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Arithmetik elliptischer Kurven

. ) 10.4. bis 16.4.1983

Die Tagung iber die Arithmetik elliptischer Kurven fand unter
der Leitung von Herrn J. Coates (Paris), Herrn A. Fr&hlich (Lon-
don) und Herrn P. Roquette (Heidelberg) statt. Das Ziel der Ta-
' gung war, einem groBen Kreis interessierter Mathematiker einen
Uberblick i{iber den derzeitigen Kenntnisstand in diesem Bereich
der Mathematik zu geben. '

Zu der Tagung erschienen 56 Mathematiker, darunter 32 Gdste
aus dem Ausland. Durch die Anwesenheit filihrender Fachleute konn-
ten allernederste Forschungsergebnisse vorgestellt und ausge-
tauscht werden.

Das Programm der ersten Tage sah je zwei Vortrédge der Herren
. Kneser (Einfiihrung), Tate (kanonische Hohenpaarungen), Lichtenbaum

(Iwasawatheorie abelscher Varietdten), Schneider (p-adische Hohen-
paarungen), Harder (spezielle Werte von L-Reihen), Schappacher
(Konstruktion p-adischer L-Reihen) und Coates (Hauptvermutung) vor.
Der Themenkreis der letzten beiden Tage umfaBte verschiedene As-
pekte mit Vortr&gen von Mestre, Bernadi, Zagier, Cassels, Birch und
Stephens. Zusdtzlich wurden an zwei Abenden Vortrdge von Herrn Zagier
und Herrn Husemdller gehalten.
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Vortragsauziige

M. KNESER:

TWO ihtroductory lectures, or: "What everybOdy‘should know bgfore

Review of fundamental notions, facts and conjectures. Basic ref-
Q erence: [T], J. Tate, Inventions 23 (1974).

1. Weierstrass models ({T], §2)

2. Elliptic curves over local fields ( 1, §6)

Minimal Weierstrass. model for an elliptic curve E over a local

field k, with residue class field k, . Reduced curve E/Ev .

Good reduction, split and non-split multiplicative reduction, ad-

' ditive reduction. Subgroups E, (k) < Ej(k ) < E(k,).

3. Heights (IT]1, §7)

Naive height and canonical (Néron-Tate) height on an elliptic curve

E over a number field k . Deduction of the Mordell-Weil theorem

from the finiteness of E(k)/mE(k) .
(m)

4. The>Se1mergroups S (E) ' and the Tate-éafarévié—ggoups 1 (E)
(rry, §7)
Definitions. The exact sequence

0 ~E()/mE(kK) »s™ (&) » U@ -0 .

Probléms of computation.

5. The conjectures of Birch and Swinnerton - Dyer ([T], §8)
. \Definition of the Hasse-Weil L-function L(E,s) for Res >

Statement of the Birch and- Swinnerton-Dyer conjectures:

Nl
.

(d) L(E,s) has an analytic continuation beyond s = 1 and satis-A
fies. a functional equation for s&2 - s . '

- - This is known to hold for curves with complex multiplication.
(B) L(E,s) has a zero at s = 1 of order equal to the rank «r
of E(k) .

- This has been confirmed in many cases.
(¢) UUE) 1is finite.
- This has not been proved for any single elliptic curve. Only

certain p-primary parts have been computed. 1

(D Iin (s=1)TL(E,s) = | E(k) | 72| L(E) |det < pi.P 2 %lq, | Tva.

s -1
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where P1,...,Pr are generators of E(k) modulo the torsion
subgroup .E(k)tor
the number of complex places of k , dk its absolute discrim-

, <, > is the canonical height pairing, r,

inant , and the finitely many factors m, depend on an invar-
iant differential ®w on E and the index [E(kv)_: Eo(kv)] .
6. Tamagawa numbers

Interpretation of (D) as a formula for the Tamagawa numbers
1(X) of a certain extension X of E by a torus G; .

