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The fourth International conference on General Inequalities was
held from May 8 to. May 14 at the Mathematisches Forschungsinstitut
Oberwolfach. The organizational commitee consisted of L.Losonczi
(Lagos and Debrecen) .and Vi .Walter (Karlsruhe). Dr.A.Kovacec
served extreme~y weIl ae a secretary of the conference.

The meeting was attended by 42 participants frcm 17 countries.
In the opening address, W.Walter had to repert on the unexpected
death of E.F. Beckenbach. He died ef a strake in September ."1'982 r

,

a few days after receiving the award for Distinguished Service to
Mathematics from the Mathematical Association cf America.

Beckenbach was one of the founding fathers cf the General
Tnequalities cenferences. He served with energy and devotion
as an organizer and as editor of the proceedings of- these con­
ferences. He was alsoengaged in the preparations for- ~he present
conference, which the participants decided should-be held in .
memoriam Edwin F. Beckenbach • In a brief memorial: lecture··:· : . _."

M.Goldberg gave a sUrvey of Beckenbachs mathematical activi~ies

and his services to the mathematical communlty,.

Inequalities playa significant role in many b~anches cf '. ,
mathematics. Correspondingly, the participants represented many --'

different fields among which classical inequalitie~ still proy~~ed

a steady source of new developments. Lectures also ·inc.IUd~d' '.. ;
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differential and functional inequalities, bounds for eigenvalues,
inequalities in functional analysis, ·convexity and its generali~

zations, inequalities in number theory and probability theory,
aa weIl aa mathematical progr~mming and economics.

AB in earlier conferences, the problems and remarks sessions
produced a vivid exchange of resulta, methode and hypotheses.

The participants experienced anew the creative, congenial ~
and etimulating atmosphere at the I.nstitute.

The conference was closed by L.Losonczi, who in his resume expressed
the thanks of the participants for the excellent working conditions
in the Institute a~d for the hoapitality of its leaders and

staff.

Abstracts

R.P.AGARWAL: Difterence calcules with Applicationa to
Differenee Equations

"Everyone knows" that in diserete ease thera" 1s no analogue of
Relle's lemma in continuous ease, so not all the known results in
continuOUB calculuB are expected to have discrete analogues. In
this paper we ahall diseuse same possible ones which we ahall
need to study qualitive properties cf solutions of higher order
difference equations. The proofs are based on some simple in­
equalities.

C.ALSINÄ: Schur-concave t-norms and triangle functions.
Studying Schur-concavity of t-norms, copulas and triangle

functions for probability distribution functions, we have proved,
the following results:
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Theorem 1: Any associative copula is Schur-concave. If T is

astriet t-norm, then T i8 a copula if and only if T is Schur~

concave. There are Schur-concave nonstrict Archimedean t-nor~s whieh

are not copulas.
Theorem 2: If T is a non-strict Archimedean t-norm with concave

additive generator.t, then T i8 Schur-convex and, therefore,
T(x,y).S- Max(x+y,:,,"1 ,0). W(x~y) == M~x(x+y-1 .• 0) .ia the unique

t-norm which i8 at the same time Schur-convex and Schur-concave.

Theorem 3: The Schur-concavity for triangle functions:
,.(F,G) S T(nF+(l-n.)G, (l~)F+a.G) (F,G t"+, a. ([O,lJ), holds for

any triangle function nC. There exists no copula C such that

oe or TC is a Schur-concave triangle function.

Remark: Compare also the talk given by A.Sklar.

D.ERYDAK: Differential inequalities 2nd generalized convex functions.

We prove, under suitable assumptions, that a function V satisfies

the inequality
(1) Vn(x) c:: f(x,'l'(x), 'i"(x)) in an interval I iff it is convex with

respect to the two-parameter-family F of all soluti~ns cf the equation
y" = f(x,y,y').

The convexity with respect to a two-parameter family of functions
was defined by E.F.Beckenbach in 1937. The ab~ve theorem w~s proved

by M.M.Peixoto in 1949 under the additional assumption of the

c~ntinuity cf the second derivative of ~.

As an application cf the above theorem we prove that if F i8
a linear family satisfying suitable conditions, then ~ i8 either

strictly convex or strictly concave with respect to F iff for.

every x 1 ,x2 ( I there i8 a unique point 'xorrX1 ,x2 ] such that

'f' (Xo) = cpt (x
ö
)'

where cp (F satisfies the equalities

~(X1) = Y(x2 ), ~(x2) V(X2 )·
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B.CHOCZEWSKI: Stability of same iterative functional equations.
The nation of stability (and interative stability) of iterative

functional equations of the form
rp{f(x)} = g{x} t'P (x) + h(x)

(with the unknown ~) haB been introdUced in 1970 by D.Brydak.
A survey cf results will be given and the problem of stability af
intervals with respect to the equation will be also mentianed.
The talk 18 based on papers by D.Brydak,E.Turdza.• M.Czerni fram
Krakow and also by R.Wegrzyk and the. speaker.. e
A.CLAUSING: A t-entropy inequality

