
'1 ~o;;J
MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tag u n g s b e r ich t 16/1981

Mathematische Logik

5.4. bis 11.4.1981

Unter der Leitung von E.Specker (Zürich) und W.Felscher (Tübingen)

fand in der Woche vom 5.4. bis 11.4.1981 im Forschungsinstitut in

Oberwolfach die diesjährige Tagung über Mathematische Logik statt.

Es wurden 35 Vorträge über verschiedene Gebiete der Mathematischen

Logik gehalten.

Mit Ende dieser Tagung hat Herr Professor Specker sein Amt als regel­

mäßiger Tagungsleiter abgegeben. Ihm sei im Namen aller Tagungsteil­

nehmer der letzten Jahre noch einmal herzlich gedankt.

Vortragsauszüge

Z.ADAMOWICZ: Euclid's Theorem and Matiasiewicz' Theorem in

Weak Arithmetic

We construct a model MO for the theory PA , Peano arithmetic without

induction in which

the set of primes is bounded,

2 every number > 1 has a prime divisor,

3 the Matiasiewicz theorem fails,

4 there is a certain fragment of r 2 and n2 induction for formu las

without parameters.

The paper is a cantribution to the solution of Wilkie's question wether

in 60 induction ane can prove the existence of infinitely many primas.

S.BASARAB: Algebraic Function Fields over Internal Fields

Let us consider a mathematical structure containing the set af natural

numbers ~, a given family of fields, polynomial rings, etc. and take
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an enlargement in Robinson's sense. Given an interna1 field"K we as­

soeiate in a funetarial way to each finitely generated f1eld extension

F of K an internal field extension F/K such that F C F. We discuss

same transfer properties of ~/F. For instance, F/F is regular, the

dimension of F/K equals the internal dimension of F/K , F/K 1s totally

real iff F/K is totally real, F/K i5 fonmally p-adic iff F/K 15 for­

mally p-adic, etc. As applications we show the existence of same bounds

in the theory of field5.

M.BEESON: Recursive Models tor Constructive Type and Set

Theories'

We construct recursive models for Martln-Löf's (type or) set theories.

These models are a sort of recursive realizability, in fact. we show

that.for formulae of HAw• sat1sfaction in the model corresponds to

mr-HEO realizability. We use the models to prove several metamethema­

tical theorems about Martin-Löf's theories. 1ncluding the cons1stency

and 1ndependence of "all funetions from R to Rare unifonmly contlnuous

on compact sets". In general. unifonm continuity on compact spaces 15

consistent. But "all functions from NN to NR 1s 'refutable. as 15 Church's

thesis. in Martin-Löf's theories. although every provably well-defined

function is continuous. We make use of an interpret~t1on due to Aczel

to construct recursive (extensional realizability) models of the con­

structive set theories of Myhill and Friedman.

E.BORGER: On the Problem ,ot Herman/Jackowski

The problem of Herman/Jackowski (see Discrete Math. 5(1973) 131 -144)

is wether the uniform halting problem for ons-state Turing machines

with n-dimensional tapes for n > 3 and jumping reading heads is decidable.

Di5cussing the proof given 'by HennanlJackowski in op. cit. for n ,~_ 3 it

is argued that the reason for decidability 1s a purely eombinatorial

feature, more than a geometrical one. The connect10n of this problem

to various ather decision problems for kinds of vector addition systems

is discussed. and the following two theorems are presented:

Thm.1.(M.KARPINSKI) Ward. eonfluence and halt1ng problem for vector

games with dimension 3 are recursive.

Thm.2.(E.BORGERl Rational games and comrnutative Markov algorithms wlth

at least 3 -lett~r alphabet can have combinatorial decision problems

•
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of arbitrarily high r.e. rn-degree complexity.

Corollary of thrn.1. Commutative Markov algorithms with 2 - letter alpha-

bets have recursive combinatorial decision problems.

References: J.H.Conway:-Unpredictable Iterations, in:Proc.Boulder Conf.

on Number Theory, Univ.of Colorado. 1872. pp. 49 -52

G.T.Herman. J.A.Jackowski: Adeeision procedure using discrete geometry.

in: Discr.Math. 5(1973) 131 -144

(joint work with M.Karpinski)

W.BUCHHOLZ: Zur OrdinaZzahZanaZyse imprädikativer Theorien

Die beweistheoretischen Ordinalzahlen der Theorien IDv werden unter

Bezugnahme auf abstrakte Bäume (im Sinne von Kleene's 0) charakteri­

siert. Dieses Vorgehen hat den Vorteil, daß keine komplizierten Be­

rechnungen innerhalb spezieller Ordinalzahlbezeichnungssysteme erfor­

derlich sind.