x|~

©x) = | Pic(X) o, |

Basic reference: [T], J. Tate, Inventions 23 (1974),

B. Birch, N. Stephens, Topology 5 (1966),

S. Bloch, Inventions 58 (1980),

P. Roquette, Analytic theory of elliptic functions over local
fields, Hamburger Math. Einzelschr. (1970),

J. Tate in "Modular Functions of One Variable IV" (Antwerpen
1972), LN 476. ’

J. TATE:

Canonical Height Pairings

A an elliptic curve over a number field k . A place v of k
is ordinaxry for A if A haé either good ordinary reduction or
has (possibly twisted) multiplicative reduction at v . Let S
be a finite set of ordinary places for A . Let Ag = {P € A(k) |
the reduction Pv of P at v is O for all v'e S.}. Let
Ag = {P € AS |§V is in the connected component of the special
fiber of Néron's model for A at all finite v }. Let Cs = J/k*Js,
where J is the idéle group of k and where 35 = {(a,) € J/
la,l, =1 for v¢s and a, =1 for v €S}

Both the classical real height and the recent p-adic-height
came from a canonical pairing :

(0] S
<,>S:ASxAs—vC

which is constructed by using, for v ¢ S , the local symbols of
Néron (Annals of Math (1965), 244-331) and for v € S those
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of Mazur-Tate (Canonical Height Pairings via Biextensions, to

appear this June in Arithmetic and Geometry; papers dedicated

to I.R. Shafarevitch on the occasion of his 60 birthday.

(two Vols.) in the Birkh&user "Progress in Math." (green) series.

Functional properties of <,>;: 1) compatible with increas-
ing- § 2) symmetric 3) If f : A - B has f' : B - A as dual,
then <fP,Q>s = <P,f'Q>S . 4) If i : Kc K' , then i<P,Q>S =
<iP,i0>g, if S' = places above S

. Ngo/g<P'riQ>gy -

Suppose A : C » R or O is a continous homomorphism such that,

)
, and also <TrK./KP ,Q>S

in case of Qp { A is ramified only at orginary places. Then. there
is an S such that .\ factors through C° , and hence there is a
unique pairing <,>; @ A(k) xA(k) » R " or Qp coinceding with

Ao <,> on AS xAS for any such S . In case of TR with }(x) =
I, log ||x, ||, this is the classical real-valued height pairing dis-
cussed by Kneser above. In case of Qp we have the A-p-adic height;
it coincides with that defined by Schneider in case of ordinary good
reduction, .and earlier by Bernardi in some CM cases. Choosing a ba-
sis {Pi}15i5r for A(k) mod torsion we get aﬁ interesting function

§(A) = det <P.,P.>. ; It is a form of degree r on our space of
“1=i=r 17737
A's. What are its zeros? The corresponding EE>-extensions should be-

have very specially for A . Is the homogeneous form S(\), up to
a constant, the leading form of the p-adic L(A,xoex), viewed as
function of A ? %
. Theorem (Mazur-Tate, Cristante, Norman,...) Let k be a lo=
cal field of res. char. p # O with ring of integers & . Suppose
A is an ell. curve defined over k and ordinary. Let Af be the
formal group of A over & and t a good local parameter at O
so that Af=Spf R, when R = O[[t]] . If p % 2 , there exists a
unique ¢ € R such that o = t(mod t2) and such that given a
division AL = zm.(P.) with P € A (@ < A(k) V1. and with imi =0
and Zm P = 0 , the function P -y c(P-P ) is the restriction
to A (0) of a rational function on A deflned over k with
division 42 .
This canonical p-adic o-function can be used to compute local
p-adic heights at places above p just as the WeierstraB o-function
is used to compute the archmedean height at archmedean placés.
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S. LICHTENBAUM:

Fla£ Cohomology and Iwasawa theory of abelian irarieties

(an introduction to the work of Peter Schneider)

I. Basic facts about étale and flat cohomology groups.

' These groups are cohomological functors, a long exact se-
quence of relative cohomology exists, they satisfy an excision
property, a Hochschild-Serre spectral sequence exists for Galois
(¢tale) coverings, étale cohomology and Galois cohomology coin-
cide for fields, flat and étale cohomology coincide 'for smooth ’
group schemes. ' .

