: Math. Forschungsinstitut
' » E 20/,

. S MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Y.

Tagungsbericht 16/ 1981

Mathématische Logik

5.4. bis 11.4.1881

Unter der Leitung von E.Specker (Zirich) und W.Felscher (Tlbingen)
fand in der Woche vom 5.4. bis 11,4.1981 im Forschungsinstitut in
Oberwolfach die diesjéhrige Tagung lber Mathematische Logik statt,
Es wurden 35 Vortrége iUber verschiedene Gebiete der Mathematischen

Logik gehalten.

Mit Ende dieser Tagung hat Herr Professor Specker sein Amt als regel-
‘ miBiger Tagungsleiter abgegeben. Ihm sei im Namen aller Tagungsteil-

nehmer der letzten Jahre noch einmal herzlich gedankt,

Vortragsausziige

Z.ADAMOWICZ: Euclid's Theorem and Matiasiewicz' Theorem in
Weak Arithmetic
We construct a model My for the theory PA~ , Peano arithmetic without
induction in which
1 the set of primes is bounded,
‘ 2 every number >1 has a prime divisor,
3 the Matiasiewicz theorem fails,
4 there is a certain fragment of I; and I, induction for formulas
- without parameters., i
The paper is a contribution to the solution of Wilkie's question wether

in Ag induction one can prove the existence of infinitely many primes.

S.BASARAB: Adebraic Funetion Fields over Internal Fields
Let us consider a mathematical structure containing the set of natural

numbers N, a given family of fields, polynomial rings, etc. and take
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an enlargement in Robinson's sense. Given an internal field K we as-
sociate in a functorial way to each finitely generated field extenision
F of K an internal field extension F/K such that F C F, We discuss
some transfer properties of F/F, For instance, f/F is regular, the
dimension of F/K equals the internal dimension of F/K , F/K is totally
real iff F/K is totally real, F/K is formally p-adic iff F/K is for-
mally p-adic, etc. As applications we show the existence of some bounds
in the theory of fields.

M.BEESON: Recursive Models for Constructive Type and Set
Theories -
We construct recursive models for Martin-LGf's (type or) set theories.
These models are a sort of recursive realizability; in fact, we show
that  for formulae of HAw, satisfaction in the model corresponds to
mr-HEOQ realizability. We use the models to prove several metamethema-
tical theorems about Martin-L6f's theories, including the consistency
and independence of "all functions from R to R are uniformly continuous
on caompact sets”. In general, uniform continuity on compact spaces is
consistent. But "all functions from NN to N” is refutable, as is Church’'s
thesis, in Martin-L&f's theoriss, although every provably well-defined
function is continuous. We make use of an interpretation due to Aczel
to construct recursive (extensional realizability) models of the con-

structive set theories of Myhill and Friedman.

E.BORGER: On the Problem of Herman/Jackowski )
The problem of Herman/Jackowski (see Discrete Math. 5(1973) 131 -144)
is wether the uniform halting problem for one-state Turing machines
with n-dimensional tapes for n >3 and jumping reading heads is decidable.
Discussing the proof given by Herman/Jackonki in op.cit. for n=3 it
is argued that the reason for decidability is a purely combinatorial
feature, more than a geometrical one. The connection of this problem
to various other decision problems for kinds of vector addition systems
is discussed, and the following two theorems are presented:
Thm.1.(M.KARPINSKI) Word, confluence and halting problem for vector
games with dimension 3 are recursive.
Thm.2. (E.BORGER) Rational games and commutative Markov algorithms with

at least 3 - letter alphabet can have combinatorial decision problems
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Forschungsgemeinschaft




-3 -

of arbitrarily high r.e. m-degree complexity.

Corollary of thm.1. Commutative Markov algorithms with 2 - letter alpha-

bets have recursive combinatorial decision problems.
References: J.H.Conway: Unpredictable Iterations, in:Proc.Boulder Conf.
on Number Theory, Univ.of Colorado, 1872, pp. 48 -52
G.T.Herman, J.A.Jackowski: A decision procedure using discrete geometry.
in: Discr.Math. 5(1973) 131 - 144

(joint work with M.Karpinski)

. W.BUCHHOLZ: Zur Ordinalzahlanalyse imprddikativer Theorien

Die beweistheoretischen Ordinalzahlen der Theorien ID‘J werden unter
Bezugnahme auf abstrakte Baume (im Sinne von Kleene's 0) charakteri-
_siert. Dieses Vorgehen hat den Vorteil, daB keine komplizierten Be-

rechnungen innerhalb spezieller Ordinalzahlbezeichnungssysteme erfor-
derlich sind.
Die abstrakten B&ume der Klasse 0v (v eine rekursive Ordinalzahl)
werden durch folgende Regeln erzeugt:

1. 0€ 0, B

2. a€0, = a*€l, (Nachfolger)

3. ViEN (a; €0,) = (a3 . € O

4. p<va VxEOu(ax €0,) = .[ax]xeou €0,

Fir a €0, sei |a| die Lénge (oder Tiefe) von a. In 0, 1&Bt sich in
natiirlicher Weise die Addition und die Exponentiation (zur Basis 2)