Let t>O and p'= (P1",P2, ••• ,Pn) a "probability vector. The

t-entropy funct10n is defined aa
n t
E Pi log Pi

1=1

Stolarsky has ralsed the problem of finding the best, that 1s,
smallest value cf t, Buch that the entropy 1nequality

Ht{p) ~ log n

x (. (0, 1 )log log (1_x}1-n - log log (1+(n-1)x)
log{1-x)-1 + lag(1+{n-1)x)

holds for all p. We prove that this value 18 given by ~o(n) =
I1CPn llCX), where

In contrast with Shannon's 1nequality (t=1), equality csn hold
1 1 1

for certain P +(n'n' ... 'n) if t = to(n) e·
W.EICHHORN: Inequalities in the Theory of Economic Inequality

Let x (R + be the ~ncom~.b.~~~~ tax, p:R:t- ~ [0, 1) the income tax"

rate, i.e. xp(x) the income tax amount, and x-xp(x) = {1-p{x))x

the income after tax. For certa1n reasons p has the following
properties:
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P.1: "Weak progression of tax-rate": p is weakly increasing.
P.2: "Weak increase of income after tax": (1-p(x)x 18 weakly

increasing

P.3: "Weak decrease ~f !nceme inequality": For all income
distributions (x1 ,x2 , ••• ,xn ) ~he inequality of.
((1-p(x1»x1 , ••• ,(1-p(xn »xn ) 18 equal or smal1er than
that ef (x1 ,x2 , ••• ,xn ). The "inequality" mentioned 1s
given by the

Definition (Principle of Majorizat1on): The inequa1ity of

Z = Y1 'Y2'···'Yn) +Q, satisfying 0 ~ Y1 ~ Y2 ~ ••• S Yn i8
equal or smal1er than that of x = (x1 , ••• ,x ) +0,

- n
o ~ x1 ~ x2 ~ ••• ~xn' if and on1y if

.k
1: x.

1=1 ]"
n
1: x

j=1 j

for every k = 1,2, ••• ,n

•

Theorem: The following statements hold:
(a) P.1 ~ p.,; P.2 ~ p.,
(b) P.1 and P.2 are independent
(c) P.1, P.2 ~ P.'
(d) P.1*, P.2 c P.,* (The stars * denote strict versione).

The ~xample p(x) = 2X~2 8a weIl as (b) together with (c) show con=.
sistency of P.1, P.2, P.3.

W.N.EVERITT: Hardy-Littlewood Integral-1neq~alit1es

This lecture 18 Goncerned wtth three examples of the Hardy­
Llttle~ood type cf integral inequalit1es,v1z. _

(1) (j f,2)2 :s: [COS{2d1f)} r 2 j xo.f2.jx-nfn2where 0. E (-1 .co)
o ." 0 o. .

(11) (j{f,2_xf2})2 ~ 4 j f 2 j{f"+Xf}2
000

(111) (j{fI2+(x2_1)~})2:s:4 jf 2 j{f" _ (x2_1)f}2
o e 0

All these reeults are best pOBsible and all cases of equality are
known. The lecture raperte on joint work w1th W.D.Evan~ (Card1ff)
and W.K.Hayman (London).
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F.FE~R: A weak-type inequality and 8.e. conver~ence

A basic theorem in connection with a.e. convergence is the

following "Banach Principle":
Let CO, E, u) denote a finite meaBure space, X,Y Banach function

spaces of ~~easurable functions on 0; let Tk:X ~ Y be linear,
bounded operators (n=1 ,2, ••• ) and let T denote the maximal operator,

defined by

(Tf){x):= sup I{Tkf}(X}I
kEN .

Moreover, let U be a dense subspace of X. Then the following

statements are equivalent:

(1 ) \:J fE X: I (Tkf) (x) - (Tlf) (x) I ~ 0 (k,l -+ 00)

(2) {al V fEU '(Tkf) {x} (Tlf) (x) I -+ 0 (k,l -+ 00)

(b) 3 C : (0,00) decreasing, cC",) \0 (). Jco) , Buch that

~{x E n : (Tf)(x) »} SC(lTh)

The purpose of the talk is, to give more details on the function C.

I.FENYÖ: tiber eine Integralun.gleichung
Für eine beliebige Lösung z = z{x,y) ~er Ungleichung vom Gronwall-

Typ . ~ ~

z{x,y) ~ f{x,y) + J 8 1CS,y)z{s,y)ds + .I a 2{x,t)z{x,t)dt +
o 0

+ ~ ja~(B,t)Z{s,t)dSdt (a ~ 0)
o 0 ..J ·i

wird eine Abschätzung hergeleitet, welche nicht verbessert werden .
kann. Das Ergebnis erweist sich als Verallgemeinerung von bekannten
Resultaten.

