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Modell-Theorie

10,1, bis 16,1,1982

Die Modelltheorie-Tagung 1982 in Oberwolfach wurde
von den Herren W. Baur (2iirich), A. Macintyre
(New Haven) und A. Prestel (Konstanz) geleitet.

‘Die Arbeitstagung hatte zum Thema "Entscheidbare

und unentscheidbare Kdrpertheorien". In einer Reihe
von ausfiihrlichen Vortrigen wurden aktuelle Ergeb-
nisse dieses im Schnittbereich von Algebra und
Modelltheorie liegenden Gebietes dargestellt. Wie
auch schon auf friiheren Modelltheorietagungen wurde
nicht nur iber neueste Ergebnisse informiert,
sondern anhand der Vortrdge sollte sowohl interes-
sierten Modelltheoretikern als auch Algebraikern
die Mdglichkeit der Einarbeitung in dieses Gebiet
geboten werden.
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Vortragsausziige <‘\

W. Baur:

| Undecidability of @ and R (T)
| .The following well-known theorems are proved:

1. (Julia Robinson) The ihtegers are first order definable in
the field of rational numbers

2. (A. Malcev, A. Tarski) There exists a formula in the 1anguage'

of field theory defining the natural numbers in any rational
function field R(T), R real closed.

In particular, Th(@) and Th(R(T)) are undecidable.

A. MacIntyre:

Decidability of the theory of finite fields

Ax's theorem on the decidability of the theory of finite fields ;
was proved. First one considers infinite ultraproducts F* of |
finite fields, and isolates the following properties of F* : ]
(i) F* ©perfect ; |
(ii) G(F%) =2 ; |
(iii) every absolutely irreducible variety over F* has a point

in F*.

That (iii) holds is a consequence of Weil's Riemann
Hyphothesis for curves over finite fields. It is important
(iii) is a first-order property and is axiomatized by: ‘

(iv) Every absolutely irreducible plane curve has infinitely
many points.

Fields satisfying (iii) are now cailed PAC fields. Fields satis-
fying (i), (ii) and (iii) are called pseudofinite.

Following a method of Jarden we proved pseudofinite fields are
determined up to elementary equivalence by their absolute numbers.
Next one characterizes the possible fields of absolute numbers,

using Cebotarev's Density Theorem. This, together with another use

of the Riemann Hyphothesis, yields the main theorem.
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N. Klingen:

The embedding lemma

Das Einbettungslemma stellt einen wichtigen Teilschritt im
Beweis der Entscheidbarkeit der Theorie der endlichen Korper
dar. Es besagt grob, daB ein abz&hlbarer Kérper E in einen

by

1—satgrierten perfekten PAC-Kbrper F eingebettet werden i
kann, wenn beide einen geeigneten gemeipsamen Teilkdrper haben ‘
und die absolute Galoisgruppe GF = G(F/F) in GE abgebildet |
werden kann. Aus diesem Einbettungssatz gewinnt man ein Krite- ‘
rium fiir die elementare Aquivalenz perfekter PAC-Korper. Ins- i
besondere ergibt sich der im Vortrag iiber die Entscheidbarkeit

der Theorie der endlichen Korper bereits benutzte Satz:

| genau dann, wenn Abs(K) (:= algebraischer AbschluB des Prim-

K,L pseudo-endlich. Dann sind K und L elementar &dquivalent |
k6rpers) isomorph ist zu Abs(L) .
|

M. Jarden:

Ax-fields of bounded corank

A perfect field E is said to be an Ax-field if every non-empty
absolutely irreducible variety defined over E has an E-rational
point. For a countable hilbertian field K and a positive
integer e we define Ax(< e,K) to be the class of all Ax-
"fields E that contain K such that rank G(E) < e . We
also define FL Alg Ax(e,K) to be the class of all Ax-fields E
algebraic over K such that G(E) has rank e and with an

' . order divisable by only finitely many primes. Denote by L (K)
the language of the theory of fields augmented by constant
symbols for the elements of K . We prove:

Theorem: a) A sentence ¢ is true in all fields E€ Ax(< e,K)
if and only if it is true in all FLAlg Ax(e,K).

b) If K is a field with elimination theory (e.g. K = @), then
the theory of Ax (< e,K) 1is recursively decidable.
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Part a) of the theorem is announced in the paper "Decidability
and ﬁndecidability theorems for PAC-fields", Bulletin of AMS
(1981) . The proof of both parts of the theorem relies on the
elementary equivalence theorem of Jarden and Kiehne and on
extensive use of properties of Frattini-covers and projective

groups.