R _ , o cgteset
definieren. Ferngr sei Qu+1 .—(x)xeou (Fir p<v), @ (I:!-—--;.—-’)ie]]\l

und I, :=[ai)i€]“ mit ag :=& und 8541 :=Qu(i]+1 , wobei

{uli) | i€IN} eine Aufzdhlung aller Ordinalzahlen <v sei. SchlieB-

. lich definiert man noch zu jedem o <v eine sogenannte Kollabierungs-

oF

funktion D; welche die Bsumklasse Ov in die niedrigere Klasse 0,
abbildet. Die Definition von Do(a] flr a EOv erfolgt durch Rekursion
nach a simultan fir alle o<v :

DO(OI :=0

D, ta*) :=D,la)*

Dgla) o) += (Dglad), o
{T (Do(ax])xeou , flir p<go

Dc[ax) mit x :=Du[aol , fur o sy

n

Do((axlxeou] :
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Nun 188t sich die Grenzzahl von ID, folgendermaBen darstellen:

.22v+ﬁ

sup l Dy 2/ m |
meN ~

A.CANTINI: Remarks on Predicative Theories of Classifications
We study three extensions of elementary arithmetic, PI ,PW,PS, of
increasing expressive power. Their main non arithmetical principle is

an untyped comprehension schema C , essentially due to Gilmore, Fefer-

man, Nepeivoda. The consistency of C is assured by introducing a kind

of strong ("predicative”) negation. PW is characterized by the presence
of two "prewellordering connectives”, while PS contains axioms defining

extensional equality and hereditary classifications.

Theorem 1: I} -OC S PW ; KP(L;) S PS.

Theorem 2: |PS| = ¢eq0 and PI = PW = PS .

‘Note. KP(Z;) := the set theory containing KP, w-existence, w-full in-
duction, Ap -DC, I) - € - induction.

E.CASARI: Bemerkungen iiber Zwischensysteme der Prddikatenlogik
Den aussagenlogischen Basen P (positive Logik), B = P+ (a»B) v (8a) ,

Tn =P +a, v[u1432) V... v(anéun+1] werden Postulate fiir die Ruantoren
hinzugefugt: Q (libliches System), D = Q +V¥x(a(x) VvB) +Vxalx) VB ,

Hy 2 0+3xVylaly) »alx)) , H, = 0 +3Ixvyla(x) »aly)) , H = Hy +H, .
Abhéngigkeitsverhdltnisse zwischen den entstehenden Logiken werden fest-

Die

gelegt und es werden einige Eigenschaften solcher Logiken gezeigt.

z.B. in PH besitzt jede Formel eine Normalform;

PH4 = PQ + 3xa +> Vy(Vx(a (x) +aly)} »aly)].

Die K(ripke) -Modelle solcher Systeme werden untersucht, z.B. BDH,4 [BHZ)

gilt in allen K -Modellen mit wohlgeordneter (dual wohlgeordneter)
Indexmenge und konstanten Bereichen. Eine konstruhtion von D.Klemke '
(1972) modifizierend, wird gezeigt (P.Minari,1881): PD, 8D, T D (n21)
sind vollstandig charakterisiert durch die Klassen der K - Modelle mit
konstanten Bereichen, bzw. konstanten Bereichen und linear geordneten -
Indexmengen, bzw. konstanten Bereichen und_hﬁchstens n-gliedrigen

linearen Indexmengen.

G.CHERLIN: ZZl'ber's Conjectures
Theorem: A totally categorical complete theory is not finitely axioma-

tizable.

Deutsche
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A proof has been published by Zil'ber, with some gaps. I discuss one
way to fill in these gaps, using a classification theorem for strongly
minimal o -categorical sets derived ultimately from the classification

of finite simple groups.

M.DICKMANN: Rings of Continuous Functions
The talk presented a brief account of Part I of the paper [1]. This

|
deals with real closed rings (RCR’s) which are commutative, totally
| .
| ordered rings satisfying the "intermediate value theorem” for poly-
} . nomials in one variable. (The algebra and model theory of RCR's is
| developed in Part II of [1 1)

The most important examples of RCR's appearing in.-nature are rings of

the form C{X)/p for some prime ideals P in the ring C(X) of all real-

valued continuous functions on a (completely regular) topological

|

|

l
space X.
There is a neat division between:
(a) those spaces X for which many (most , all) prime ideals P in C(X)

i are such that C(X]/P is an RCR. Examples of these are the F-spaces and
various (larger) classes of spaces. These are not "nice” spaces from
a topological viewpoint, although some of them (e.g. BIN-IN) are in-
tensively studied in point-set topology.
(b) those spaces X - such as non -discrete metrizable spaces - for

which one cannot prove in ZFC that there are non-maximal prime ideals

\
|
|
|
|
!
‘ P such that C(X)/p is an RCR. However, for many spaces in this class
‘ {e.g. N* , [0,1], etc.), using Martin's Axiom one can caonstruct many
| non - maximal prime ideals with this property. For example:

Theorem: Let P be a non - maximal prime ideal of C(IN*) , PC My .

