein Problemkreis statt, in dem von den Teil-
nehmern aktuelle Probleme und Fragen gestellt und erdrtet wurden.

Neben diesen offiziellen Veranstaltungen hatten die Teilnehmer Gele-
genheit zu gemeinsamer Arbeit und Diskussionen in kleinerem Kreis.
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Vortragsausziige: ) -

L. BABAI : Coherent configurations and the order of primitive permutation.

. groups
Let G be a primitive but not doubly transitive permutation group of degree n.
H. Wielandt proved that "|6] < 4" and asked if the exponent n could be re-

- placéd by c/n log n. We solve this problem apart from a log n factor.

Deutsche

. Theorem. For G as above, . [G| < exp(4/n logzn).

The proof is purely combinatorial. We translate the problem to coherent con-
figurations (the digraph version of association schemes) and prove a stronger .

. result about them. The arguments use hypergraph cover and considerations re-

lating degree and diameter of regular graphs. No groups occur in either the
statement or the proof of the main result.

Recently P.J. Cameron has greatly impro&ed on the above bound, ‘assuming the
classification of finite simple groups. His results motivate conjectures

on coherent configuratibns. in particular on strongly regular graphs.

E. BANNAI: On (P U Q)-polynomial schemes with large diameters .-

A list of known P-polynomial (i.e., distance-transitive graphs) or Q-polyaomial
schemes with large diameters was presented. They are divided into 3 categories:
(I) analogues of ' J(v,k), (II) analogues of H(n,q), and (II1) variations
of (I) eand (II). They are closely related to classical group's; and. they
should play the same role in combinatorics as the cldssical groups do in finite
group theory. A ) : - .

Conjecture 1| If d is gufficiently large, then any P—polyﬁomisl ‘scheme has
structure of Q-polynomial acheﬁe. and vice versa. . . .
(This was checked for all known examples with large diameters. In particular
the odd graph (‘.’k has a Q-polynomial structure which seems to have been un-
noticed before. So the above list is in fact the list of known (P u Q)-poly-

nomial schemes wl.th large diameter d).

Conjecture 2 If d is sufficiently large, then any (P U Q)"Polynomal scheme
is in the above list.

Finally a recent result of D. Leonard which says that all the parameters of any
(P U Q)-polynomial scheme are expressed by using only 6 parameters k,

8, ay,
ey 8 and n, was mentioned.
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wise eommuting involutions.

L.M. BATTEN : Quadrics and the Higman-Sims geometry

It may be the case that gsome of the so-called 'sporadic' finite simple
groups can be shown to belong to families of groups. In this paper we derive
a connection between the Higman-Sims group and those groups associated with
quedr;cs. via éorresponding geometries. An axiom system is introduced in
vhich vhen lines all have two points ve obtain precisely the Higman-Sims

. geometry, and when lines have more than two points, we obtain certain gene-

ralized quadrangles which include quadrics of the type Qa(q).

B. BAUMANN : Some properties of the Thompson subgroup

Let P be a p-group (p a prime). Then J(P) =<A <P |A is elementary
abelian of maximal order > is the Thompson subgroﬁp of P. The following

theorem holds:

Theorem. Let G be a finite group and P a Sylow Z-suﬁgroup of G. Assume

¢ = <%, c,0,(60) €0,(6), V= <n|(z(v))°> and T = G/Cy(V). Then

there is a subgroup H = H x...x H x E(G) of G. Let H H_ be the
1 n n+l,..., m

components of G (i.e. E(G) is & central product of Hn" H ). Then
‘ i seens v
(1) H; 2 ¢ (ist,...,m), (ii) G/B is a 2-group,
(iii) B, x...x H_ x Z(E@E)) = s01(®), (v) By &, Giel...m),

@ VLT =1 G,

A.M. COHEN : A near octagon associated with the Hall-Janko group

Let P be the set of involutions of the Hall-Janko -group that are central in

a 2-Sylow subgroup and let L be the get of triples in P consisting of pair-.

Thén (P,h) is a near octagon on 315 points vith 3 points per line -and 5 lines

per point without b-cycles.
-]
Study of the generalxzed gsubhexagons leads to Buekenhout's dxagram a=—p—0°

in a way that does not look very promising for the existence of analogs of-

 'Yanushka's lemma' on generalized subquadrangles.
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R.M. DAMERELL : Factorisation of Polynomials . . -

The study of algebraic combinatorics leads to many number-theoretical problems of
the following type: given an infinite family F of polynomials, to determine
which members of F have factors of small degree. No satisfactory method is
yet known for the solution of these problems, but the method of local analysis
' eometlmes succeeds. This talk will describe the methods for factorising poly-
nomials over p-adic ftelds, with illustrations from various combinatorial
problems. Most of the work described here was done Jolntly with E. Bannai and
M. ceorg1acodxs.