Die abstrakten Bäume der Klasse 0v ~v eine rekursive Ordinalzahl)

werden durch folgende Regeln erzeugt:

1. 0 E 0v

2. a E 0v a+ E 0v (Nachfolger)

3. ViEJN (ai EOv ) (ai)iE]\J E 0v

4. 1.1 < V A VxEOlJ(a x EOv ) =>. (a X ) xEOl.1 EO\)

Für a E Ov sei Ia I die Länge (oder Tiefe) von a. In 0v läßt sich in

natürlicher Weise die Addition und die Exponentiation (zur Basis 2)

( + ••• +
definieren. Ferner sei n +1 : = (x) EO (für 1.1 < v), W : = 0 --r) iElN

1.1 . x l..I .-

und Lv := (ai)iElN mit aO:= wund a i +1 := r21.1(i)+1 ' wobei

{1.1 (i) I i E lN} eine Aufzählung aller Ordinalzahlen < v sei. Schließ­

lich definiert man noch zu jedem 0 < v eine sogenannte Kollabierungs­

funktion 0
0

welche die Baumklasse 0v in die niedrigere Klasse 00
abbildet. Die Definition von 0o(a) für a EOv erfolgt durch Rekursion

nach a simultan für alle 0 < v :

° (0) := 0a
0o(a+) :=Oo(a)+

00 ( (ai) iElN) : = (00 (ai) ) iEJN

{

(oo(ax))xEOlJ • für lJ <0

Do(a
x

) mit x := DlJ (ao ) , für 0 ~l..I
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Nun läßt sich die Grenzzahl von IOv folgendermaßen darstellen:

. .2I:V +w

I 0 0 2~ I

A.CANTINI: Remarks on Predicative Theories o[ Classi[ications

We st udy t hree axt ensions of e lementary ari t hmet ic, PI • PW , PS, of

increasing expressive power. Their main non arithmetical principle is

an untyped comprehension schema ~ • essentially due to Gilmore, Fefer­

man. Nepeivoda. The consistency of ~ is assured by introducing a kind

of strang (Upredicative U
) negation. PW is characterized by the presence

of two uprewellor~ering connectives". while PS contains axioms defining

extensional equality and hereditary classifications.

Theorem 1: E~ - OC ~ PW KP(E 1 ) ~ PS.

Theorem 2: Ipsl = $EOO and PI:: PW :: PS .

'Note. KP(E 1 ) := the set theory containing KP. w-existence, w-full in­

duction. ßo - OC. EI - E - induction.

E.CASARI: Eemerkungen über Zwischensysteme der Prädikatenlogik

Den aussagenlogischen Basen P (positive Logik). B:: P + [a-+ß) v (ß4a) •

Tn :: P +a 1 v (a1-+(2 ) v •.• v (an-+a n+1 ) werden Postu late für die Quantoren

hinzugefügt: Q (übliches System). 0 :: Q +'v'x[a (x) v 8) 4>-Vxa [x) V ß •

H1 :: Q+3x'v'y(a(y) -+a(x)) • H
2

:: Q+3xVy(a(x) 4>-a(y)) , H:: H
1

+H
2

• Die

Abhängigkeitsverhältnisse zwischen den entstehenden Logiken werden fest­

gelegt und es werden einige Eigenschaften solcher Logiken gezeigt.

z.B. in PH besitzt jede Formel eine Normalform;

PH1 :: PO + 3xa -+-+ Vy(Vx(a (x) 4>-a (y]) -+a (y)).

Die K(ripke) -Modelle solcher Systeme werden untersucht, z.8. BDH1 (BH2')

gilt in allen K - Modellen mit wohlgeordneter . (dual wohlgeordneter)

Indexmenge und konstanten Bereichen. Eine Konstruktion von D.Klemke

(1972) modifizierend. wird gezeigt (P.Minari.1981): PD. BD. TnD (n~1)

sind vollständig ch'arakterisiert durch die Klassen der K - Modelle mit

konstanten Bereichen. bzw. konstanten Bereichen und linear geordneten

Indexmengen. bzw. konstanten Bereichen und höchstens n-gliedrigen

linearen Indexmengen.

G.CHERLIN: Zil'ber's Conjectures

Theorem: A totally categorical complete theory is not finitely axioma­

tizable.
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A proof has been published by Zil'ber, with some gaps. I discuss ane

way to fill in these gaps, using a classification theorem far strongly

minimal No-categor1cal sets derived ultimately from the classification

of finite simple groups.

M.OICKMANN: Rings.oi Continuous Functions

The talk presented abrief accaunt of Part I of the paper [1 ]. This

deals with real cLo8ed rings (RCR's) which are commutative, totally

ardered rings sa.tisfying the "intermed1ate value theorem" for poly­

nomials in one variable. (The algebra ~nd model theory of RCR's is

developed ~n Part 11 of [1 1.~)

The most important examples af RCR's appearing in· nature are rings of

the fonn C(X)/p for sorne prime ideals P in the ring C(X) of all real­

valued cantinuous functions on a (completely regular) ~opological

space X.

There 15 a neat division between:

(a 1 those spaces X for wh1ch many (most, all) prime ideals P in C(X)

are such that C(Xl/p i~ an RCR. Examples of these ~re the F-spaces and

variaus (larger) classes of spaces. These are not "niee" spaces from

a tapological viewpoint , alt hough same of t hem (e. g. ß]\J -]\J) are in­

tensively studied in point-set topology.

(b) those spaces X - such as non - discrete metrizable spaces - for

which ane cannat prove in ZFC that there are non-maximal prime ideals

P such that C(X)/p is an RCR. However, for many spaces in this class

(e.g. lN'" , [0,1] # etc. 1, using Martin'8 Axiom ane can construct many

non - maximal prime ideals with this property. For example:

Theorem: Let P be a non - maximal prime ideal of C(lN*) , P S Mco •

Let U be the unique ultrafilter on ]\J such that Pu ~P , where

Pu = { f E C( lN*) I Z ( f) - {oo} EU}.