. Let U be the unique ultrafilter on IN such that Py EF" , where
Py = { FECIN®) | 2(f) - {=} €U }.
Then C(IN*#)/p | RCR iff U is a P-point of BN-N .

Theorem: Martin's Axiom implies that there are ultrafilters U of
closed sets of RY such that:
(a) every set of U has infinite Lebesgue measure.
(b) Udetermines a non - maximal prime ideal y(U)} of C(R**) such
that C(R**)/ () F RCR.
{R** = one point compactification of RrR* (7 [0,1D 1.
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{1 ] G:CHERLIN - M.A.DICKMANN - Real Closed Rings
I. Residue rings of rings of continuous functions
II. Model theory.
(to appear)

K.-H.DIENER: Die Klassen H, und HC, der Mengen von erb-
licher Kardinalzahl < « (in 2F ohne Auswahlaxiom)

Sei Wf die Klasse der fundierten Mengen, sei R(k) die Menge aller
fundierten Mengen x vom Rang p(x) < k. Fir jede Kardinalzahl «x defi-
niert man die Klassen He und HC, der Mengen von erblicher Kardinal-
zahl =k (im engeren bzw. im weiferen Sinn):

He = { x€wf | |Telx)] <k }

HC := { x €W | Vyly €Te{x}) ~|y]| <)} .
Dabei bezeichnet Tc(x) die transitive Hille der Menge x.
Durch Anwendung von Methoden und Resultaten der infinit&ren Univer-
sellen Algebra wird gezeigt, daB die folgenden Aussagen - bisher nur
mit Hilfe des Auswahlaxioms hergeleitet - auch ohne Auswahlaxiom be-

wiesen werden kénnen, also Theoreme von ZF sind:

a) Hg € R(k) b) HC, € R(k*)
: x, wenn k reguldr
c) p(H =k d) p(HC.) =
x*, wenn x singular

Hieraus folgt insbesondere, daB die Klassen H, und HC¢ in jedem

ZF -Modell (also auch in CHURCHschen Modellen ohne tiberabzéhlbare Kar-
dinalzahlen) Mengen vom Rang .« oder x* sind. Fir den Spezialfall

Kk = wy wurde die Aussage b} von JECH (1878) bewieSen.

Durch Angabe eines ZF - Modells wurde schlieBlich gezeigt, daB die in
ZFC herleitbare Aussage "HC, C H+ (fir jede Kardinalzahl x])" kein

Theorem von ZF ist.

J.DILLER: Funktionalinterpretationen der klassischen Analysis
Fir eine konservative Erweitérung HA@ der Heyting - Arithmetik end-
licher Typen . HA® um einen beschrénkten Allquantor Ax€a wird eine
allgemeine Funktionalinterpretation J diskutiert. Jedes Modell fir
"Ax€a” liefert dann eine "konkrete"Funktionalinterpretation, darunter
die Dialectica - Interpretation D (G&del), A (Diller - Nahm), n - Inter-

pretation (Stein) und modifizierte Realisation mr (Kreisel). Zur in-
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tuitionistischen Analysis gilt der Interpretationssatz:

J interpretiert HAZ +{A<+>A’} +BR +Rule - BI,
in Tg+BR, + folgende Rule -€-BID :

t(clle)) = 0, t(Ex) = 0 » Qlcx)

A €gltx) Qlcx #u) + Q(cx) b ot

Fir J=D und J=aA ist Rule -€<-BIE in TE+BR0 herleitbar, und
J  interpretiert BI; in Te +BR; .

Fir J=mr und J=n>0 1488t sich das Axiomschema € -BIE in T¢
formulieren, und J interpretiert BI; in Te +BRy +€ -BIE .

Betrachtet man als klassische Analysis HAZ+{Av-A} +{a<aJ}+0C,,

. so gilt: Jo interpretiert die klassische Analysis in Tg+BR, fir
J=Dund J=A . Fiir J =mr und J =n ist dies anscheinend nicht der Fall,
Frage: Gibt es ilberhaupt andere Funktionalinterpretationen der klassi-

schen Analysis?

W.FRIEDRICH: Funktionalinterpretation und Spielquantoren

Wir betrachten die folgenden Erweiterungen *, &** der Analysis &:
oIt = @+(C)-A° ., @* =+ (C)-A! , wobei (C)-AD {(C)-A} ) =
arithmetische [analytische] Komprehension Gber Objekte beliebigen Typs.
Obersetzt man diese Theorien nach einem Vorschlag von Luckhardt jeweiis
in eine Theorie Uber einen fundierten Spielquantor, so 1&Bt sich die
Gdédelsche Funktionalinterpretation hiervon in T +BR bzw. einer Er-
weiterung von T +BR um neue timestypen mit entsprechenden Rekursionen
durchfiihren. Die Grundidee der Spielquantorinterpretation besteht darin,
den Primaussagen Aussagen mit kompliziertem Quantorpr&fix zuzuordnen,
so daB im Kern rekursiv operiert werden kann, wdhrend das Prafix die
beweisbaren Unstefigkeiten schluckt. Wahrend somit &* gleichstark

der Analysis ¥ ist, ist @t beweisbar wesentlich stérker. Bei dieser
Interpretation werden beweisbare Aussagen AxY vy Liexy = 0) konstruktiv_

realisiert.