“II. The dual of the (cohomological) Selmer group.

Let k be a number. field, k2 a zp (=T')-extension of k .
Let Ay
all primes over p and ordinary reduction at those primes which

be an abelian variety over k with gbod reduction at

ramify in k_ . Let © (resp. @) be the ring of integers in k
resp. k). Let A be the Néron model of A over O and let
A(p) be the p-torsion subsheaf of A . The cohomological Selmer
group over @ (resp. @,) is defined to be H1 (O,A(P)) ., (resp.

' (_,A(p))), where H' denotes flat cohomology . Letting

A= Z&p {(r]1] , the dual, H, of the Selmer group over G’m is
conjectured to be A-torsion if k_ is the cyclotomic TI'-exten-

~sion. Its characteristic power series should be equal up to a

unit to'the p-adic L-function of the Abelian variety. Since we

have the exact sequence

0 ~Ak) ®Q/Z, - H'(@,A(p)) »H (B,B)(p) » O

the Selmer group is closely related to the Mordell-Weil group A(lv.
and the Tate-Safarevié group -Ulk(A) .

III. By using the cohomological facts from (I), together with com-
putations of Galois cohomology over local fields, we obtain the

basic “"descent diagram": N




1" (0,A(p))

~

e

0 —5Alk,) (B, ; i o,am) ——0

R1
: 1
) A
E ]
. 1
. , g
Q . H(@,A(p)) . {
v . 1

be

0 —ro(r, 5% (,,A(p)) < R, Y u'@,,a(p) &0

2 €

" .where R, and R, are equivariant cohomology groups, and ‘o and
B are quasi-isomorphisms.

Iv.-The algebraic height pairing.

Let & be the dual abelian variety of A . Then the sequence
of maps: '

1 e 2 g ) oy 1 .
H (&,_TP(A) =~ (flat duality) H(O,A(p)) =——> R, 15(H (O;.A(p))r)

I

* *
Hom (H'(9,7,(R),B,) «— H'G,_,A(P) «— @' (@, AN
induces the algebraic height pairing:

1 L
() R CA N PRI L2 ICVP R S

References: Mazur, Inventions 18 (1972)
Schneider, Inventions 71 (1983)
Schneider, p-adic Héight Pairings II (handw:itﬁen
manuscript). ) -

P. SCHNEIDER:

Iwasawa theory of abelian varieties

Let A/k be an abelian vériety over the number field k which has
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ordinary good reduction at all primes above a given odd prime
number p. Let km/k be the cyclotomic ZE)-extension, o, its
ring of integers, T := Gal(k_/k) the Galois group, vy € I a
topological generator, and "K : T -» Z * the cyclotomic char-
acter. As shown in Lichtenbaum's lecture the Pontrjagin dual
) H:= H1(aw,A(p))*

of the first flat cohomology group over o of the p-primary
part of the Néron model of A is our basic T-module. If H is

Zp [[T]]-torsion we'define the Iwasawa L-function of A at p by

. .= p(H). 1-s - v 7z
LP(A,S)- p det (K(y) Yi HZ® Qp) (s € P) . .

Furthermore let <’>p,: A(k) xA(k) - Qp é;note thi canonical p—
adic height pairing-as defined in Tate's lecture (A/k the dual
abelian variety). Then the following theorem (which can be viewed .
as'an analogue of the Birch/Swinnerton-Dyer conjecture) was proved.