M. Ziegler: ) : .

Undecidable subtheories of the theory of (R, +, ) .

Satz: Zu jeder Primzahl g ' gibt es einen formal reellen
Kérper K mit
i) N ist in K definierbar )
ii) Der Grad jeder endlichen formal reellen algebraischen
Erweiterung ist 1 oder durch g teilbar,

Folgerung: Jede endliche Teiltheorie von Th(IR) ist erblich
unentscheidbar.

Ahnliche S&tze liefern die Folgerungen

Sei p eine Primzahl (oder = 0):

Jede endliche Teiltheorie der Theorie der algebraiséh
abgeschlossenen Kdrper der Charakteristik p ist erb-
lich unentscheidbar.

bJede endliche Teiltheorie der Theorie der p-adischen
Korper ist erblich unentscheidbar. '

Y.L. Ershov:

Galois stratification

Let K be a field, U(K) is an universal domain over K .
If Eqr---sE, € U(K) then an element O # n € K[¢] =

Klq,-..s6,] 1is a smoothing for KIE] iff K[E,n "1 is

integrally closed.
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n-Galois strat is a system 0 = <f; n;a; H> such that:

1. £=€1,...,£n,n,0€U(K)

2. n is a smoothing element for K[z]

3. K(E,a) .is a Galois extension of K(E) and
H < G(K(E,a)/ K(E)) )

4. a is integral over K[E,n_1] and d(a)

- the discriminant of a - is invertible in K[E,n_1] .

Connected with an n-Galois strat 7 is some new n-placed

predicate Py on every K-field L as follows:

For £' € L
E' € PU(L) = E' is a specialization of £ and the
K-homomorphism ¢ : K[E] -» K[E'] can Be extended to some

1, a] » L(a') into an algebraic ex--

homomorphism ¢ : K[E,n”
tension of L in such a way that the decomposition group of
Yy over ¢ 1is H .

There is an elimination of quantifier procedure in this new‘
language for the theory of Frobenius (Iwasawa) fields.

D. Haran:

Undecidability of the theory of PAC fields

The theory of PAC fields, or any other family of fields whose
Galois groups constitute the family of all profinite projective
groups, admitts codification of a certain theory 'TQV in-a
"language of profinite groups"”" L§ . Following the idea of

G. Cherlin it is shown that the theory of graphs can be coded
in the theory of T§ . Therefore the theory of all profinite
groups is indecidable, and, thus, the theory of PAC fields is
undecidable.
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G. Cherlin:

Undecidability of Global fields

Theorem (Rumely) The theory of global fields is essentially
undecidable. :

This improves results of J. Robinson, Y. Ershov und Y. Penzin.
Rumely's proof uses the general theory of norms from cyclic
extensions and the Dirichlet theorem on primes in arithmetic

progressions.

Main Lemma: There is a formmla w(x,§) so that for each
(nonarchimedian) prime p of a global field F , there are
paramete;s ajray,a3,8,,8; SO that

©(F,a) = o,NnF

To construct the formula ¢ , let g be a rational prime,

p a prime of F not dividing g , and let a - x mean that

x 1is a norm from F[a1/(ﬁ. Let (a,,a,) -» x mean:

ay[a1 S Y A @y s ay Ay X l. Let (a1,a2,a3,a4) - X mean:
"

Ix'x [(a1,a2) - x' , (a3,a4) - x" , x = x'x"]

Technical Lemma: Given F , p, q as above, there are

ajrazsaz.a, in F such that:
VX : (a1,a2,a3,a4) - X iff q va(x) .
Finall ©(X,¥.,Y )y = "( ) - 1 + Xq )
Y. Yq:1¥3:¥3:¥40¥5 Yqr¥pr¥3:¥y s

[The relevant y, satisfy vp(ys) = 1]

Y. Ershov:

Multiply valued fields

Using the notion of coherently complete n-valued field it is

possible to find theorems for such fields which are similar
to well-known theorems for Henselian fields.