D.GIORGETTA: Universelle lokal-endliche Gruppen in der

4 Mdchtigkeit des Kontinuums
Durch Abwandlung einer Konstruktion von S.Shelah wird die Existenz
einer universellen lokal-endlichen Gruppe 77 in der Machtigkeit Zﬁh
nachgewiesen mit der Eigenschaft, daB keine ilberabz&hlbare Untergrubpe

von #7 irgendeine nichttriviale Identit&t erfiillt.
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J.Y.GIRARD: The Theory of Dilators

The concept of dilator, i.e. of functor of ON into itself commuting

to direct limits and to pull-backs, is of general interest in proof
theory; from such an object, one deduces é way of represenfing ordinals:
any ordinal <F(x) can be described by a séquencé:(z;xa,...;xn_1;x]

(the object y thus denoted is F(f)(z), where rg(f) is equal to
(Xgs-+-2Xpq-q); f 1is chosen by the condition: rg(f) minimum for in-
clusion); the range of F is the set of pairs (z;n) such that
(z;0,...,n-15n) is a notation as above. To each (z;n) Erg(F), it is
possible to associate a permutation ¢ of 0,...,n-1 : this permutation .

permits to compare any two objects [z;xo,....xn_1;x) and (z;yo,....yn_1:x).

when the relative order of the points xi and yi is known: if i is
# Youu
and y

minimum such that ) then these objects are compared by

*5(1)

X5 (1) o(i)
(Z;xo,....xn_1;x] and [z';yo.....ym_1;x] depends an the value of an

the order between . The comparisocn between

object §(z,n;z’',m) = (p,*). The above data permit to represent the ob-
jects of F(x) in a tree-like structure (dendroid), and it is possible
to prove a theorem: there is an equivalence of categories between DIL

(dilators) and SHD (strongly homogeneous dendroids).

L.GORDEEV: Axiom of Choice in Constructive Set Theory with
Extensionality .

In Beeson's paper "Goodman's theorem and beyond” the following problem

has been formulated: is ("basic” Friedman's extensional constructive

set theory) B extended by the axiom of choice at all finite types con-

servative over B for arithmetic statements?

We present the (positive) solution of the problem. In fact, we prove

that B-+ACFT is conservative over HA, where
ACE: Wx€w® 3yEb <x,y>Ec - 3f Fnc(f) & F:u>b & vx€w® <x,f(x)>Ec for

8
all finite types o, o° :=w , m[6+1] = DY

and set-variables b,c.
The crucial point of the proof is some new model-theoretic treatment
of (weak) Fefermaﬁ's systems of functions and classes, which provides
(particularly) the conservativity over HA of Fefermén's theory Enor

extended by the axiom of choice at all extensional finite types.

R.J.GRAYSON: Derived Rules for Intuitionistic Higher-Order Logic

Three examples of.a model - theoretic approach to proving derived rules

Deutsche
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are considered. The general scheme is as follows: In a theory T one
constructs models M and proves a soundness theorem [MF T): then,

if T} @, one obtains T} (ME @) which yields the desired T Fo*,
by suitable choice of 7.

Examples: (a) The qual "q”-forms of realisability do not correspond
to "modéls” since they are not closed under- deducibility; but a slight
modification corrects this, and yields Church's Rule and the Va3dB -
continuity rule for intuitionistic higher - order logic (IHOL), or for
intuitionistic set theory (IZF).

(b) A clever choice of space T (due to Joyal) yields a rule of local
continuous choice between provably complete separable metric spaces,
by considering the topological model constructed over the open sets

of T. The rule f‘ails when AC - NN is added.

(c) The rule of bar induction for IHOL (or IZF) is proved by u'sing the
model over the complete Heyting algebra of "formal opens" of Baire
space. This proof applies also to systems with countable choice prin-
ciples;it is due independently to S.Hayashi and M.Beeson.

W.GUZICKI: Non-equivalent Definable Quantifiers
We shall consider definable generalized quantifiers in models of set
theory and second - order arithmetic. Given a model M, a definable
quantifier in M will be a mapping which to any variable x and a for-
mula ¢ assigns another formula of the language of the model M, de-
‘noted as Qx¢ , in such a way that the following properties hold in M:

Vx (@(x) *¢(x) ) + (Qxo->0Qx) )

Ax(evy) » (Qxo vQxp)

A (x=x )

23yQx (x=y )
Definable quantifiers are used to build elementary extensions of count-
able models with special properties. The basic theorem due to Krivine
and McAloon says that there e;(ists an elementary extension N of M
such that a formula 6 has no new elements in N iff for any formula
@ the following implication holds in M:

Ox 3y [8(y) 8olx,y) 1+ Iy Axolx.y) .
Quantifiers which generate elementary extensions which preserve exactly
the same formulas are called equivalent. The ex;stence of nonequivalent

quantifiers in models of ZFC-is obvious; an almost complete description

ey
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of them is due to Mrs.VDubiel. In case of second - order arithmstig

the existence of nonequivalent quantifiers sfrongly depends on thé
model. The main result is that there exist models with infinitely many
nonequivalent definable quantifiers.