Then C(:lN* IIp r= RCR iff U is a P - point of ß]\J -]\J •

Thßorem: Martin' s Axiom implies that there are ultrafilters U of

closed sets of ~+ such t hat:

(a 1 every set of U has infinite Lebesgue measure.

(b) Udetennines a non - maximal prime idea1 y (U) of CCIR +* ) such

that C(~+*)/y(U) ~ RCR.

[~+* ane point compactification of lR+ (';" [0,11)].
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[1 1G. CHERLIN - M. A. DICKMANN - Real Closed Rings

I. Residue rings of rings of continuous functions

11. Model theory.

(ta appear)

Sei Wf die Klasse der fundierten Mengen, sei R (K) die Menge aller

fundierten Mengen x vom Rang p (x) < K. Für jede Kardinalzahl IC de-fi­

niert man die Klassen HK und HCK der Mengen von erblicher Kardinal­

zahl ~ K (im engeren bzw. im weiteren Sinn):

HK : = { x E Wf \ \ Tc (x) \ < K }

HCK : = { x E Wf I Vy (y E Tc ( {x}) -+ 1y I < K) }

Dabei bezeichnet Tc(x) die transitive Hülle der Menge x.

Durch Anwendung von Methoden und Resultaten der infinitären Univer­

sellen Algebra wird gezeigt. daß die folgenden Aussagen - bisher nur

mit Hilfe des Auswahlaxioms hergelei~et - auch ohne Auswahlaxiom be­

wiesen werden k.önnen. al so Theoreme von ZF sind:

K.-H.DIENER: Die Klassen Hv;. und

li~her Kardinalzahl

HCv;. der Mengen von erb-

< K (in ZF ohne AU8~ahla%iom)

•

:: Kc)

a) b) HCK S R(K+)

{

ICI wenn IC regulär
d) P (HC

IC
) ::

K+, wenn K singulär

Hieraus folgt insbesondere, daß die Klassen HK und HCK in jedem

ZF - Modell [also auch in CHURCHschen Modellen ohne überabzählbare Kar­

dinalzahle~) Mengen vom Rang, Kader K+ sind. Für dE;ln Spezialfall

K :: Wt wurde die Aussage b) von JECH (1978) bewiesen.

Durch Angabe eines ZF -Modells wurde schließlich gezeigt. daß die in

ZFC herleitbare Aussage "HCK S H
K
+ [für jede Kardinalzahl lC)ft kein

Theorem von ZF ist.

J.DILLER: Funktionalinterpretationen der klassischen Analysis

Für eine konservative Erweiterung H~ der Hey-ting - Arithmetik end­

licher Typen, HAw um einen beschränkten Allquantor I\xEa wird eine

allgemeine Funktionalinterpretation J diskutiert. Jedes Modell für

"AxEa" liefert dann eine "konkrete"Funktionalinterpretation~darunter

die Dialectica - Interpretation D' [Gödel), " (Diller - Nahm), n - Inter­

pretation [Stein) und modifizierte Realisation mr (Kreisel). Zur in-
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tuitionistischen Analysis gilt der Interpretationssatz:
w J .

J interpretiert HAE + {A -+-+ A } + BRo + Ru le - BIo

in TE + BRa + folgende Rule - E - BI~

t(c(Lc)) = 0 , t(cx) = 0 ~ Q(cx)

Auo Eg(cx) Q(cx *u) ~ Q(cx)

Für J = 0 und J = A. ist Rule - E - BI~ in TE + BRo herleitbar, und

J interpret iert BIo. in TE + BRo •

Für J =mr und J = n > 0 läßt sich das Axiomschema E - BI~ in TE

formulieren, und J interpretiert BIo in TE + BRa + E - BI~

Betrachtet man als klassische Analysis H~'" {A v , A} + {A ++ A-J} + DCT ,

so gilt: J 0 - interpretiert die· k.lassische Analysis in TE + BRo für

J = 0 und J =" . Für J =mr und J = n ist dies anscheinend nicht der Fall.

Frage: Gibt es überhaupt andere Funktionalinterpretationen der klassi­

schen Analysis?

W.FRIEDRICH: Funktionalinterpretation und Spielquantoren

Wir betrachten die folgenden Erweiterungen ~+,~+ der Analysis ~:

(J1 + =Cl+ (C) -"0 a++ =()/+ (C) -/\ I , wo be i ( C) -"0 [( C) -Al) _

arithmetische [analytische] Komprehension über Objekte beliebigen Typs.

Obersetzt man diese Theorien nach einem Vorschlag von Luckhardt jeweils

in eine Theorie über einen fundierten Spielquantor, so läßt sich die

Gödelsche Funktionalinterpretation hiervon in T + BR bzw. einer Er­

weiterung von T + SR um neue Limestypen mit ent sprechenden Rekursionen

durchführen. Die Grundidee der Spielquantorinterpretation besteht darin,

den Primaussagen Aussagen mit kompliziertem Quantorpräfix zuzuordnen,

so daß im Kern rekursiv operiert werden kann, während das Präfix die

beweisbaren Unstetigkeitsn schluckt. Während somit ty+ gleichstark

der Analysis tr ist, ist ~++ beweisbar wesentlich stärker. Bei dieser

Interpretation werden beweisbare Aussagen Ax l Vy I (q>xy =0) konstruktiv

realisiert.