Theorem: Assume that < ’;p is nondegenerate and that ﬂik(A)(p) is
finite. We then have:

i. H is Zp [I[r]]-torsion;

ii. Lp(A,s) - has a zero of exact multiplicity p:= rank A(k) at

s = 1;
¥lﬂk(A)(p)-|det <,>

-1
- - o -
1ids | I (B, 8) - (=) P, 1 BB..T Thny (2) (p)

lp = <
P #am)(p) #AK) (p) gt

(T4 Aty (p)) 2
4lp

(Kg residue class field at Y ng(A) group of rational connected
components of the reduction of A at g). ‘

Remark: The theorem easily generalizes to any other Zp'-extension.
The proof is naturally divided into two steps. In the first step one
proves the theorem replacing the canonical by the algebraic p-adic
height pairing. This is done by a careful analysis of the descent
diagram established in Lichtenbaum's lecture. In the second step
one shows that the algebraic height is equal to the canonical one.
This requires the development of a new cohomology theory which some-
what lies between etale and flat cohomology. In any case, it allows
. to modify sheaves "at the primes above p". Such a modification of

_ the multiplicative group sheaf using the notion of local universal
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norms leads to the definition of a degreé map on a certain modi-
fied Picard group to Zp and to an expression of the canonical

" height as a certain Yoneda pairing followed by that degree map.
The rest is a subtle cohomological procedure to compare that
Yoneda pairing with the algebraic height.

References: see Lichtenbaum's lecture

B. Mazur/J. Tate "Canonical Height Pairings via Bi-
extensions", preprint B. Perrin-Riou, Inv. math. (1982)
P. Schneider, Inv. math. 69 (1982).

G. HARDER:

L-functions of‘elliptlc curves and special values of L- functlons

The conjecture of Birch and Swinnerton-Dyer predicts that the a-
rithmetic of an elliptic curve E/k over a number field k is
strongly influenced by the behaviour of the Hasse-Weil L-function
L(E/k,s) at the special point s = 1 . If for instance L(E/k s) % 0
then it says L(E/k,1) = ,x rational number.

There is only one method known to establish the analytic con-
tinuation of an "arithmetic" L-function namely to relate it to an
automorphic L-function. In this case there are two methods to do
this which also pfovides the information about the special values.
1. Method: Our curve E is called a Weil curve if it is defined

’ over @ and 1f we have a pro:ectlon of the modular curve x (N):
. ﬂ.X(N)-oE.
Then the pull back of the d1fferential wp
modular form 2mi £(z)dz of weight two on PO(N). The Eichler-
Shimura congruence relations tell us that in this case

on E over @ is a

I(s) (g - = T fliv)vS Y
s Q,s) = L(f,s) = I (1y)y ?
(2m) . (o) v
R I T LIRS
(2m)% n=1 n° 7An 2 4 (2‘rr,)1-s n=1 nz-s1Tn Y
- AN

for A >0 .
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The formula for the special value at s = 1 can be interpreted

as period integral
joo

L(E/0,1) = -27 [E(y)dy = |
o 0

where w is the algebraic differential on XO(N). This proves

L(E/Q, 1) 0. €Q .

2. Method: wa our curve E/k' has complex multiplication by a
field k.l , then the Hasse-Weil L-function is a L-function or
a product of two L-functions attached to Grdssencharacters of
type AO , hence related to automorphic forms on the group GL(1) ‘

or GL(2).

Now we assume thét k = k1 and that oy =»Endk(E) ; One has
L(E/®,s) = Lk(w,s) Lk(E,s) where ¢ is a Grdssencharacter:

p: g /k* - C
Yo (2,1,...) >z

Yo Ii (group of finite idéles) - k* - C .