A.HAINAL: Cofinality of Partially Ordered Sets

The cofinality of a p.o.set P=<P,$> is’

cof(P} = min{x: 3XCP (|X]| =x A X is cofinal in P}.

M.Pouzet conjectured that if cof(P) is singular, then P contains a
subset X, |X| =cflcof(P)) _such that any two slements of X are in-.
comparable. He proved the instance x =w of his conjecture. €.C.Milner,
K.Prikry; and A.Hajnal, N.Sauer proved 1ndependent1yvthat the conjec-
ture is true provided cof(P) =A , cf(A) =x and VA'<A v-:'<u""<1 .

The proof of the second group of authors was presented.

G.JAGER: Choice and Aubtonomously Iterated Comprehension in
Analysis o

For every natural number n we fix a complete H;-ﬁredicate Pn(X.x]).

Given a well - ordering relation < in the natural numbers and an arbi-

trary set X we define the Il;l1 - jump - hierarchy along —< starting with

X by the following transfinite recursion: :

(1) Yn = X .

(ii) Y a4t i° {x: PalYg,x)}

(iii)  for limit a: Y,

We write H;f (X,Y) to express that Y satisfies (1) - (444).

:= disjoint union of Y,. b<a .

The idea of autonomously iterated H; - jumps is made precise in the
theory Aut(n:,). Besides elementary number theory Z;, Aut(ll;.',) contains
the Bar Rule (BR) and the following rule

‘ WE(< )

vX 3Y HE (X,Y) .
where < is a prim.rec. well -ordering. Then we obtain the following

theorem: (Eg” -AC) + (BR) is a conservative extension of Autill;‘,] for

1111'- sentences, where i=2,3,4 for n=0,1,2+m.

This theorem holds as well if we replace (2,1“,1 -AC) by [t;“” -0C).
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M.KARPINSKI: On the problem of Weak Definability in Second
Order Theories
Given the (Monadic) Second - Order Theory of Countable Order - or cor-
responding Second —Order Theory of the Structure N, = <2%,ro,r1> ,
rj(x) =xi , of two successor functions, We study the problem of Weak
Definabtlity of these theories, the problem posed in 1968 by H.Gaifman:
Given any formula H(ﬂo""‘én—1] of the theory, does there exist a
uniform procedure for checking the existence of an equivalent weak
formula GI(A ""'ﬂn-1j ? "Weak” in the sense of "finite set” quanti-
fiable.
The aim of this lecture is to answer to the Gaifman Problem in positive
- by the following
(1) The Weak Definability of the above theories is recursive. (in
fact in BEEprim]'
This yields us directly (by the classical result of M.0,Rabin that the
equivalence problem of two S2S - formulas is in EEEprim) the following
(2) There exists a "recursive typewriter” for printing out for
érbitrary formula F of S2S at least one equivalent weak
formula H (if such exists at alll!).

R.KOSSAK: Short Recursively Saturated Models of PA

The main result is that the short recursively saturated models of PA
are exactly the short elementary cuts of recursively saturated models.
In proof of it we use a characterisation of short recursively saturated
models which is similar to that of countable recursively saturated
models in terms of non - standard satisfaction classes. The approach
allows to give another proof of the result of Smoryhski and Stari

which says that recursive (and short recursive) saturation is preserved

under cofinal extensions.

H.KOTLARSKI: Elementary Cuts in Models of Arithmetic

Let M be a countable recursively saturated model of Peano Arithmetic.
A set XCM is closed iff for every bEM\ X there exists an auto-
morphism g of M such that g(b)#b and Vx€X g(x) =x . This notien
is taken from Galois theory. .

Clearly if XCM is closed then X=<M, We know only rather trivial

information about arbitrary - X=<M which are closed, but we have a
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good deal of information for elementary cuts of M. Namely

THEOREM 1. If N ;ﬁa M 1is not closed then there exists bE€M such
that N=M[b]. Here M[bl={x €M : for every parameter - free term t(v)
ME t(x) <b} is the greatest elehentary cut of M which does not con-
tain b. .

It follows that only countably many N1§ M are not closed, though
there are continuum many elementary cuts of M. '

What about closedness of cuts of the form M[b]? This is settled by
THEOREM 2. (i) there exist bEM such that. M[b] is not clused.

(ii) there exist bEM such that M[b] is closed.

M.MASSERON: Dendroids: Comparison of Hierarchies According
to Girard '
Quasi - dendroids are a relaxed version of dendroids (a normalization
functor associates a dendroid to each quasi -déndroid]. Induction on
" quasi - dendroids, based on the two operations + and #*, permits to
define two hierarchies, indexed by quasi - dendroids: y (the pofntwise
hierarchy) , X (the.iterative hierarchy) and their two -places counter-

parts 6 and 6

vy {n)=0, vy (N)=1, ¥y (N =y, (n)+,., +vy n), vy . »_ (n)=y

e 1 18Py O Ok-1 ‘1% Oy i%n0s
8 (m,n)=n , 6, (mn) =mtn , 6 (m,n) =6_ {m,8_ (m,...6_ " (m,n)))

° ! 12 - D Ok-1

2] *_  (m,n) =6 (m,n) . A_.=Un(6.) where Un(f)(n)=F(n,0) +

180 Dy 18004 o 0

pgn(f[n-p-1,p+1) -f{n-p-1,p)), and «60 =Sep[yD) where Sep is Fha in-

verse of Un.