D.GIORGETTA: Universelle lokal-endliche Gruppen in der

Mächtigkeit des Kontinuums

Durch Abwandlung einer Konstruktion von S.Shelah wird die Existenz

einer universellen lokal-endlichen Gruppe Jlin der Mächtigkeit 2Ko

nachgewiesen mit der Eigenschaft, daß keine überabzählbare Untergruppe

von- d7 irgendeine nichttriviale Identität erfüllt.
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J.Y.GIRARD: The Theory of Dilators

The concept of dilato'r, i. e. of functor of ON into i tself conmuting

to direct limits and to pull-backs, is of general interest in proof

theory; from such an object, one deduces a way of representing ordinals:

any ordinal <F(x) can be described by a s~quence:[z;x~, ••• ~xn_1;x)

(the object y thus denoted is F(f)(z), where rg(f) is equal to

(xo , ... ,xn-1); f is chosen by the condition: rg(f) minimum for in­

clusion); the range of F is the set of pairs (z;n) such that

(z;O, •.• ,n-1;n) is a notation as above. Ta each (z;n) Erg(Fl, it 1s

possible to associate a permutation (] of 0, ... , n-1 : this pennutation •

permits to campare any two objects (z;xo , •.. ,xn_1 ;xl and (z;Yol ••• 'Yn-1;x),

when the relative order of the points xi and Yi 1s known:" i f i is

minimum such that xa(i) # Ya(i)' then these objects are'compared by

the order between xa(i) and Yo(iJ . The camparisan between

(z;xo , ... ,xn-1;x) and (z';Yo ' ..• 'Yrn-1;x) depends on the value of an

abject §Cz,n;z',m) = (p,!). The above data permit to represent the ob­

jects of F(x) in a tree-like structure (dendroidJ, and it 1s possible

to prove a theorem: there is an equivalence of categories between Oll

(dilators) and SHD (strongly homogeneaus dendroids).

L.GOROEEV: Axiom o[ Choice in Constructive Set Theory with

Extensionality

In Beeson's paper "Goodman's theorem and beyond" the following problem

has been formulated: is ("basic U Friedman_' s extensional constructive

set theory) B extended by the axiom of choice at all finite types con­

servative over B for arithmetic statements?

We present the (positive) solution of the problem. In fact, we prove

that B + ACFT is conservative over HA, where

ACFT : \:IxEwo 3yEb <x,y>Ec ~ 3f Fnc(f) &f:wo~b &VxEwo <x,f(xJ>Ec for

all finite types 0, wo := w , w(Ö-+T) := (wl)w
Ö

" and set-variables b,c.

The crucial point of the proof is same new model-theoretic treatment

of (weak) Feferman's systems of functions and classes, which provides

(particularly) the conservativity over HA of Fefenn~n's theory EMo t
extended by the axiom of choice at all extensional finite types.

••

R.J.GRAYSON: Derived Hules tor Intuitionistic Higher-Order Logic

Three examples of.a model -theoretic approach to proving derived rules
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are eonsidered. The general seheme 1s as fallows: In a theory Tone

constructs models »Z and proves a soundness theorem (~F T), then.

i f T ~ qr AI ane obtains T ~. ( 111 Fq» which yie lds t he desired T ~<p ....

b~ suitable choice' of 17.
EXamples: (a) The usual nq"-forms of realisability da not correspond

ta ~models" since they are not elosed under deducibility; but a slight

modification corrects this. and yield~ Church·s Rule and the Va3ß ­

continuity rule for intuitionistic higher - order logie (IHOL). or: for

intuitionistic set theory (IZF).

(b) A clever ehaiee of space T (due to Joyall yields a rule of loeal

continuous choice between provably complete separable metric spaces ..

by considering the topological model canstructed over the open sets

of T. The rule fails when AC - NN is added.

(c) The rule of bar induction for IHOL (ar IZF) is proved by using the

modelover the complete Heyting algebra of "formal opens·· of Baire

space. This proof applies also to systems with countable· choice.prin­

ciples;it is due independently to S.Hayash1 and M.Beeson.

W.GUZICKI: Non-eq~ivalent Definable Quantifiers

Ws shall consider definable generalized quantifiers in models of set

theory and second - order arithmetic. Given a model M. a definable

quantif'ier in M will be a mapping which to any variable x and a for­

ßl.Jla q> assigns another fonnula of the language of the model M. de-

. noted as Qxq> .. in such a way that the following properties hold in M:

'Ix ( cp(x) -+tI' (x) ) -+ (Qxq> -+ QXtP

Qx(q> vtlJ) -+ (QxqJ v Q>tJIJ)

Qx (~gx l

, 3y Qx ( x = y )

Definable quantif1ers are used to build elementary extensions of count­

able models with special properties. The basic theorem due to Krivine

and McAloon says that there exists an elementary extension N of M

such that a fonnula e has no new elements in N i ff for any fonnula

q» the following 1mp11cat1on holds in M:

Qx 3y [e (y) & q» (x AI Y) ] -+ 3y Qx <p (.x. y) •

Quantifiers wh1ch generate elementary extensions which preserve exactly

the same formulas are called equivalent. The existence of nonequivalent

quant1fiers in models of ZFC·is obvious; an almost complete description
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of them 1s due to Mrs. Oub1el. In case of second - order ar1thmetic

the ex1stence of nonequ1valent quantifiers strongly depends on the

model. The main result 1s that there exist models with infinltely many

nonequivalent definable quantifiers.