1

Then we are interested in the special values L(Er,j), j = r,r-1,...,§ .
If one passes to partial L-functions for a suitable integral ideal

9, the spécial values can be interpreted as special values of non
holomorphic Eisensteinseries )

. Ela,g =z @700

(a+ w)

By some classical summation processes which go back to Eisenstein

and Kronecker one expresses the non-holomorphic Eisenstein series

in terms of the holbmorphic ones. Then one can express the L-values
L(3%, r) in terms of the L(yY,1) for v = 1,...,r . The "holo- ‘
morphic" L-values L(y) are expressed in terms of the elliptic mo-
dular functions and the period. For our particular character we get

. -r .
(2mi) T3 E(—“’-é—”- € k

N. SCHAPPACHER:

On p-adic L-functions

In the first part of the talk, a parallel outline was given of the

construction of the types of p-adic L-functions based on interpo-
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lating complex zeta - or L- values: .

1. the Kubota-Leopoldt p-adic zeta-function of a éotally real
number field.

2. the "one variable p-adic L-function" of an elliptic curve
E/k with complex multiplication by the ring of>integers of
the imaginary quadratic field k .

3. The "two variable p-adic L-function" of E/k .

To state the results in the cases 2. and 3. , let p # 2,3
be a rational prime that splits in K : (p) = 4 4* so that E
‘ has a good reduction mod ¥ and lg* , Y, ¢ the complex Hecke
characters of E/k ; wx, wxf s G(k /k) - ZE’ thei; p-adic a-
nalogues, giving the -Galois action on o 1@ ..cp in-
ducing g on k ; J the valuationring of the completion of
k(Eam)7$?¢ € ¢*,_98 € J* the complex and p-adic period of E .
l-variable theorem: Letg < o, be an ideal #(0),(1), g*@ .
There is a unique measure uy € J[IG(k(E c‘,)/k)]] such that:

for all r = 1 with cond(wr)tg one has

r L (wr,1) r
T M)y = ac0,n) AV - v
98 : Qeo :N%

where L% is the usual Euler product with factors removed in the
primes dividing g9 .

2-variable theorem: Let ¢ be like above. There is’ a unique mea-
sure vy € J{I[ G(k(E ) /k11 such that: '
for all r > -j =0 w1th cond(xpr J)Lg '

v

W W7, r=3 r-j
iy (—éy AT PN AL A L k¢ U SR A i KL
-3 Qfd N : N
. o % .
Here, pW) = %%%3 , for any' Hecke character;

_a s =1 — 1-k-3
aG,r = &30Cm) N cona y*TI T (r(1-9)) .
. /dk .

Finally, a version of Mazur Swinnerton-Dyer L-functions for
modular curves was sketched.

References: J. Coates - A. Wiles: J. Australian Math. Soc. (Ser. A)
26, (1978), 1-25
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Katz: Ann. of Math. 104, (1976), 459-571,
Katz: Inventions 49 (1978), 199-297,
J.P. Serre: CR, Acad. Sc. Paris, t 287 (1978), Ser. A, 183-188,
G. Stevens: Arithmetic on Modular Curves, Birkhduser - green
] series (1982),
R. Yager: Ann. of Math. 115 (1982), 419-449.

J. COATES:

"Remarks on the main conjectures for elliptic curves with com-

plex multiplication

The fundamental difficulty of the arithmetic of elliptic curves
is to link the arithmetic invariants of the curve (its Mordell-
Wéilbgroup and its Tate-Safarevi¥ group) with the behaviour of
its Hasse-Weil L-series at the point s = 1. Iwasawa theory gives
a means of attaching this problem by p-adic techniques, via the
so called main conjectures, which, roughly speaking, affirm that
the characteristic power series of the Iwasawa modules which a-
rise from the theory of infinite descent on the curve are none
other than the p-adic L-functions which arise by the interpola-
tion of special values of complex L-functions attached to the

curve. A precise formulation of these main conjectures was given

. for elliptic curves with complex multiplication (to awvoid tech-

nical complications the elliptic curve was assumed to be defined

~over the field of complex multiplications). A brief discussion

was given of the weak results-we know in the direction of these
main conjecture at present. It was also shown how R. Greenberg
has derived the following result from one of these weak versions
of the main conjecture.