Transporting the functor A to strongly homogeneous dendroids, we
H = = . Wi

have the following comparison properties BD GAD and XD YAD th

a natural choice of D such that h{D) =eo , one gets h(AD) =H (the

Howard ordinal) : this gives the most interesting particular case, which,

incorrectly stated is: eEo = 6H and Xeo =Yy, -

G.MITSCHKE: Lambda - Kalkiil mit unendlich langen Termen
Zu gewissen beweistheoretischen Zusammenhadngen wird ein A-Kalkidl be-
nutzt, der die Méglichkeit der Bildung "unendlich langer” Terme

m | 1 <w> 2u186t. Im Klassischen, endlichen A-Kalkil erhslt man eine
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wirkliche Einsicht in die Reduzierbarkeits - Relation 2 erst durch die
Betrachtung von sog. Reduktionen, Im vorliegenden Vortrag wird eine
Moglichkeit gezeigt, den Begriff der Reduktion auf unendliche Terme

zu erweitern, Es zeigt sich, daB viele Methoden und Ergebnisse aus dem
endlichen Fall mit leichten Modifikationen auch fir den unendlichen
Fall gelten. -

J.mLEEK : Representations of some Models in Alternative Set
Theory

Our aim is to represent isomorphically models of ZF or ZFfin as sub-

structures of <V, €> and models of arithmetic, stronger than Pres-

bourgers's arithmetic, as some substructures of N=<N,+,+,0,1,<>,

We work in the Alternative Set Theory where both <V ,€>and N are

saturated.

‘Representations of models of arithmetics. Let L be the language

<0,1,+,+,<> and let A be an arithmetic stronger than Presbour-
ger's arithmetic (e.g. PA). Let M |F A . We denote by M, the restric-
tion of M to the language <0, 1,+, <> .
THEOREM. tet ME A .
1) There exists a substructure M* of Ny and a set function f (i.e.
a function coded in N) such that M and <M*, fn(M*)3> are isomorphic.
2) There exist an elementary extension M of M and a function F : N2 +N
such that M and <N , F> are isomorphic.
3) M is isomorphic to a substructure of N iff for every sentence
(F)e(X) , where o(X) is an open formula of L, we have

ME (X =N E @Xe(x) .

Remark. There exists a model of PA which is not elementary equiva-
lent to any cut on N.

Representations of mode}s of ZF, ZFpiy-

THEOREM. Every model of ZF or ZFgj, is isomorphic to a substructure
of <V ,€>.

Let <M, €> FZF or ZF e+ Then the following are equivalent:

1) <M, e ‘Z% <V, €> , where Ay is the class of all bounded formulas,
2) for every sentence (F)o(X) , where o(%X) is a bounded formula,
we have M # (3F)e(X) = (Xe(X) ,

3} all gddelian operations are absolute.
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Note that the transitive closure of M is its elementary extension.

We say that a class ‘A is b-absolute (ag-absolute resp.) iff

(i) 0EA , A is an extensional class and Pgy,(A) CA (the same resp.),

{ii) all boolean operations are absolute (we mean the operations N, U,-)
(all gbdel.operations without dom are absolute resp.)

(iii) the predicate "€ is trichotomic on x" is absolute (the same and,
moreover, the predicate "x is transitive” is absolute resp.).

Theorem. Let M[E ZF or ZFg;,.

1) There exists a b-absolute class M* such that M and <M*,€> are

isomorphic. )

2) There exists an ag-absolute class M* such that <KM ,EMFKM > and

<Nﬁ €> are isomorphic, where

K" - U{K':";nEFN}, Kg=0rdm and K:+1 = {xEl"I:ﬁﬁ'{x}EKg}.
P.PAPPINGHAUS: Nichtdeterministische partielle Logik
(Ergebnisse gemeinsam mit M.WIRSING)

In der Informatik werden Programmiersprachen betrachtet, die partielle
Funktionen und nichtdeterministische Ausdriicke enthalten wie etwa
exAlx) ("ein x mit A(x)") ‘oder ti[Jt: ("wahlweise t, oder t; ").
Die Bedeutung eines solchen Ausdrucks ist gegeben durch die Menge sei-
ner miglichen Werte, wobei U ("undefiniert”) als uneigentlicher Wert
dem jeweiligen Objektbereich hinzugefiigt wird. Entsprechend wird den
Formeln eine nichtleere Teilmenge von {7 ,F,U} als Menge miglicher
Wahrheitswerfe zugeordnet. Wir untersuchen eine dieser Semantik ent-
"sprechende Aussagenlogik. Dabei legen wir ein informelles Konzept von
Wahrheitsfunktionen zugrunde, die durch eine nicht - deterministische
Prozedur berechnet werden kénnen. Die Klasse dieser Wahrheitsfunktionen
ist syntaktisch und semantisch charakterisierbar (i) als die Klasse
der C - isotonen, € - isotonen, erblich bewachten, erblich wachsamen
Funktionen; sowie (ii) als die Klasse der aus [J , if...then...else...
und Konstanten (in einer gewissen Normalform) explizit definierbaren

Funktionen.