‘H. UXHL : A new class of B-dimensional locally compact ttaﬁslation planes

-Zve -discuss toplogical 8-dimensional translation planes over R admitting
5L, () as collineation group. (All such planes can be explicitly detetmxned,
they are in fact the first known examples of non-classical B-dxmensional
translation planes over R in which the connected component of the collineation”
group has no fixed point: ) We give a description of these planes and of the
action of their coll1neatxon groups, and we explain the role played by these
planes in the classification of all 8-dimensional translation planes over lR

having. large collineacion groups.
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Z. JANKO: Problem der Existenz der projektiven Ebene der Ordnung 12

Es wird bewiesen, daB die Automorphismengruppe einer Ebene der Ordnung 12
eine sehr kleine {2,3}-Gruppe sein muB. Die Hauptschwierigkeit im Beweis
ist die Behandlung der Automorphismen der Ordnung 5, 1! und 13.

C. LEFEVRE-PERCSY: Foldings of thin geometries

Tits defines "foldings" of thin chamber complexes and uses them in the
study of Coxeter complexes and their relation with buildings.

We consider foldings of a particular class of chamber complexes:
Geometries, in the sense of Buekenhout and Tits.

HWe prove, with S. Guillitte, that every folding of a thin and "strongly
connected” geometry is associated to a reflection. By comstructing a class
of counter—examples, we show that this is not true if the connexity of

the geometry is somewhat weaker.

R. LIEBLER: Autotopism Group Representations

If G is an autotopism group of a finite plane N, then G fixes a tri-
angle ‘P,Q,a and normaliges the groups of (P,PQ)-perspectivities,
(Q,PQ)-perspectivities and (R,RP)-perspectivities. Since each of these
is elementary abelian, they may be viewed as G-modules. The main theorem
discussed here asserts that these modules are all free just in case G
fixes a point not on the triangle. This and related results will appear
in the Journal of the London Mathematical Society.

D. LIVINGSTONE: Kirdar's ldentity

1f (2} and {a} denote the same partition of n with [A] ean abbrevia-

tion for the set of parts ll > Az 3 e

repetition numbers 81sdgsece 8 being the number of A equal to i,

> A and {a} one-for the set of
then

n ni. = n na.t
Bl () !

This simple identity is an immediate comsequence of a theorem in

Forschungsgemeinschaft

o



UFG

Deutsche

- representation theory. But, taken out of this context, it seems that it -

could be difficult to prove.

R. A. MATHON: On Geometnc Assoc:.at:.on Schemes with 3 clasees

A 3—d1mens:.ona1 part:.al geometry Pa G3 is a linear inc:.dence structure

consisting of points P, lmes L and planes M satisfying

(i) Evety line L € L contains s+i points.
(ii) If d(x,y) = i then exactly ti-'-l lines through y ' contain points .
" at distance i-1 from %, 1 =23 (x,y€P). N

(i;ii) If d(x,L) = j 'fhep ].{y-el.ldv(x,"yf) = j} = age j - 1,2

) (x€P, LE L).
(iv) .Evety pair of mtersecting lines from L is contaxned in a unique
partial geometry with parameters (s, 2‘“:) (= plang)
Then the following statements hold' N :
1. The point graph of a Pa G “is the graph of a distance tegular
association’ scheme with 3 classes. : :
2. The planea o.fua Pa G3 are either nets (u e tz). or duals of Steiner
z-designs ‘(c =t +l), or generahzed quadtanglen (c ‘e l).
3ee; (s -s*l).
Examples are given of geometries with planes of any of these types. '

In the last case a, = 1 and t3 <8

J. MCKRAY: Coxeter graphs, character tables, platonic solids,

and s1n&ulariues

I shall describe the reptesentanon graph of a group and classxfy a gener-' .
alization of the Coxeter graph reélated to affine Dynkin diagrams which

has connections with the character tables of certain finite groups them—

selves related to the structure of j.-ational singularities as studied by

Klein. One can obtain_the finite rank Dynkin diagrams in a uniform way

from a single universal diagram together with 'folding' - an incidence -

and weight-preserving map from a graph to its quotient under an sutomorphism.
There appear to be connections with the Monster group.
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A. NEUMAIER: Rectagraphs;idiagrams,"and Suzuki's sporadic .simple group

We investigate incidence structures with diagram o—o ... o——o=oc—o
of rank o+l. For n=2, examples can be constructedz 2 2 2 2 kel
from biplanes; semibiplanes, and strongly regular graphs with A=0, p=2.

For n > 2, there are some examples related to the groups 62(2). wJ, 62(6)-
Sz, which come from Suzuki's construction of a strongly regular graph on
1782 points with automorphism group Aut Sz. Moreover, we give some general

theorems on diagrams which e.g. imply that an incidence structure with

. c > . . c :
’ . diagram o—I—e gives rise to a o0—o0=—0—0 ; an example of this
.. U 2 2 2

situation can be obtained from the rank 4 representation of PSU3(9) on

36 points.