Theorem (R. Greenberg) Let E be an elliptic curve over (@
with complex multiplication. If the Hasse~Weil L-serie§of E

has a zero of odd multiplicity at s = 1 , then either E(®)

is infinite or the Tate-gafarevig group of E 1is enormous in

the sense that it contains ® Q /Z_, where the sum
) p ordinary PP
is taken over the primes p , ordinary for E (except perhaps 2,;3).
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Forschungsgemeinschaft

o®



D. HUSEMOLLER:

pavid Rohrlich's work on L(1,%) ~and L°'(1,x)

Let K be an imaginary quadratic field of classnumber 1 and
let P be a finite set of rational primes. Form the maximal
anticyclotomic extension L of K unramified outside P .
Note: | | Z_ = subgroup of G(L/Q) of finite index.
pEP P .
‘ Let E be an ellipi:,ic curve over @ with a CM action by G’K
in K . Let. VvV =2¢C %7k E(L) with G(L/K)fagtion and decompose

vV = . v(p) .
. pEHom (G (L/K) ,C*)

v(P) is the subspace where G(L/K) acts via the character o .

The L-series of E/@ , E/K are L(E/Q,s) = L(¢,s) , L(E/K,s) =
L($,s)L(3,s) . Consider the set X = {(poArtin)¢ : p € Hom(G(L/K),C*)}
of all "anticyclotomic" twists of ¢ . For x € X : A(x,s) =

wix) A (x,2-s).

Main theorem: For all but a finite number of yx we have

0 if wi(y) = +1

ordg_ L(x,1) =

1 if w(y) = -1

or in other words L(yx,1) *+ 0 if w(x) = +1 and L(X,1) =0,
L'(x,1) #+ O if w(x) = -1 .

J. MESTRE:

Elliptic curves of high rank

Si E est une courbe elliptique sur Q , de conducteur N , le
groupe de Mordell-Weil de ces points rationnels sur Q est'de:‘
type fini; néanmoins, il est difficile de calculer exactement le
rang E(Q). Le majorations de ce raﬁg r é&tant en général obtenues
par des méthodes de descente faisant intervenir 1'arithmétique du
corps Q(Ez) . D'autre part, on ignore si ce rang est borné ou non

DFG Deutsche -
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lorsque E parcourt les courbes elliptiques définies sur @ .

Si 1'on admet les conjectures du Weil et de Birch et Swinnerton-
Dyer, on peut obtenir des majorations de la forme r = o(log N);
cependant, si l'on admet de plus 1'hypothése de Riemann pour la
fonction L de E , on obtient r = o(log N/log log N).

De plus, cette méthode permet d'obtenir des courbes elliptiques
de rang élevé, en imposant aux courbes d'avoir un nombre de points

modulo p aussi élevé que possible. On trouve ainsi une courbe de

rang =z 12 (égal & 12 si les conjectures déjd citées sont vraies.
D'autre part, le fait que les majorations obtenues sont bonnes

provient de ce que les zéros de L autre que 1 sont "assez"
éloignés de 1 . ’

D. BERNADI:

A p-adic Analogue of the Conjecture of Birch and Swinnerton-Dyer

A report of a joint work with C. Goldstein and N. Stephens.

Let E/K be an elliptic curve with complex multlpllcatlon by the
ring O of integers in K ; let p=¥ g be an odd prime not di-
viding the conductor of E which splits in K . There is a unigue
function L continous from Zp to s the ring of integers in.
the completion of the maximal unramified extension of Qp such that

. k -
0 L,(k) = (k=1)1(1 - Y &) jouk gk ‘
¥ Y NX *®

for kX =21,k =1 (mod p-1)

Denote by cy the dominant coefficient of Lg at s =1, and
by <,>_  and <,zg the complex and p-adic height pairing modified
as in Gross' conjecture; then we conjecture:

c Y (gw) cw'
L4 - -8, .