C.H.FITZGERALD: Dpial Type Inequ81ities that involve Bißher
Order Derivates

Estimates of integrals of the form} Iyy' Idx are made in terms
of integrals of the form a

} [y{n)]2dx
a
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for functions 'y satisfying appropriate end po~nt conditions. Certain

extremal func'tions are shown to exist and have necessary monotoniei ty

properties. For each n = 2,;,4,.:. these extremals can be found

explicitly by solving assoeiated systems of linear equations. Sharp

constant in the estimates ean then be obtained. For example for

n = 2 arid n ,', these 'extremals and the constants they determine
are given.

M.GOLDBERG: New inequalities for t -norms.
----.._-----....;""",;.,~p~---

The 1, norm and the l operator-norm of an mX n complex matrix
p' , P

A = (ai"j). are given by

p l/p
1~lp = (Li,jlnijl )

IIAllp = max{IAxlp:xEQn, Ixlp 1},

respectively. 'The main purpose of this paper is to investigate
the multipicativity of the I p norms and their relation to the

..r,p ,operat~r-norms•

H.H.~IR~ES:,An inequality for Krull.solutions
;Using a weIl known resul~ of Krull concerning the uniqueneas.

of conve~·Bolutlons of certain differenee equ~tions we prove: '
Let f : R+-+ A satisfy the- difference equation

(1) f(x+.1.) - fex) = log x, x E IR+ '

and assume that'f is convex oil R+, with f{.1) = 0 •

Then necessarily

-: -';<'(2)"' f(x) + 'fe!.) ~ 0

•
x

for x E R+. Moreover, the funct10n x ~'f(x) + "f(i)
1s strictly increasi.ng for x ~ .1 "and the funetion.

y ~ f(~ (y~ Vy2_4)) + f(2(y+YyZ_4)-1)

18 strictly increasing for y ~ 2 •

This result impiies the wellknown·ineq~lityrex)rC1) ~ 1.
x

In the.proof we,need neither the concept of differentiab~lity

nor the concept of an integral. '.
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Heinz KÖNIG: A Dini-type theorem in superconvex analysis
The talk deals with the superconvex theory, a general theory

of countable convexity. (Rode, Arch.Math.34, 452-462 (1980) and 36,
62-72 (1981)). A central result of it 1s a Dini-type theQrem: If
on the superconvex space X an increa8ing sequence of s'upereonvex

functions f : X ~ R with limit funciäon f:X ~ R is such thatn '.
at asch x E X one has f n (x) = fex) for some n E N, then Inf f n~.Inf f.

The condition, that the limit function be attained at each point
8eems to be severe, but 18 fulfilled quite often. However, it 1e
shown that it 18 not essential: It sufflees that·there exists a

sequence of positive numbers c !O such that fex) - f (x) = O(e )n n n
for n -+00 at each x EX. This theorem will be deduced from an

inequality of unuaU8l type. Rode proved his result via a certain

interaection theorem which resembles the clasaical Baire theorem.

We.retain th18 procedure and extend the intersect10n theorem aa
weIl, to its u1timate limit aa a counter example reveals.

Herrmann KÖNIG: Some' inequalitiea for the eigenvalues of a compact
operator.

The approximation-numbers of a compact linear map T:X~X in a
Banachspace X are given by a'n(T):~{IIT-Tnll:RankTn~n} n'l;N. If
().n(T)) denotes the sequence of eigenvalue of T, for any Q<p<oo

thera 1s CpE"R+ such tbat for all T, nEN

n· 1/p ri 1/p .
( E I~.(T)IP) ~ C ( E nj(T)P)

j=1 J P j=1
1

It 1s ahown that cp S 2e max (1 ,~). It 18 an open problem, whether
the 1nequa11ty sup C <co holde. •

pER+ P.

For single e1genvalu8s, the' following results are known:
1/m

I"'n (T) I 11m n.n (Tm)
m-+ co

The same formulas hold for the Weyl-numbers instead of the ~pproxima­

tion numbers.
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A.KOVAöEc: On 8spects of the matrix-method for algebra1c inequalities

Define In:={.! E IRn : 0 ~ x1 S x2 ~ x3 s ... S xn>. Gi~en 'permutatio'ns

ft t Öt TT, a E S va study the following two problemst . . "
n

(1) Ta determine n~eess8ry and suffieient co~ditions for the"
permutations 'fr,0', TT,er in order that the 1ri.equality j'" :,

holde for all ~,.l,.!.E 1l\~

(2) Wa eonsider the ease that the inequality (~) holde for al~ .

.!,,l,.! E In and 8ek, whether ~efunction.F:fl\xlnxtn ~~ ~ defined;, '.:­

by

whlch 18 nonnegatlve definite (on ~xln~) c~ be ~ewritten in Buch
a vay that It~,'~, def1nitenes8 becomee obv1ous: That 18,;'88·'8 SUDl

~f products of the .formp(X11 ±Xi ) (Y.j'1 ±yj) (Zk"tzk )·: where
p > 0 1'>" i, j'> j, k'> k. By meana of the matrix-method" these<',"

problems lead to ·a purely combinator1al question ".in "the .. theory..

of finite sets. " <.