S. NORTON: Modular Functions associated with groups

It was shown how the j-function invariant under the modular group T' could
yield many other modular functions by replacing its coefficients by Monster-
characters of the.same degree, and that the process could be replaced on
these functions by replacing their coefficients by characters of smaller
- groups. (However further iteration gives no more functions, as far as is
known!). It is apparently true that all such functions are invariant under

a genus zero discrete subgroup of PGLZ(Z) containing some Po(ni {but

not z+z+k for non-integral k). It is also true that these functions obey
certain formulae, known as the replication formulae, associated with char=
acter identities on the above groups.Some computation work was illustrated

. identifying 72 functions of odd level satisfying the replication formulae

with Hauptmoduls of modular groups of the type above. A conjecture was made
that the two classes of functions are identical, although this has not been .
proved in either direction. The existence of functions of order 58 and 82
"suggests, as a wild possibility, the existence of a (presumably) new sporadic
group associated with /§T527:775? (of order 2) containing elements of '
orders 29 and/or 41. ‘
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N. PERCSY: Locally embeddable geometries

Several recent results prove that certain locally embeddable geometries

are aotually enbeddable (in some generalized projective space). So are

“locally projective geometries (Wille), locally affine ones (Miurer), L
locally strongly embeddable or locally ""categorically"” embeddable ones
(Rantor) . ' '

All geometries considered here are geometric. lattices; embeddinge are iso-
_metric im Kantor s gense (1.e. order- and- dxmensxon—preservxng injective
mappmgs) ) ) : )
'-we prove a-necessary and sufficient condxtxon for a geometry 6 of - . .
\rank > 4 to be embeddable. the condition demands that G be locally em— _"":
beddable ‘and that these embeddlngs satisfy certaxn compat1b111ty condx-"

tions. This theorein provxdes a unlque genetal proof ‘of the above ones

and has new applicatxons, e.o. to locally affine-projective geometries.

.

. - "M.A. RONAN: Representations of Chevelley Groups using Buildings

: lf 4 is a building whose vertices have types 1i. é I, then for.ani'snb-
set Je I we let A " denote the subcomplex spanned by the vertices of 
types j € J. We w;ll show that the reduced homology of AJ is tr1v1al

,except in didension equal to the dxmensxon of A . R

" We consider the action of G = Aut & .on this top homology ‘BTOUP. For
‘example, if Je 1 itis well-knoun,(Curtxs-Solomoo) that one obtains

“the Ste{nbetg reptesentaeioﬁ; although in general the‘teptesentation on

._H (A ) (m-IJl 1) turns out to be reducible. However) . xn the case of
A , if J= {l,...,k} where the nodes of the dxagtam are numbered in
incre351ng order l———z-... L~ , then the representation on Hk |(A )

.is irreducible. We will consider some other special cases, one of which

“is closely related to a representation of sz .

P. ROWLINSON: The uniqueness of certain automorphic graphs

It is shown that there is only one automorphic graph T with intersection

array {12, 10, 5; 1, 1, 8). It is possible to find |Aut(r)] by inspecting
the subgraph of T induced by the g-p paths of length 3, where a " and p

ore two fixed points of T at distance 3 apart.

DFG Peutsche . - s -
Fo\s(vunqmummsd aft : ©




.

The uniqueness of an automorphic graph with array { 1, 9, 9; 1, 2, 4}

follows from a result of Yamushka on generalized hexagons.

Si. D. SMITH: 2-local geometries.for aporadic (and classical) groups

Mark Ronan and the author have studied natural geometries for certain
sporadic simple groups, provided by low—dimensional GF(2)-modules; these
exhibit many similarities with buildings for Chevalley groups, and can be
axiomatized by Dynkin-like diagrams. In fact, these geometries correspond
to chamber systems in the sense of Tits, provided by 2-comstrained
2-locals of the groups.

For example, one c&n show that the relevant geometries characterize “24
and Co.l, providing new constructions of these groups. The minimal modules
for He and Ru display certain interesting features.

Finally, this approach seems to provide some useful methods for exhibiting
the action of the parabglics in a Chevalley group, defined over GF(2),

on its various irreducible GF(2)-modules.

B. STELLMACHER: Autowmorphism groups of trees

Let G be a group and H' and Hz be finite subgroups of G such that

() ) G=<H, H ’ ’
(2) “l and have no non-trivial normal subgroups in coumon.
(3) IH IH n H, | =2 ‘fl, and there exists L, aH, such that

0,(8,) <L, and L, /oz(n ) w2 Uy (ie1,2).

>.