Deutsche
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A. Prestel:

- Pseudo real closed fields

A field is called pseudo real closed (PRC) if every absolutely

irreducible K-variety which has a simple rational point in each
real closure (K,P) of K already has a K-rational point. The
class of PRC-fields contains all PAC-fields (e.g. ultraproducts
of finite fields), all fields K such that (X,P) is pseudo real
closed in the sence of Basarab or McKenna, and all fields K

such that (K,P1,...,Pn) is a model of van den Dries' axioms
. (for some orderings P.',...,Pn of K). A PRC-field K is called
maximal if it does not admit a totally real extension which is

algebraic (i.e. K is pythagorean and each odd degree polynomial
over K has a zero in K). It was proved that the theory T of
preordered fields (K,S) where K is a maximal PRC-field whose
space XK of orderings does not have any isolated points and

S = K2 , is model complete. Moreover it was shown that T is
decidable.

S. Basarab:

Hilbertian prc fields

Let F|K be a field extension, and G a finite group. Then

the following are egquivalent:

a) For every algebraic extension L of K and every finite
Galois extension M|L with G(M | L) a factor group of G,

. MnLF =1L
\

| - b) For every finite Galois extension NIK , for every factor

group H of G , F N N is contained in the fixed field NH
of some normal subgroup~(G(NIK))H of G(NI|K) canonically
associated to G(NIK) and H in some technical way.

Denote by {(FIK) the family of all finite groups G subject

to the above equivalent conditions. Given a family § of finite
groups, we say that FI|K is a (J -extension if ¢ < @(FIK). The
fields and @ -extensions from a category Cq with good proper-
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ties. In particular C has AP . The category C can be
presented as the category of models of some theory ¢FL ex-
tending by definitions the usual theory FL of fields. Consider
also the theory thFr1 = QFL U OFn with n € I, whose models
are n-ordered fields, and whose morphisms are extensions of n-

L

ordered fields which are also g—extensions.

Theorem 1: QFOFn has a model companion QOFn which is decidable
if § is recursive. '

Theorem . 2: (K,P1,...,Pn) E G}'OFn iff ,
a

a) K is {§ -prc (i.e. for every regular totally re
field extension FIK , F can be embedded over K
into an elementary extension *K in such a way
that KIF is a @ -extension

b) Pi*Pj for 1<i<j<n and K has only n-
orderings
c) There are no proper totally real algebraic { -

extensions of K .

In the case n = 0 , the models K of Q}—OF-O are the perfect
Frobenius fields such that the closure of § (defined in a

technical way) coincides with the class of all finite groups
realizable over .K . For n = O we get also that Wo has
elimination of quantifiers. Extending suitably by definitions

(yOFn we get also elimination of quantifiers. !

| 'F. Delon: : '

Henselian fields of characteristic p > O

The works of Ax-Kochen and Ershov tell us that if K is an
henselian valued field such that ch(K) = 0 , its theory is
| determined by those of K and val K . Ershov proved a result
1 concerning the case where ch(K) = p > 0 . We generalize this

result and give a new formulation, which is much simpler:
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Let K be a henselian valued field of ch. p>0O with no finite

- separable extension of degree divisible by p ; then its theory
is determined by those of K , of val K , and by its degree of in-

separability. In particular K is decidable iff K and val K

are.

Our proof is done in two steps: First we study the valued fields
with no immediate separable finite proper extension, and then we
use a property equivalent to Kaplansky's condition over the
residue field.

M. Jarden:

On e-ordered fields

An e-ordered field is a structure‘E = (E,Q1,...,Qe) that consists
of a field E with e orderings Q1""'Qe . We start from some
fixed e-ordered field j£= (K,P1,...,Pe), such that K is a

| countable Hilbertian field. For each 1<i<e we choose a real
| closure ii of Ki with respect to P, - Then we consider e-tuples
e - Z Te
(01,...,ce) € G(K) and denote K, Ky n";Q.Ke , let Py
be the ordering of K, which is induced by K ! and finally let

Jéo = (Ko' Pc1""’Poe)' We prove:

a) If V is an absolutely'irreducible variety over KU with a

function field F and if Poqr---sP extend to F , then

ce
V has a K-rational point.

. b) G(Kc) I~ Be = the free product (in the category of profinite
groups) of e copies of &£/2% . '

Part b) of this theorem is due to W.-D. Geyer. Thereforeé, e-ordered
fields that satisfy a) and b) are called Geyer-fields (of rank e).
We prove next for the theory Lé}%) of e-ordered fields over K :

Theorem: A sentence 6 of LeCﬁé) is true in all Geyer fields of
rank e that contain K if and only if © is true in almost

all R .

|
|
Theorem: For almost all o¢ € G(K)e we have:
|
\
\
\
|
|
|
\
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Then we define A(8) = {0 € G(K)€ Ijéa E e} and prove for the
Haar measure u of G(K)®: ’

Theorem: If © is a sentence of Léjé), then u(A(8)) is a rational
number that can be computed if, e.g. K = @ . Hence the theory of
Geyer-fields of rank e is decidable.