W.POHLERS: Spectral Theory for Formal Systems
We introduce and discuss two concepts

I The spectrum of a formal system
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II The spectrum of an ordinal.
For the sake of simplicity we restrict ourselves to formal systems for
iterated inductive definitions. The level Sg of an ordinal & is the
greatest admissible which is €&, the level SA of a formula A is its
status in the hyperjump hierarchy. Then

sp(T) == {|n|, : T} nEI, a S(ln|AJ = S(A) }. _
For the proof theoretic ordinal 0Tl of T it then follows 0TI =sp(T)NQ, .

Moreover one can prove for a formula A of level Qu it holds

‘ J'bv F A= .J~Du +TJ(sp(JBu] ﬂQuH] F A generalizing the older re-
sult Jo, b A= PA+TI(<1ID 1) F A for arithmetic A.
To compute sp(T) we have to introduce certain collapsing functions
D]J :0n > ﬂu+1 and connected relations o <<B:<= a <B A Dpa <DpB for

all p. The definition of the functions Du uses heavily ordinal nota-
tions. Then one may define spla) = {B:B<<a } . It is possible to
compute sp(a) and we obtain spta) = Cla , 0) na .
We obtain the following
Theorem: For all suitable T there is an ordinal 1(T) such that

sp(T) = sp(1(T))
This shows (1) that the spectrum of t(T) does not depend upon the
notation system,which is quite surprising, and that the provable sen-
tences of T which belong to the hyperjumphierarchy are quite well

characterized by a single ordinal.

A.PRESTEL: On the Model Companions of Some Classes of Fields
Let K be a field of characteristic zero. A preordering S is a subset
of K such that S+SCS , S+SCS , K2CS ., It is called proper if
. -1 €S . In that case K is orderable. An ordering P 1is a proper pre-
ordering such that P U-P =K. The set X,(S)={P | P ordering s.t. SCP}
can be given a Hausdorff topology generated by the sets H(a)={P | a €P}
where a €K\ {0} . Let POF,
ordered fields such that |K*/S*| =2" and [X (s)| =n  (this can be

for 0sns<« , be the theory of pre-

axiomatized in the 1.order language of preordered fields). Now Tarski'’s
and van den Dries' results imply that

EEFB 1= POF,, +"K is maximal PRC" +"S =K2"
is the model companion of POF . The author's new.result is that

POF, := POF, +"K is maximal PRC" +"S =K " +"X¢ has no isolated point”

is the model companion of preordered fields,
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Here PRC means that K is existentially closed in each extension field
L of K in which K is algebraically closed and to which all orderings
of K extend. "maximal PRC” means that, in addition, K has no alge-
braic extension to which all orderings of K extend. All these proper-
ties can be expressed in the 1,order language of fields (see the

author's article "Pseudo real closed fields” in a forthcoming Springer

Lecture Notes: "Set Theory and Model Theory” , Nr.8,. ).

M.v.RIMSCHA: Kumulative Hierarchien in der nichtfundierten
Mengenlehre

Den Ausgangspunkt bildet das System ZF9 + Sext  (ZF? 2 ZF ohne Fun-

dierungsaxiom; Sext ist das Axiom der starken Extensiunalitét, welches

besagt, daB Mengen mit €-isomorphen transitiven Hiillen gleich sind).

In ZF© +Sext - Modellen 14Bt sich folgende Hierarchie transitiver Mengen

definieren: us(g) := 8
U8m+ﬂ:=PwMuUu{vlaxm|aEml(EnxzimuAtmnsxAvexﬂ
us(x) :=u9A Usfa)

Setze us := aébn UsS(a )

Charakterisierung von US: Der US -Anteil eines 2F° +Sext - Modells
ist ein maximales, inneres, transitives Modell ven ZFC +Sext +R ,
wobei die Bedingung R besage, daB jede Menge bijektiv abbildbar auf
eine fundierte Menge sein soll. ’ .
In ZFC +Sext - Modellen gilt: R <> US ist die Klasse aller Mengen ("V=US")
V =US ist.unabhdngig von ZFC +Sext. Es scheint daher verniinftig, das
System ZF® +Sext um die Bedingung V =US zu erweitern, da dadurch
keine Beséhrénkungen hinsichtlich der Freiheit der Mengenbildung ein-
treten, was die folgenden Satze zeigen:
- 72F% +Sext +V =US ist konsistent mit U2 (U2 ist das starkste, mit
ZFO +Sext vertrdgliche Universalit&tsaxiom).