In his paper "Automorphisms of trivalent graphs" D. Goldschmidt considered
this situationyfor u = u, and described the structure of “I' uz. For
this purpose he transformed this problem into a problem about edge-tramsi-
tive groups of automorphisms of a trivalent tree, whose vertex stabilizers
are finite. .

This method yields similar results in the more general case of'hypothesia

(s).
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M. SUZURI: Transfer . -
A general method of obtaining the transfer houomorphism\is discussed. A"
typical result is the following. Let G be a finite group, S an
Sb-group for some prime p, and let A be a normal subgroup of S.
Suppose that H is a subgroup of G which contains NG(A) and that A
is of Sylow type in H (i.e. A¥cH for some x € G implies that
a* = Ah for some h € H). Then, one of the following three cases occur:
(1) G/oP(G) = B/OP(R), (2) for some conjugate g%, A nB® is a proper
subgroup of A and AN = R (B) for some subgroup B of Ang"
with index. |A 0 B*:B| = p, or (3) p=2 and for some conjugate H',
|A:A 0 BX| = 2 and there is a normal subgroup B of A such that
ASANHE SB with |A:B| = &. This generalizes a receat lemma of
Solomon-Wong. .

A. WAGNER: Invariants of reflection und transvection groups

Theorem: Let G < GL(V,k) where V is a finite dimensional vector space
over the field k of characteristic 0. If G is generated by reflections
or transvections then the ring of iavariants of G is generated by alge-
braically independent elemsnts (i.e. is a polynomial- ring).

The proof is short and elementary.

‘Note: 1. If G is finite the theorem is well-known: Shephard and Todd
(1954); Chevalley (1955)
2. If G is finite then the comverse of thls theorem is true:
Shephard and Todd (1954)
3. If G is infinite then the converse of this theorem is false.
4. 1If the characteristic of k is not zero them this theorem is
false: HNakajima (1979).

J.H. WALTER: Characterizations of Chevalley Groups

The purpose of the talk is to discuss the characterization of Chevalley
groups defined over fields of odd characteristic. Let Chev(q) be the
set of Chevalley group defined over a field qu for some odd prime gq.
Define
Chev*(q) = Chev(q) - {PSL(2,q)} , q > 3,
Chev*(3) = Chev(3) - {PSL(2,3),PSL(3, 3).?80(3 3),PSp(4, 3) PSL(& 3).
PSU(4,3), ¢, ).

Deutsche ’ .
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Theorem. Let G be a finite group such that P*(C) is simple. Suppose some

- involutien centralizer has a 2-component of type Chev*(q), q odd. Then
F*(C) bas type Chev(q) or type L,(4).
The proof rests on Aschbacher's classification of Chevalley groups over
fields of odd characteristic vhich requires that an involution centralizer
have an intrinsic SL(2,q)-component. The concept of a strongly intrinsic
component is introduced and its role in characterizing the groups of
type Chev(3) is discussed.

R. WEISS: A geometric characterization of certain groups of Lie type

‘ " Let T = (V,E) be an undirected graph. For each x € V 1let I‘i(x) be
the set of vertices at a distance of at most i from x, let Gi(x) be
the set of elements in G (G some subgroup of aut(l)) fixing each
u € ri(x). let I(x) = Pl(x) and G(x) = Go(x). An. s-path is an
(s+1)~-tuple (xo,....xs) of vertices x; such that x; € T(xi;l) for’
1<i<s and x, #x_, for 2<i<s. For eagh s-path (xo.....xs)' let
G(xo.....xs) - G(xo) n...nNn G(ks) and Gi(xo.....xa) - Gi(xo) n... n‘ci(xs).
Theorem }: Suppose for some n 2 3
(i) Gl(xl....,xn_l) acts transiti%ely on P(xn)-(xn_'} and
(ii) glﬁxo.xl) n G(xo.....xn) -]
for every n-path (xo.....xn). Then n = 3, 4, 6 or 8, assuming
Ir(x)| > 3 for each x € V.

Theorem 2: Let I'. and G be as in Theorem 1. Suppose, too, that T isv
finite and that
(ii) G (x;seeuyx ) NGu) =) for u ¢ (x,) U r(xy)
for u ¢ rnlz(xnlz) when n > 4, for every n-path (x_,...,x ) and
(iv) IF(x)I is odd and not too small for every x € V.,
. ) Then ‘T is a generalized n-gou.

when n = 3,

Theorem 3: Suppose that T is connected and finite, that G acts transitively
on V ':and that G(x)r(*) E L3(p) (acting on l*p*pz points) for every

x € V. Then Gs(x.y) « | for every {x,y} € E.

H.A. WILBRINK: 2-transitive Minkowski planes

We show that ‘all Minkowski planes admitting an autoﬁérphiam'group with
the property that any pair of non-parallel points can be mapped onto any
other pair of aon-parallel points, are known. i -
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