A.HAJNAL: Cofinality of Partially Ordered Sets

The cofinality of a p.o.set P = <P.S> 1s·

cof (P) :: m1n {IC: 3X C P (I XI =IC 1\ X is cofinal in P}.

M.Pouzet conjectured that if cof(P) is singular, then P contalns a

subset X. IXI = cf (cof (P) ) such that any two elements of X are In-.

comparable. He proved the instance IC=W of his conjecture. E.C.nl1ner.

K.Prikry; and A.Hajnal. N.Sauer proved independently that the conjec-­

ture 15 tr.ue provided . cof (P) =). , cf ().) = IC and V).' <). V,,'<IC A·
K

'< 1

The proof of the second group of authors was presented.

G.JÄGER: Choice'and Autonomously 'Iterated Comprehension in

Analysis

For every natural number n we fix a complete n1-predicate Pn(X.xl.n .
Glven a weIl - ordering relation -< in the natural numbers and an arbl-

trary set X we def1ne the JI~ - jump - h1erarchy along :-<. startlng with

X . ~y the following transfinlte recursion:

(1) Y
o

X

(1i) y a+1 _: = .{x: Pn (Ya' x) }

(iii) for limit. a: Ya : = -disjoint union of - Yb • b...( a •

We write Hn< (X. Y) to express that Y satisfies (i.1 - (ii1).
. 1

The idea of autonomously iterated JIn - jumps is made preclse In the

theory Aut(n~). Besides elementary number theory Z2' Aut(n~) contalns

the Bar Rule (BR) and the following rule

Wf(--< )

VX3Y~(X.Y)

where --< is a prim.rec. well ..,. ordering. Then we obtain the follow1.ng

theorem: O:~+1 - AC) + (SR) is a conservative extension of Aut(~) for

ni-- sentences. where 1 = 2,3.4 for n = O.1.2+m.

This theorem holds as weIl if we replace (1:~+1 - AC) by (l:~+1 - Oe).
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M.KARPINSKI: On the problem of Weak Definability in Second

Order Theories

Given the (Monadic) Second - Order Theory of Countable Order - or cor­

respond ing Second - Order Theory of t he Structure ~ = <2*, ro , rt > ,
ri(x) =xi _ of two successor functions. We study the problem of Weak

Definability of these theories, the problem posed in 1968 by H.Gaifman:

Given aoy formula H(~' ••• '~-1) of the theory, does there exist a

uniform procedure for checking the existence of an equivalent weak

fonnula G(~, .•. '~-1) ? "Weak" in the sense of "finite set" quanti­

fiable.

The aim of this lecture is to answer to the Gaifman Problem in positive

- by the following

(1) The Weak Definability of the above theories is recursive. (in

fact in Recprim).

This yields us directly (by the classical result of M.O.Rabin that the

equivalence problem of two S2S - fOImulas is in Recprim) the following_

(2) There exists a nrecursive typewriter" for printing out for

arbitrary formula F of S2S at least one equivalent tJeak

fOImula H (if such exists at all!).

R.KOSSAK: Short Recursively Saturated Models of PA

The main result is that the short recursively saturated models of PA

are exactly the short elementary cuts of recursively saturated models.

In proof of it WB use a characterisation of short recursively saturated

models which is similar to that of countable recursively saturated

models in terms of non - standard satisfaction classes. The approach

allows to give another proof of the result of· Smorynski and Stari

which says that recursive (and short recursive) saturation is preserved

under cofinal extensions.

H.KOTLARSKI: Elementary Cu~s in Models oi Arithmetic

Let M be a countable recursively saturated model of Peano Arithmetic.

A set X~I") is closed iff for every b EM \ X there exists an auto­

morphism g" of M such that g(b) '# band VxEX g(x) = x • This not ion

is taken from Galois theory.

Clearly if X~M is closed then X-<M. We know only rather trivial

infonnation about arbitrary ·X-<M which are closed, but we have a
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good deal of information for elementary cuts of M. Namely

THEOREM 1. If N~ M is not closed then there exists bE M such

that N =M[b] • Here M[b]= {x EM : for every parameter - free .tenn t(v)

M 1= t (x) < b} is the greatest elementary cut of M ~hich does not con­

tain b.

It follows that only countably many N~ M are not closed, though

there are continuum many elementary cuts of M.

What about closedness of cuts of the form M[b]? This is settled by

THEOREM 2. (i) there ex1st b EM such that. M[b] is not closed.

(i1) there exist b E M such that M[ b] is closed.

M.MASSERON: Dendroids: Comparison of Hierarchies A~cording

to Girard

Quasi - dendroids are a relaxed version of dendroids (a nonnalization

functor associates a dendroid to each quasi -dendroidJ, Induction on

quasi - dendroids, based on the two operations + and .. , pennits to

define two hierarchies. indexed by quasi - dendroids: y (the pointwise

h1erarchy) • A (the iterative hierarchy) and their two -places counter­

parts ö and S :

yo(n) =0 • Y1(n).=1 • Y f. 0 (n) =.1
0

(n) + ••• +10 (n), ~l: *o.(n) =Y. r o.(n).
i<k 1 a k-1 i<w 1 1<n 1

Sa(m,n)=n. e
1

(m,nl =m+n • 8.f. o. (m,n) =So (m,e
D

(m •••·.e
O

. (m.n)))
1<kl. o' 1 k-1

S.1. *0. (m.n) = S.1. D. (m,n). AO = Un(So) where
1<W 1. 1<n l.