- Jedes ZF9 +Sext - Modell, das auch im Metasinne das Axiom der starken
Extensionalit&t erflillt, kann durch Enderweiterung zu einem
ZFO +Sext +V =US - Modell gemacht werden. )

Insgesamt erscheint das System ZFC + Sext +V =US eine verniinftige Al-
ternative zu ZF zu sein, dies auch deshalb, weil in diesem System die

gleichen (soweit bekannten) AC - Aquivalenzen gelten wie in ZF .,
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U.SCHMERL: Peano Arithmetie and the Bachmann/Howard Ordinal
We prove a partial characterization of Peano arithmetic by a uniform
or pointwise version of transfinite induction up to the Bachmann/Howard

ordinal 9, o. This answers a conjecture by J,-Y.Girard.
Q1 :

P.4TEPANEK: Automorphisms of Boolean Algebras and Embeddings

Several important classes of Boolean algebras are defined by automor-

phism proberties e.g. the classes of rigid Boolean algebras or homo-
‘ geneous algebras. There are general embedding theorems for these classes

of algebras.

Theorem 1. (Kripke) Every Boolean algebra can be completely embedded
in a complete homogeneous Boolean algebra.
Theorem 2. (Balcar, étépének] Every Boolean algebra can be completely
embedded in a rigid complete Boolean algebra.
If B is completely embedded in C one may ask whether eQery automor-
phism of B extends to an automorphism of C. Let Aut(C) denote the
group of automorphisms of C.
The center of a Boolean algebra C is defined as follows

center(C) = {u€C : olu) =u for every @ EAut(C) }.
Trivial cases: if B Ccenter(C) then no nontrivial automorphism of
B extends to an automorphism of C. As we have C =Center(C) for
bevery rigid C, no nontrivial automorphism of any complete subalgebra
of C can be extended to an automorphism of C.
On the other hand, it can be shown that for the Ki‘ipke's embeddings

every automorphism of the smaller algebra extends to an automorphism

‘ of the larger algebra. )

. Definition: If u is a nonzero element of a BA B, let B Pu  denote
‘\ the principal ideal of all v€B , vsSu . Then B ru with the re-
| stricted operations is a Boolean algebra; we shall call it a factor
i of B. ‘
; We say that B has no rigid or homogeneous factors if no factor of B
is rigid-or homogeneous. We have the following results:
Theorem 3. Every Boolean algebra B can be completely embedded in a
complete Boolean algebra C with no rigid or homogeneous factors such
that every ¢ €Aut(B} extends to an automorphism of C.
Theorem 4. Every Boolean algebra B can be completely embedded in a

complete Boolean algebra C with no rigid or homogeneous factors such
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that BCcenter(C).
Problem. Is there a complete homogeneous Boolean algebra C with a
complete subalgebra B such that no nontrivial automorphism of B ex-

tends to an automorphism of C ?

J.VAUZEILLES: A Functorial Construction of the Veblen
Hierarchy

The author considers a functor V from ONxON to ON commuting to

direct limits and to pull - backs: in particular, the restriction of

V  to the subcategory of finite ordinals determines V completely

(and effectively). V is connected to the usual Veblen hierarchy K

by K%(x) =V(u*,k) . So, we have established that the Veblen hierarchy

is a functor of the two variables.

A.VISSER: On the Principle A + OA and the Provability
Logic of HA and Extensions

Let U be an RE extension of HA. T 1is a selfcompletion of U if

T =U+{A+0O7A | A€LYa} - We study selfcompletions (i) for the intrin-

sic interest of the principle A->DA , (ii) as a tool to derive cer-

tain provability principles for HA, (iii) as a tool to get certain

independence results. For a certain class B of RE extensions of HA

(e.g. HA , HA+aMyo , HA+DNS , HA + {0 zA~A | AELLRY € B) we give

a characterization of the selfcompletions of its elements, including

a conservativity result. Some applications:

I—HA B 0A > B0 ~0.,0.A°

and for any U €B satisfying the nz Reflexion principle

(A€T) and FA=A) : K, Kis.

(The last mentioned result is an adaptation of Beeson's result that
Fra KLS ) '

M.WIRSING: Abstrakte Datentypen: Anwendungen universeller

Algebra in der Theorie der Programmierung

Unter dem Schlagwort "Abstrakte Datentypen” wurden in den letzten

Jahren algebraische Methoden zur Beschreibung von (Systemen ven)

Datenstrukturen und Programmiersprachen eingefiihrt. Verschiedene die-

ser Methoden werden vorgestellt und deren Machtigkeit wird untersucht:

Initiale und terminale Spezifikationen werden durch die Klassen der

°®
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"semicomputablen” und "cosemicomputablen” Algebren charakterisiert,

wdhrend hierarchische Spezifikationen exakt die Klasse der hyperarith-
‘- metischen Algebren beschreiben. Diese Resultate lassen sich ohne groBe
| Schwierigkeiten auch auf Spezifikationen von partiellen Algebren ver-

allgemeinern.

A.WRONSKI: Strengthenings of the Intuitionistic Consequence
Operation

! ‘ The lattice of all structural strengthenings of the intuitionistic

| .consequence operation in the implicationless language is isomorphic
to a chain of type 1 +w®. Every consequence operation of this lattice
.is finitistic, finitely axiomatizable and structurally complete. The
smallest element of the lattice i.e. the implicationless reduct of
the intuitionistic consequence operation can be determined by a family
of finite matrices and all remainig elements have single finite matrices

adequaté.

Berichterstatter: J.Schulte MSnting , Tibingen
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