Ii the" answer . to questlon (2) 1s "yes", 1t' follows thai' ve:ry : . '.:

many algebralc expresaiona (polynomials) p(x1 ')(2' ••• ,X~r"·th~·t··:

are positive definite' whenever 0 SX1 S %2 ~ ~ xn ' can'be
vritten ~8·8 ~um of products of the form - " ~ .- ..

P·1~~<j~(Xj-X1)a(~,j),Vhere aÜ.j)EN~ {O}, Pr.,P

N~KUBN: A note on t-c'onvex functions ...
. ~ ... ; ..... "'.;J

A functlon f:I -+R on an interval I c R is for 0 <.t< 1 def1ned
to be . ... :~ .,." .,

t-convex iff f((1~t)u+1v)'!! (1-t)f(u)+tf(v) v u,v E' I,'
t-affine '1ff f((1-t)u+tv)' = (1-t)f{u)+tf(v) v u,vE I.

One proves 1n an elementary.way

";:.: -~~.,~
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Theorem 1: If f:I ~ R 1a s-affine for some 0 < 8 < 1, then
f((1-t)u+tv)+f((1-t)v-tu) = f(u)+f(v) 'tI 0"< t. <1 and u,v EI.

Corollary: If f:I ~ R 18 s-affine for some 0 <s < 1, then it 1s
t-affine for all rational 0 < t < 1.

In view of the Hahn-Banach theorem of Rode (Arch.Math.31, 474-481
(1974) each s-convex function f:I ~ R 1s the pointwise maximum
of the s-affine functiona ~ ~ f. Therefore the above impl1es the
following

Theorem 2: If f:I ~ R i8 s-convex for same 0 < 8 < 1, then it
18 t-convex for all rational 0 < t < 1.

Remark: The talk on t-convex functions was given by Heinz.Kön1g,
in absence of N.Kuhn.

M.KWAPISZ: Funct10nal ineguslities and existence results for
f1xed point equatlons in function spaces.

In t he paper we will show a w1de claas of operators in C{I,lRn )
for which a fixed point result ·can be estab11shed by the usa of
the Schauder the9rem if we are able to solve some functional
inequality .related to this operator. Having a solution of this
inequality one can define a compact and convex subeet of
C{I,an ) which remains invariant with respect to the operator
mentioned.

A number of examples of __opera.tors and inequalities related which
have solutions will be shown. They include the integral, integro­
functional and functional equations.

The paper will show the importance of functional inequalities
for more detailed diecussion of existence problems for functional
equations.

V.LAKSHMIKANTHAM: Differential inequalities at resonance
It is weIl known that the comparison results for the initial

and bound.ary value problems. have been very useful in the theory
of differential equations. It i8 natural to expect that compariBon
results for problems at resonance will be use'ful in proving, for
example, existence results for perlodic boundary value problems.
In this paper, we develop systematically general comparison
results of varioUB types for boundary value problems at resonance

•

•
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and show some applicationsoof these results.

L.LOSONCZlf Inequalities of Young type
A functlon ~:[O,ro) i8 called a Young function if
(i) ~ 18 increasing and right continuous on [O,ro)
(11) 11m ~(x) = ~.

x-too
The ~igbt inverse ~(-1) of a Young function ~ i8 defined by

{-1} .tO ' if yE[O,tP(O)
cp (y) =

sup {x ~° r q>(x) ~y}. if y E[ cp(O) ,00).

We prove the following

Theorem: Let .f,g be, arbitrary real valued. functions on (0,00).

The Yo~ type inequality

(1 ). xy ~ f(x)+g(y)' . ~x,y > 0) "'

18 satiafied if and on1y if thera exist nonnegative functio~~~p,q

on (0,00), areal ,conatant a. Bnd a Young functio.p. q> ,such that·, ,..

fex} =.1 cpit~dt '+ 'p(X)+a (x> 0),
o '

gey) '= f c:p{-1 )(s)ds + q{y) - 0. (y>o).
o

'We also investigate (1') if xE (a,oo), y E (b,co) 'and ment10n a

generalizatlon of (1).