- L (f(n-p-1.p+1) -f(n-p-1,p)). and öo=sep(yO)
p<n .

verse of Une

Transporting the functor A ta strongly homogeneous dendroids. we

have the following comparison properties: So =0J\[) and ).,0 = YAQ • With

a natural choice af 0 such that h(O) = Eo • one gets h(AD) = H (the

Howard ordinal) : this gives the most interesting particular ease, which,

1ncorrectly stated is:

G.MITSCHKE: Lambda -Kalkül mit unendlich langen Termen

Zu gewissen beweistheoretischen Zusammenhängen wird ein )"-Kalkül be­

nutzt. der die Möglichkeit der Bildung "unendlich langer" Tenne.

<Mi I i < w> zuläB~. Im klassischen. endlichen ).,-Kalkül erhält man eine
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wirkliche Einsicht in die Reduzierbark.eits - Relation 2: erst durch die

Betrachtung von sog. Reduktionen. Im vorliegenden Vortrag wird eine

Möglichkeit gezeigt. den Begriff der Reduk.tion auf unendliche Tenme

zu erweitern. Es zeigt sich, daß viele Methoden und Ergebnisse aus dem

endlichen Fall mit leichten Modifikationen auch für den unendlichen

Fall gelten.

v
J.MLCEK: Representations of some Models in Alternative Set

Theory

Our aim is to represent isomor.phically models of ZF or ZFfin as sub­

structures of < V • E > and models of arithmetic. 5tronger than Pre5­

bourgers' 5 arit hmet ic. as same subst ructures of N =<N • + • • • 0 • 1 , < >.

We work in t he Alternat i ve Set Theory where bot h <V , E >and N are

saturated.

Representations of modeLs o[ aritfunetics. Let L be the ianguage

< 0 • 1 • +. • • < > and let A be an arithmetic stronger than Presbour­

ger' s arithmetic (e.g. PA). Let M FA. We denote by M+ the restric­

tion of M to t he language < 0 • 1 • + • < > .
THEOREM. Let M FA.
1) There exists a substructure M* of N+ and a set function f (i.e.

a funetion eoded in N) such that M and <M* • f n (M*) 3> are isomorphie.

2) There exist an elementary extension M of M and a funetion F : N2 -+ N

such t hat M and <N+ • F> are isomorphie.

3) M is isomorphie to a substructure of N 1ff for every sentence

(3tJCP(*) • where <pct) 15 an open formula of L. WB have

MF (3~)cp(~) ~ N F (3x)cp(x) •

Remark. There exists a model of PA which is not elementary equ1va­

lent to any cut cin N.

Representations o[ models oi ZF, ZFfin-

THEOREM. Every model of ZF or ZFfin is isomorphie to a substrueture

of <V. E >.

Let <M • E > l=ZF or ZFfin. Then the following are equivalent:

1) <M • E> -;. <V • E> • where 80 is t he class of all bounded formulas.
o -+

2) for every sentence (~)<p(x). where cp(~) 15 a bounded fonmula.

WB have M~ (3*)q>Cx) ~ (3~)Q>(~1 •

3) all gödelian operations are absolute.
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Note that the transitive closure of M 1s its elementary extension.

We say that a class . A is b-absolute (ag-absolute resp.) iff

(i) 0 EA lAis an extensional class and Pfin(A) SA (the same resp.)1

(ii) all boolean operations are absolute (we mean the operations n, U1-)

(all gödel.operations without dom are absolute resp.)

(iii) the predicate "E is trichotomie on x" is abso.1ute (the same and l

moreover l the predicate "x is transitive" is absolute resp.).

Theorem. Let M F ZF or ZFfin.

1) There exists ab-absolute class M* such that M and < M* oiE> are

isomorphie.

2) There exists an ag-absolute class M* such t hat <KM, Er! rKM > and

*<M I E> are isomorphie I where

•
M M M M M

K ;;: U { Kn ; n E FN } I Ko ;;: Ord and K
n
+

1
M

{ x E M J EM {x} f.Kn } .

P.PÄPPINGHAUS: Nichtdeterministische partielle Logik

(Ergebnisse gemeinsam mit M.WIRSING)

In der Informatik werden Programmiersprachen betrachtet, die partielle

Funktionen und nichtdeterministische Ausdrücke enthalten wie etwa

ExA(x) ("ein x mit A(x)") ·oder tlD t2 ("wahlweise tl oder tl").

Die Bedeutung eines solchen Ausdrucks ist gegeben durch die Menge sei­

ner. möglichen Werte, wobei U ("undefiniert") als un~igentlicher Wert

dem jeweiligen Objektbereich hinzugefügt wird. Entsprechend wird den

Formeln eine nicht leere Teilmenge von {T I F-, U} als Menge möglicher

Wahrheitswerte zugeordnet. Wir untersuchen eine dieser Semantik ent-

. sprechende Aussagenlogik. Dabei legen wir ein informelles Konzept von

Wahrheitsfunktio·nen zugrunde, die durch eine nicht - detenninistische

Prozedur berechnet werden können. Die Klasse dieser Wahrheitsfunktionen

ist syntaktisch und semantisch charakterisierbar (i) als die Klasse

der S - isotonen, ~- - isotonen, erblich bewacht.en, erblich wachsamen

Funktionen; sowie (ii) als die Klasse der aus 0 , if .•. then ••. else •••

und Konstanten (in einer gewissen Normalform) explizit definierbaren

Funktionen.