98, det<Pi,Pj>oo Ng Q. det(Pi'P3>g

Deutsche B © @
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O. ZAGIER:

Factorization of singular modular invariants (joint work with

B. Gross

As is well known the j-invariant of an eliiptic curve with com-
plex multiplication is an algebraic integer in a classfield over
the CM field. To be specific, let p = 3 (mod 4) be prime
j(*17F) | Then j lies in the real subfield H, oOf the
2
. Hilbert classfield H of K = Q(/-p); indeed it is known that
jll/3 and ((j—J728)1/2/¢:§) belong to Hg

is that these numbers are highly factored. Berwick (Proc. London

j=3
. The striking thing

Math. Soc. 1928!) noticed empirically that if we write

Ny /Q(j) =al r Ny /Q(j—1728) = -bzp, then all prime factors of
a oor b are <p agd quadratic non-residues mod p. (Example:
for p = 907 , he found a = 2'2.33.53.131.137. 161,

9 9 6 6

b=2".3 .7 .11".47. 672- 79 . 331 ) This follows from

Theorem: Let 1 be a prime. Then 1l|a e= 3p = x2 + 41N for
some (odd) integer x > O and integral ideal &£ of K , and sim-
ilary  l|b «=p = x2 + 1N& . Moreover, the pdwer of 1 in a or
b is the number of such representations, counted with mulfiplicity
e+ 1 if 1%||; .

Similar results also hold for the discriminant of the minimal
polynomial of = j (for instance, for p =71 with h(-p) = 7 the
polynomial of j is

' j7+313645809715j6 +...4 737707086760731113357714241006081263
with discriminant

84 ,,42 42 1526

_784 ., 12 ,.6  ,.6 6 2 .3

1726 . 3112 . 418 . 47% . 53% L 590 . 61 . 672 . 7

an example mentioned in a recent paper of Jensen and Yui in J.N.T.)
and for the differences of j-values of different elliptic curves
with CM (even by different quadratic fields). Two proofs were dis-
cuséed. One, an algebraic one, actually gives the prime factori-
zation of j and j - 1728 in Hy rather than just their norms.
The other method is analytic: one restricts to the diagonal a non-
holomorphic Hilbert Eisenstein series of weight 1 which vanishes

at s = O , computes the s-derivative at s = O and projects the
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resulting modular form of weighé 2 onto its modular part; the
‘result must be O (since there are no holomorphic cuspforms of
weight 2 on SLZ(Z)) and the formula for the Fourier coeffi-
cients gives the desired identity.

J.W. CASSELS:

Finding rational points on elliptic curves

The lecture commenced with an exposition of the traditional meth-
Vod of finding rational points on abélian varieties of dimension 1
(= elliptic curves with given rational point). As an illustration
the author reported on joint work with A. Brenner on the curves
y2 = x(x2 + p) where p is prime, p = 5(mod 8). The Selmer con-
jecture (as also the Birch-Swinnerton-Dyer cohjectures) predicts
rank = 1 . The case p = 877 was described in some detail and it
was shown that the rational points on y2 = x(x2 + 877) are gener-
ated by (0,0) and (xo,yo) , where

X

0 = 375494528127162193105504069942092792346201
6215987776871505425463220780697238044100

— 256 2562 6798 8926 8093 8877 6834 0455 1308 9648 6691 5320 4356 6034 6478 6949

Yo 4900 7802 3219 7875 8895 9802 9339 9592 8925 0960 6161 6470 7799 7926 1000

B.J. BIRCH: |

Calculation of Heegner points of elliptic curves

Suppose that E is a Weil curve of conductor N ; SO We may para-
metrize E by functions x(z), y(z) € 0(3(z), j(Nz)) . If