E.R.LOVE: Links b~tween some'seneralizations of Hardy's .
integral '1nequality

J.Kadlec and A.Kufner*(1967) used Hardy's inequalitY,in their
,atudies .of functions with zero traces, and d~veloped extensions
~ike fo11ow1ng to dea1 withcertain s1ngul.ar cases. If p ~ J, "
and other conditio~8 hold,

ptl { )1 1 i .. 1 .
·.(Je~ Pyet)dt)p ~ C(Solfet) IPX.(t)dt)l' ,

where F(t) ::: ,f~f( u)du and :v.c t) tp+a {log{R/~·)}y •

When f3 ::: -I the -form of the inequality i8 S.lightly modified.
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E.T.Copeon+(1976) independently gave saveral inequalities which
might be described, rather inexactly, aa the outcome of a general
monotonie substitution t = .~) in the above results afterputting

y = o.
I propose to present two inequalities which include most of the
above 8S quite special cases. The two main d1rections of generali­
zation are that F becomes a fairly general integral transform
of f, and that {log(R/tl}Yis replaced by an almost arbitrary
monotonie function. The method of proof 18 different from that
of the above authore, but it yields 'the same constants C in the ~
special C8S98.

*MR 35"1J 5924 +MR 56 IJ 559

R~N.MOHAPATRl: InegU&lities related to sequence space eea[p,q]
In thls paper wa consider inequalities which lead to 1nclusion

relation between tW? sequence spaces. In an earlier paper wa have
defined that the space of sequences ces [p,qJ ia thecol1ect1on
of all sequencea, whose (N,q) tr&nsform belong to l,p when

q ={qn} 1s a non-negative sequence. Copson had given g~neralizatlon

of Hardy's inequality which iS.Bomewhat ai.m11ar to the kind of
inequallties considered in this paper.

In th18 paper ve aha11 be concerned with inc1us1on among sequence
spaces wlth the help of our inequalltles. Some relations w1th
Copson'8 results will be brought out.

R.J.NESSBL: Some negative results in conneetion with Marchaud­
type inequalities

Continuing our previous inveetigations ,on quantitative uniform
boundednees and condensation principles, the present paper, whlch
presente joint work with W.Dickmeis and E.van Wiekeren, is con­
cerned with some negative results in connection with Marchaud­
type inequallties. The existence of the relevant counterexamples
follows by means of a general theorem, given in t~!ms of
operators in Banach spaces. The method of proof e~sentlally

consiets of a quantitative version of the familiar gliding
hump methode
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Zs.plLEs: Inequalities for comparison of means
The mean values M end N are said to be comparable on the

interval I if
(1) M{x1 ,x2 , ••• ,xil ) :5 N(X1 ,x2 , ••• ,xn ) for n E ft..! ,x1 'X2 ' ••• ,xri~·I.. (1)

If M and.N are quasiarithmetic means then a well-known result of

Jensen states that (1) holde if and-only if

M{x,y} ~ N{x,y) (2)

fo~ any x,y E I

__ If M and N are quasiarithmetic means, weighted by a:weight -iunction,
then (2) does not imply (1), but it"is known, that the "following
inequality 1e already necessary and sufficient:

M(~,t',y,.;.'J) ~ N(~";x, ••• ,~,~, ....... '!}

k -1 k .1.

for any k,l EN, x,yfI • ~ -I :: ::,-.:

In the talk wa investigate that in other classes of 'meaI;l~"_i~ .." .

a neceesary and auffi.clent condition in order t~at (1) 1e' vai:1.d ~

J .RÄTZ:. On unilaterall: bounded orthogona11yadditive ~PPlngs"':

For a real inner product spa~e X of ~~ension at least 2, we ca11

a mapping f:X~ R orthogonally additive if it eatisfiee the
conditional Cauchy functional equation . ".

(*) f(x1+x2 } = f(x1 ) + f(x2 ) for all x 1 ,x2 E- X with xi 1:x2 .:·"

For solutions. f of (*), the fol1ow1ng questions are'" aris~~-~ed:' _:~';:

1) When 18 f bounded below? "..

2) When does f aseume a min~um?

3) When does every f whlch 18 bounded below assume ~ minimum?

The details will appear in "Aequatlones Math",1983 or 1984, unde~

the title "On orthogonally additive "mappinga".

D.K.ROS5: Inequalitles for ratlos of intesrals
A repeated integration by parts" procedure. i6 used to deve"lop

a number cf strenger aa weIl aa new inequalities for the "ratios
of integrals of the form
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TK (t)dt, rt fR, m = 0,1,2,3, •••
o n+m

where K Ct) 18 a positive kernel and f(t) 1s an m-times
n+m (m)

d1fferent1able funct10n with f (t) f 0 on the non-null 1nterval

1:= {t:O ~ t .~ xl

The method 1s illuetrated by taking as the kernel function
~(t):=t8e-Pt, with ~,p ~ o. A generalization of a converse

to .the Cauchy-Schwarz-Buniakowsk1 inequality 1a found.

D.C.RUSSEL: Remark on an inequa11ty of N.Ozeki ~

In a paper (in Japanese) in J.Coll.Arte.Sc.Chiba Univ.(1968),
N.Ozeki stated .without proof an inequality of the form .

where a 1 ,82 , ••• ,an are real numbers, and p> O. A proof was later
eupplied by D.S. Mitrinovic and G.Kalaj~~ic, Un1v.Beograd Publ.
Fak.(1980); their proof and the best constant, stated by Ozeki,
turns out to be valid only for p ~ 1. However (aB remarked by

~.B.Pres1c), we can replace the left aide of (1) by

n
min r leg-x t P t

xm k=1

which allows us to derive from (1) an apparently improved reeult.