W.POHLERS: Spectral Theory tor Formal Systems

We introduce and discuss two concepts

I The spectrum of a formal system

•
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11 The spectrum of an ordinal.

For the sake of simplicity we restrict ourselves to formal systems for

i terated inductive definitions. The level 5{; of an ordinal {; is the

greatest admissible which is ~ f;. the level 5A of a formula A is i ts

status in the hyperjump hierarchy. Then

sp ( T ) : = {I n IA : T ~ n E I
A

.'\ 5 ( 1n IA) = 5 ( A) } •

For the proof theoretic ordinal 0TO of T it then follows 0TU = sp (T) nQl •

Moreover one can prove for a formula A of level 0lJ i t holds

JOv ~ A<=> JO
lJ

+TJ(SP(JO
ll

) nn
lJ
+

1
) r A generalizing the older re--

sul t JO ~ A ~ PA + TJ «0 JO U) ~ A for ari thmetic A.
v v .

To compute sp(T) we have to introduce certain collapsing functions

0lJ : On -+ GlJ+1 and connected relations a« ß:~ a < ß' 1\ Opa < 0 P ß for

all p. The definition of the functions 0 lJ uses heavily ordinal nota-

tions. Then one may define sp (~) = {ß : ß «a} . It is possible to

compute sp (a) and we obtain sp (l'.l) = C(a • 0) na

We obtain the following

Theorem: For all suitable T there is an ordinal T(T) such that

sp(T) sp(T(T))

This shows (1) that the speetrum of T(T) does not depend upon the

notation system.whieh is quite surprising. and that the provable sen­

tences of T whieh belang to the hyperjumphierarchy are quite weIl

characterized by a single ordinal.

A.PRE5TEL: On the Model Companions o[ Some Classes o[ Fieids

Let K be a field of eharacterist ie zera. A preordering 5 is a subset

of K such that 5 +5e5 • S· ses. K2 e5 • It is called proper if

-1 $S • In that ease K is orderable. An ordering P is a proper pre­

ordering .such that P U-P = K. The set XK(S) = {p I P ordering s.t. sep}

can be given a Hausdorff topology generated by the sets H(a) ={P I aEP}

where a E K\ {o} • Let POFn • for 0 ~ n ~ co • be the theory of pre­

ordered fields such that IKX /sx I = 2n and IX
K

(5) I = n (this ean be

axiomatized in the 1.order language of preordered fields). Now Tarski's

and van den Ories' results imply that

POFn := POFn + "K is maximal PRC" + "5 = K2n

is the model companion of POF n • The author's new.result is that

POFco : = POFco + IIK is maximal PRC" + "5 =K "+ IIXK has no isolated point"

is the model companion of preordered fields.
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Here PRC means that K is existentially closed in aach extension field

L of K in which K is algebraically closed and to which all orderings

of K extend. "maximal PRC u means that~ in addition, K has no alge­

braic extension to which all orderings of K extend. All these proper­

ties can be expressed in the 1.order ~anguage of fields (see the

author's article "Pseudo real closed fields" in a forthcoming Sprihger

Lecture Notes: "Set Theory and Model Theory" ~ Nr.8 •• ).

M.v.RIMSCHA: Kumulative H~erarchien in der nichtfundierten

Mengenlehre

Den Ausgangspunkt bildet das System ZFo + Sext (ZFo ~ ZF ohne Fun­

dierungsaxiom; Sext is~ das Axiom der starken Ext8nsionalität~ welches

besagt~ daß Mengen mit E-isomorphen transitiven Hüllen gleich sind).

In ZFo + Sext - Modellen läßt sich folgende Hierarchie transitiver Mengen

definieren: US(0):= 0

US (a +1) : = P(US (a ) ) u {v I 3x 3u E US (a.. ) (E n x2 iso U A t rans x AvE x-} }

USC\) : = U US(a)
Cl<A

•

Setze US : = ClEMJn US( a J

Charakterisierung von US: Der US -Anteil eines ZFo + Sext - Modells

ist ein maximales~ inneres~ transitives Modell von ZFo +Sext +R

wobei die Bedingung R besage~ daß jede Menge bijektiv abbildbar auf

eine fundiert~ Menge sein soll.

In ZFo + S~xt - Modellen gilt: R US ist die Klasse aller Mengen ("V=US")

V =US ist. unabhängig von ZFo + Sext. Es scheint daher vernünftig ~ das

System ZFo + Sext um die Bedingung V = US zu erweitern, da dadurch

keine Beschränkungen hinsichtlich der Freiheit der Mengenbildung ein­

treten~ was die folgenden Sätze zeigen:

- ZFo + Sext + V =US ist konsistent mit U2 (U2 ist das stärkste ~ mit

ZFo + Sext verträgliche UniversalitätsaxiomJ.

- Jedes ZFö + Sext - Modell, das awch im Metasinne das Axiom der starken

Extensionalität erfüllt, kann durch Enderweiterung zu einem

ZFo + Sext + V = US - Modell gemacht werden.