-As the next step we define an e-ordered field (E,Q1,..f,Qe) to be

a v.d.Dries-field (of corank e) if it satisfies:

a) If V is an absolutely irreducible variety defined over E ,
with a function field F and if Q.,...,Q extend to F ,
i 1 e
then V has an E-rational point. .

b) G(E) = De(2) = the free product (in the category of pro-2-groups)

of e copies of Z2/2Z .

Using a theorem of Prestel we show that it is possible to choose
for every o € G(K)e such that jfc is a Geyer-field, an algebraic
v.d. Dries extension Ji'o . We prove:.

Theorem: a) A sentence 6 is true in all v.d.Dries fields that -

" contain Ja if and only if it is true in almost all jé'o .

b) The theory of v.d. Dries fields that contain (Q,P1,...,Pe) is
the model companion 5?é of the theory of e-ordered fields.

Corollary: If (E,Q,,---,Q,) is a model of OF,, then G(E) = Be(z).

Peter Roquette:

Skolem Diophantine problems

Report on a joint paper with D. Cantor on Diophantine problems. .
There exists a local-global principle (over the field of all
algebraic numbers and the ring of all algebraic integers) for the
class of those Diophantine equations whose associated variety is
irreducible and unirational. Using results of A. Robinson on the
decidability etc. of algebraically cloéed fields with valuations,
there results a decision procedure for the said class of Diophan-
tine problems (called Skolem problems). Several results and prob-
lems connected with Skolem problems were discussed, as well as

possible generalizations to other classes of Diophantinevproblems.
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E. Becker:

Generalized real closed fields

Sei K formal-reeller Korper, P < K heiBt Ordnung der Stufe n,
wenn gilt: P+ Pc P , PPc P , K®c P, -14 P, K IP* zyklisch.
Diese Ordnungen treten auf beim Studium der Summen 2n-ter Stufe
Potenzen, denn es gilt: I K2n =(\ P, P Ordnung n-ter

Wir betrachten Paare (K,P), wobei K ein Kérper und P eine
Ordnung irgendeiner Stufe ist. (L,P') heiBt Erweiterung von (K,P),

wenn gilt: K<€ L , P' N K = P ; im allgemeinen gilt: [K : P 1 <

X x - . . . . X X N o ¥
< [L : P ] die Erweiterung heiBt treu, wenn LK : PJ] =1LlL :pP'™
ist.

Definition: (R,P) reeller AbschluB8 von (K,P) = maximale algebra-'
isch treue Erweiterung von (K,P) ; (K,P) reell abgeschlossen,

wenn (K,P) keine echten algebraischen treuen Erweiterungen be-
sitzt. R heiBt verallgemeinerter reell-abgeschlossener Koérper,
wenn R eine Ordnung h8herer Stufe P besitzt, so dag8 (R,P)

reell-abgeschlossen ist.

Theorem 1: R ist verallgemeinerter reell-abgeschlossener Kérper
genau dann, wenn gilt: R Dbesitzt henselschen Bewertungsring V

mit folgenden Eigenschaften:

i) der RestklassenkOrper ist reell-abgeschlossen im lblichen
Sinne,

ii) die Wertegruppe I' von V ist p-divisibel filir fast alle p,

iii) ist I # pI , dann [T : pr] = p .

Die in Satz 1 auftretenden p's mit (I': pf] = p sind allein
durch’ R bestimmt. S(R) := {p I # pl'} heiBt der Typ von R .

Theorem 2: Die Klasse 3{(5) der verallgemeinerten reell-abge-

schlossenen Kérper von Typ S ist elementar.

Theorem 3: Sei R ein verallgemeinerter feell-abgeschlossener
Korper. Dann ist seine Theorie Th(R) entscheidbar.

Zum Beweis werden verwendet: 1) Ershov, Ax-Kochen-Sdtze liber
die elementare Aquivalenz henselsch bewerteter Korper,
2) die modelltheoretischen Untersuchungen. von Kargapoloff iiber

geordnete abelsche Gruppen.

Berichterstatter: U. Friedrichsdorf
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