A proof can be given, with the correct (and sharp) conetant cnp '
which extends to the full range 0 < p <~, namely:

Theorem: Let p> 0, nE {2,3, ••• }, e p := min f2 1- p ,1},

c :={2(1P+2P+ ••• +r~(n-1)JP), n odd

np ep (1 P+3P+••• +(n-1l Pl, n even.

If 8 1 ,82 , •.• ,a are real numbers and d:= min lal-a~l then
n . l~i<j~n J

n
min E I&x:-xl P ~ CnpdP
xm k=l
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B.SAFFARI: On the best constant in a remarkable inequality
of" Delange

The following theorem i8 due to Delange [Bulletin des' Sciences

Mathematiques, 1982]:

k 1 n1 nk
Let S n denote ·the sum cf the k-tuple series E x1 ••• L

.- j=1 l1 - X j J n1~O -K

I1r2:Q

. k
where 0 ~ x j< 1"(j=1 , ••• ,k). Let H be any hyperplane ef IR . not
containing the origin. Then the partial sum cerrespending to these

k4uples (n1 , ••• ,nk ) which be~ong to H satisfies the inequality

n1 nk 1
E . .x 1 •••x k < e- • S

{n1 ' • • • ,nk)EH .

This result provides an elegant and ahort proof ~r a difficul~ theorem

ef Erdös, Ruzsa and S'rközi [Acta Arithmetica, 197~J: Ir areal
(or complex)-valued function defined on the set of positive integers
1s "completely additive" {i.e. f(mn} = f{m)+f{n) uncondit1onally),. .. 1
then the set (n:f{n) = a} has asymptotic density ~ e- whenever

. 1 ..0
• -' -, 1

a :1= O. (A deeper result with n< e- tt instead of tI~ e- " was Bub-
sequently proved by Ruzss).

Delange's method of proof, which i8 based upen an analegue of (1)

concern1ng the exponential function and then'a Laplace transform,
does not provide the best possible constant (in terms of k) in." . . 1 . .
the right hand aide of (1) ~or fixed k, although e- 18 indeed

the best possible absolute constant. Our observation i8 that the
best possible constant i8

k k+1
(K+f) ,

with equality only if ~1= •••=)k= m an~ ~1= •••=xk= 1/(k+1). Our
proof 18 b~sed on a double 1nduction argument.

'S~SCHAIBLE: An application ef Parkas' Lemmata nanconvex optim1zation

duality
A dual problem 18 introduced for the following quasiconvex

optim1zation problem: minimize the maximum of finitely'many

convex-conc~~e ratios subject to c?~vex 1nequality'cons~raints.

The" dual 18 a qu~siconcav~' optimization problem wher~ the minimum
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of concave-conv~x ratios i8 to be maximized subject to convex
constraints. The dual i8 obtained with ~elp of Farkas' Lemma
and its generalization to convex inequalities. Duallty relations
between the primal and the dual are established which resemble
those in convex optimization. This work was done in c~11aboration

vlth R.Ja·gannathan, :University of lowa.

W.8CHEMPP: ttber eine UngleichUl'lß der Radarortung
Es bezeichne A(R) die reelle nilpotente Heisenberg-Gruppe

mit eindimensionalem Zentrum Z. Die als "peak property" der·
Radar-Mehrdeutigke1tsfläche bezeichnete Ungl~lchung

H(fi,X,y} ~ H(fi,O,O) (x,y) E R x IR •
wird bewiesen, indem die Radar-Autokorrelationsfunkt1on H(fi,.,.}
zur Signaleinhüllenden .f Es!J (R) als positiv-definite Funktion
auf I(R)!Z aufgefaßt wird. Der radiale Fall, -d.·h. der Fall, daß
die Radar-Ambiguityfunktion H(f,.,.) SO(2,R}-1nvariant· ist,
wird eingehend be:trachtet.

A.SKLAR: Extension of functions satisfy1ng certain systems
of inequa11ties

The inequa11ties in the t1tle are those, uaed to define
n-monoton1c functions. A function F from an app~opriate subset
of ~n into R 1s n-monotoni~, if

("*) Ö1"y1 ' z1 ••• 4. D:' yn ' zn' i'..:2:>,,0

for a11 2n-tuples (Y1'Y2' ••• 'Yn,z1 ,z2, ••• ,zn) such that

(Y1'Y2'···'Yn) and (z1 ,z2'···'Zn) are in Dom F and Ym 5 Zm

for m = 1, ••• ,n. The difference operators41'1'Ym'Zm in (*) ar.e

def~ed by 4It
(A F) (x

1
,x

2
' • • .,x )=F(x1,··· ,xm_1 ,zm,xm+1 , ••• ,xn ).

m,ym,zm n

-F(X1 ' • • • ,xm_1 ,ym,xm:+1 ' • ·-·~~n)

for all (x~ ~ ••• ,x
n

) in Dom F. An n-dimensional distribution tuncti.on

(briefly an n-dtJ 18 a funct10n F:ftJl ~ [0,11 such that F(x1 ,··· ,xn)=O
if any ~=_oo, F(oo,oo, ••• ,co) = 1 and F 18 n-monotonic.