Insgesamt erscheint das System ZFo + Sext + V = US eine vernünftige Al­

ternative zu ZF zu sein~ dies auch deshalb~ weil in diesem System die

gleichen (soweit bekannten) AC - Äquivalenzen gelten wie in ZF.
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U.SCHMERL: Peano Arithmetic and the Bachmann/Howard OrdinaZ

We prove a partial characterization of Peano arithmetic by a uniform

or pointwise version pf transfinite inductian up ta the Bachmann/Haward

ordinal ~ o. This answers a conjeeture by J.-Y.Girard.
En+1

P.gT~PANEK: Automorphisms o[ BooZean AZgebras and Embeddings

Several important classes af Baalean algebras are defined by autamor­

phism properties e.g. the elasses af rigid Saalean algebras or hamo­

geneaus algebras. There are general embedding theorems for these elasses

of algebras.

"Theorem 1. (Kripke) Every Baalean algebra ean be completely embedded

1n a complete hamageneous' Boalean algebra.

Theorem 2. (Balear. Stepanek) Every Baalean algebra ean be completely

embedded in a rigid camplete Baalean algebra.

If B is completely embedded in C ane may ask whether every autamar-­

phism of B extends to an automorphism af C. Let Aut (C)' denote the

group of automorphisms of C.

The center of a Boolean algebra C 15 defined as fallows

center(C) { u E C : q>(u) = u for every q> E Aut (C) } •

Trivial' cases: if B ~center{C) then no nontrivialautomorphism of

B extend!? to an automarphism af C. As we have C =Center (C) for

every rigid C. no nontrivial automorphism of any eamplete subalgebra

of C can be extended to an automorphism of C.

On the other hand. it can be shown that for the Kripke's embeddings

every automorphism of the smaller algebra extends to an autamorphism

of the larger algebra.

Definition: If u is a nanzera element of a BA B. let B ju denate

the principal ideal af all vE B • v ~ u • Then B ru with the re­

strlcted operations 1s a Baolean algebra, we shall call it a factor

of B.

We say that B has no rigid or homogeneous factars if no faetoT af B

15 rigid'or hamogeneous. We have the following results:

Theorem 3. Every Baolean algebra 8 can be campletely embedded in a

complete Boolean algebra C with no rigid or homogeneaus faetars sueh

that every q> EAut (B) extends to an automorphism of C.

Theorem 4. Ev~ry Baalean algebra B can be completely embedded in a

complete Boolean algebra C with no rigid or homogeneaus faetoTs such
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that B~center(C) .

Problem. 15 there a complete homogeneous Boolean algebra C with a

complete subalgebra B such that no nontrivial automorphism of B ex­

tends to an automorphism of C ?

J.VAUZEILLES: A Punctorial Construction of the Veblen

Hierarchy

The aut hor considers a functor V from ON x ON to ON corrmuting to

direct limits and to pull -backs; in particular. the restriction of

V to the subcategory of finite ordinals detennines V completely

(and effectively). V is connected to the usual Veblen hierarehy K

by Ka(K) =V(Wa.K) • So. we have established that the Veblen hierarehy

is a functor of the two variables.

A.VISSER: On the Principle A ~ DA and the Provability

Logic of HA and Extensions

Let U be an RE extension of HA. T ~s a selfcorrrpletion of U i f

T = U + {A -+0TA IA E LHA } . We study selfcompletions (i) for the intrin­

sie interest of the principle A -+OA • (ii) as a tool to derive eer­

tain provability principles for HA. (iii) as a taol to get certain

independence resul ts. For a certain class 8 of RE extensions of HA

(e.g. HA • HA+,MpR • HA+DNS • HA+{DHAA~A I AELHA } E B) we give

a characterization of the selfcompletions of its elements. including

a conservativity result. Same applications:

rHA °HA (,,oHAA ~ DHAA) ~ ~HADHAA .

and for any U E 8 satisfying the n~ Reflexion principle

(A En~ and ruA =- A) P'u KLS.

(The last mentioned result is an adaptation of Beeson's result that

V
HA

KLS .)

M.WIRSING: Abstrakte Datentypen: Anwendungen universeller

Algebra in der Theorie der Programmierung

Unter dem Schlagwort "Abstrakte Datentypen n wurden in den letzten

Jahren algebraische Methoden zur Beschreibung von (Systemen von)

Datenstrukturen und Programmiersprachen eingeführt . .verschiedene die­

ser Methoden werden vorgestellt und deren Mächtigkeit wird untersucht:

Initiale und terminale Spezifikationen werden durch die Klassen der

•
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"semicomputablen" und "cosemicomputablen" Algebren charakterisiert.

während hierarchische Spezifikationen exakt die Klasse der hyperarith­

metischen Algebren beschreiben. Diese Resultate lassen sich ohne große

Schwierigkeiten auch auf Spezifikationen von partiellen Algebren ver­

allgemeinern.

A.WRONSKI: Stre~gthenings oi the Intuitionistic Consequence

Operation

Jhe lattice of all structural strengthenings of the intuitionistic

·consequence operation in the implicationless languate is isomorphie

to a chain of type 1 +w*. Every consequence operation of this lattice

. is finitistic. finitely axiomatizable and structurally complete. The

smallest element of the lattice i.e. the implicationless reduct of

the intuitionistic consequence operation can be determined by a family

of finite matrices and all remainig elements have single finite matrices

adequate.

Berichters~atter: J.Schulte Mönting • Tübingen
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