R=2 [-A;—] is a complex quadratic ring in which every prime
ideal dividing N splits, so that N =# # , it is sensible to
talk about j(m) when & is an ideal of R . We say P(®,MH):=
(Jwe), jma)) is a Heegner point of xo(N) , if 42 and # 42 are
both primitive ideals of R . Suppose now A = e f, where e, f
discriminants of quadratic fields, let XarXg be the corresponding
quadratic character, and let V(g) = Xg (212) Xgl2®) be the genus

character. The point - V() pl,n) of E(Q(Ye,/E)) gives a
classes&

Deutsche ) @
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(e) (£)

rational point Pe £ either of the twist E or of E

. ! (e)
Suppose that P £ €E (@) .
e,

The construction of P in fact makes sense whenever

e,fnm2

C) e,f are field discriminants such that every prime factor

UFG

of N splits or ramifies in @(/ef) and C) there are no
primes p such that either pleA and p|efm2 “or p|N and
p2|efm2 . Computations of Stephens and Birch suggested the
conjecture that (apart for a few cases with (ef,N) = 1 in
which P
e
of Pe,f
where Qe v Qf are the real periods; and this is in process of

£ is trivial for trivial reasons) the ‘canonical height
, 4

becoming a theorem in the triumphant hatch of Gross and Zagier.

Restrict now to the case where E(e)(Q) has rank 1 and

- L'(E(e),1) # 0 ; fix a generator p_ of E(e)(Q) for each such

Deutsche

e , and write = n(e,f)Pe . Computations also suggest that

P
e,f
n(e,f) .1is consistent, in the sense that n(e1,f1)n(e2,f2) =
n(e1,f2)n(e2,f1) - and this too appears to be with in the power

of Gross and Zagier. Finally, it is relatively easy to show that

is, up to a power of 2, equal to L'(E(e),1JL(E(f).1)/Qle

n(e,fmZ)/n(e,f) is predictable, and that (for fixed E) the points

of n(e,f)Pe depend on e-f .

N. STEPHENS:

In certain cases, Heegner points provide a practical method for
determining a rational point on an elliptic curve E/@ as an
alternative to the classical method of descent. The basis of the
method.is to choosé a certain complex quadratic extension K/Q
with field discriminant A and construct P1'A defined above.
By the theorem of Gross and Zagier and the conjectures of Birch
and Swinnerton-Dyer the method will be succesful if and.oﬂly if‘
E(@) has rank 1 and E(A)(Q) has rank O. We wish to determine
E(Q); for simplicity, we shall assume that E is a Weil curve,
although this is not always necessary. The steps in the method
are as follows. '

1. Determine the torsion subgroup of E(Q).

2. Search for small rational solutions.

Forschungsgemeinschaft
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Compute the conductor N , see Antwerpen IV.’

e = -1 stop (the method will not work).

Compute a,, n = 1,2,...,CN , the coefficienté of the
differential £(z)dz.

Compute the periods of the lattice.

Compute the first 10 coefficients of the series p(t) =

2
2 o 2t +eee

t .
Choose a complex quadratic field K in which all prime

1 ovr +x

factors of N split, pieferably with small class number.

|
|
|
Compute € the sign in the functional equation. If
|
Determine Wyrese oy corresponding.to the h ideal classes.
|

joo
Determine u(w;), i = 1,...,h where u(z) = -2nif f£(z)dz
CN a . o]
= = -7? eznlnz (correct to about C decimal places) and
n=1 :
h
determine U = I— u(mi) .
i=1

Check that U is not elliptic parameter of torsion point.

‘within accuracy. If it is goto 8 with different K . But if

rd

it is in the 3 or 4th

time suspect that rank (E(Q)) = 3
and stop.

Compute ¥ = p(U)

If P, A = (x,y) , ¥ =x = X/Z2 with X,Z € Z . Use contin-
’ - .

ued fraction algorithm on % to find X,2 . It should be

sucessful if |XZ2 | < 10C .

Berichterstatter: V., Diekert
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