The margins of an n-d. f. F a~e the functions FDi:~'"r0, 1] def1ned
by F~,(x ) = F(oo,oo, ••• ,oo,xm,oo, ••• ,00). An !!-copula 18 a functiC?n

m m
C:rO,1]n"'[O,1] Buch that C(x1 ' ••• ,xn ) = 0 if any xm=?,
0(1 1 1 x 1 1) = x tor m = 1 , ••• ,n and C i8 n-monotonic., , ••• , , m' ,... . m
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An n-copula 1e necessarily continuous. A fundamental ~e~ult in~

probability theory, is"that, given'any n-d.f.F with margins F1,~ •• ,Fn'
thera 18 an n-copula C Buch that

(* *) F(x1,···,xn ) = C(F1(x1),···,Fn (xn})

~or all (x1 ,X2 ' •• ·,Xn ) in~. The authors proof of th1a result
proceede by first ahowing, that

F(x1,···~xn) = C*(F1(x1),···,Fn{Xn }},
* .'where C 18 an n-monoton~c function defined on Ran F1 x.•••.X H:anFn ,

and then showing that C* can be extended to an n-copula Ö. An

outline of the proof of this extension theorem will be givep~

Remark: Compare also the talk given ~Y C.ALS1NA.

B.SMITH: An inequality for dyadic rearrangementa

d~ denotes a dyadic reordering of {1,2, ••• ,N}. This 1e gotten'
by a dyadic grid on [O,N]. Wa are allowed ~o change theqrder
of the elements of ~id member 11 with respect to those "of I 2 ,

1f 11 ,12 have ~he same larger member of the grid. Le.t ~Qt~Q2:'.'.:':~q

be a partition of

{ 2TT 2TT •2 2TT •N • . q 1
A:= T' ,-,r-' ... ,----w- ,}. A = UQl' Q.ln~, ,~i~ 1 T .m.

1=1
Then:

{E ( I:
1 aEQl

bF~

(m>l)

B1n{a~b)zl )) ~ Ko~st.N2
a-b

.. .' ~ : ~

This 18 used"to prove theorems on pointw1se conv~r~ence of Fourier
series un~er rearrangements. _

R.SPERB: Inequalities in el11ptic probleme 'deriveil from'"

maximum-pr1nciples
Let u be a solution of

(*) 6u + f{u} = 0 in n, where n 1s a do~in on a Riemannian manifoid~.

A number of intereating inequalities can be derived in problem (*)
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in the following way. One shows that the quantity.P := g(u)l vuI 2+h{u)
satisfies a maximum principle if g and h are suitably selected.
Possible applications are: lower bounds for the first positive
eigenvalue }, for f(u) = }u, or the critical value A* for
f(u) = ).f(u).

R.~.STENS: Error estimates for sampling approximation
E.T.Whittaker's cardinal seriee theorem, also known aa

C.E.Shannon 1 s sampling theorem, states that every entire function
f of exponential type ~ a has the representation

00

f(t) = E
k=.J:1O

(t E R) •
If f is not an entire function of exponential type, then (1)
may hold at least approximately, i.e., in the limit for a ~ ~.

In this ease ane 1s interested in the error
00

Ea(f;t) := tf(t) - ~
k=..DO

fClm) sinCot-kTT)
(T (ot-kn)

The aim of the talk i8 to give estimates cf (2) provided f

satisfies certa~ smoothness conditions •.

By similar·methods of proof,one can deduce bounds for ~he error
when the derivatives f(r) or the H1lbert transf6rm f- are
approximated by cardinal series.

G.TALENTI: Estimates ofeigenvalues cf Sturm-Lionville problems
We consider the following problem:

-uf1 +q(x)u = AU for -1 <x< +1, u(-l) = u(+l) = 0;

where q ie nonnegative and integrable. Let ~(q) be the smallest
eigenvalue of Buch a problem. We compute

max {X(q) : q(x) ~ 0, S+l q(x)dx Al
-1

where A i8 any positive conBtant~

E.TURDZA: Stabillty of an iterative linear equation
Some suff1c1ent conditlons for stability ~nd itarative stability

of linear equations

•
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(p(X) G.(X) ep (f(x)) + F{x}

and

cp(f(x} )

will be given. The range of considered functions are subsets of·
a Banach spB.ce.

P.M.VASIC: The Jensen-Steffensen inequality as a function of
the index set

In 1963 W.N.Everitt' has started investigations regarding refinements
of general inequalities given in the form of index set fUnctions·.
Such results f9r the,Jensen inequality ware obtained by P.M.Vasi6
and Z.Mijalkovic in 1976. An analogouB result for- the Jensen­

~teffens~n inequ~~ity was n.ot lrnown hith.erto.: In the lect,ure,
with certain modificstions, the corresponding results for the
Jenaen-Steffensen inequality are obtained.

P.VOLKMANN: Konvergenz der sukzessiven Approximation fUr Systeme
gewöhnlicher Differentialgleichurigen .

Es sei T>O und 'w{t,e) : [O,T] x[O,oo) -+ [0,00] eine bezüglich:·

s schwach wachsende Funktion mit folgender Eigenschaft: ': '..

Ist' N e {1 ,2,.3,.' .. }, a E !RN und 'f:[O,T] X~N -+ RN stetig, beschränkt

"'mit Hf(t,x) ~ f(t,y)\! s'w{t,lIx-yll)(wb II.H:=Maximums'norm im R.N) ,so habe
das Anfangswertproblem u(ö) = B, u' = f{t,u)'genau eine Lösung

u: [O,T] -+!RN• Unter diesen VorausBetz~genwird(JOit Hilfe von

Ungleichungsmethoden) ein neuer Beweis 'des Folgenden' gegeben:
Sind N,a,f wie oben beschrieben, 1st u' :[O,T] -+RN s'tet:tg' und
. '. o. , ',' _.

definiert ~n rekursiv .

e ~(t):= a+ Jf(,.'Un~1(Tl)d'l' (n=1.2.3.-•• '.r~ so gilt
o

C'.L'.,WA:NG: lnegualities and mathematical progr~ing 11

The lecture 18 ,'8 . continuat ion. of the paper "1nequalities and
Mathematical Programming'" which·waa.presented at the third
International Conference on.G~neral In~qualitieB in 1981. More
examples, (e.• g. in economics) along's. 8im~lar line will be given.
In particular special attention will be directed to the concept

of a transition constraint of a mathemat1cal programming problem.

                                   
                                                                                                       ©



- 20 -

Such a constra1nt 1s one deaigned to be conaistent with the erig1nal
one(s), BO aa to'fac111tate solving the problem. Finally, the
van der Waerden inequality concerning permanente will be discussed.

R.J.W~CE: Optimal strategies for locating zeroes cf derivatives
The aim here 18 to find an optimal strategy for locating the

zero of the k1th derivative of a weIl behaved function on a
prescribed finite interval.

The method of Bubolividing the interval 18 the problem at hand,
and 1t depends on a particular integer sequence {~(n)}, n=0,1,2, ••• _
For any glven nonnegative integer k, 1t 1s known that ~(n) ~ u'k{n) •

for all n = 0,1,2, ••• ; w1th equality whe~ k = 0,1,2,3,4, and 6
and etrict ~equality ~hen k = 5. The integer sequence {Uk(n)}, .
n = 0,1,2, ••• 1a defin~d by the initial conditionsUk{O) =U k (1)= •••=
= U~{k) and by the rulen .

Uk{N+k+1) = min (U k{N+i) + U k{N+~-1)}, N = 0,1 ,2, •••

1=0,1 , ••• ,[~]

In 1957 R.Bellman descr1bed these types'of problems aa "extra­
ordinarlly di~ficu1t" but a closed'form solution for uk{n) 18

herewith presented for the casea k =2(mod 4), k ~ 2. Although
the techniques can be extended to when k =O{mod 4) k ~ 0, the cases
k odd, k ~ 1 are presently proving somewhat more d1fflcult.

K.ZELLER: Pos1t1v1ty in summabil1ty
W~r betrachten dreieckige Matrixverfahren A, bei denen die

Abschnitte oder gewisse bewichtete Abschnitte positive Operatoren
darstellen (bezUglich AB ~ 0). Bei solchen Verfahren erhält man
aus 1eicht beschreibbaren Faktoren positive Linearformen bzw. ~ .
Operatoren. Besonders interessant ist der autoposltlve Fall
(ob1ge Gewichte durch die ank~ 0 Begeben); hier findet man weitere
strukturelle Aussagen Uber positive Linearformen (z.B.Multiplikation
von Paktoren). Beispiele bieten U.8. die Cesaro-Verfahren Cp (fUr

o ~ p ~ 1 bzw. P ~ 1); ein auf Faktoren beruhender Vergleichss8tz'

{B ~ Cp )'illustrlert di~ Anwendungen. Die ErBebnisse stehen in

Zusammenhang mit dem Second 'Theorem of Consistency (fur Riesz­
~ttel bzv. stetige Cesaro-Verfahren). Positiv-Dekomposition führt
zu einer Ausweitung" der Resultate.

Reporter: A. Kovacec
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